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Abstract

Methods for qualitative simulation allow predictions on the dynamics of a system to be made in the
absence of quantitative information, by inferring the range of possible qualitative behaviors
compatible with the structure of the system. This article reviews QSIM and other qualitative
simulation methods. It discusses two problems that have seriously compromised the application of
these methods to realistic problems in science and engineering: the occurrence of spurious behavior
predictions and the combinatorial explosion of the number of behavior predictions. In response to
these problems, related approaches for the qualitative analysis of dynamic systems have emerged:
qualitative phase-space analysis and semi-quantitative simulation. The article argues for a synthesis
of these approaches in order to obtain a computational framework for the qualitative analysis of
dynamic systems. This should provide a solid basis for further upscaling and for the development
of model-based reasoning applications of a wider scope.

1 Introduction

Mathematical modeling is a basic ingredient of research in practically every domain of science and
engineering. A quick scan of the July 2002issue of Scientific American illustrates this point: the
news features and background articles refer to mathematical models for such diverse problems
as predicting the bunker-busting potential of nuclear warheads, evaluating the diffusion of
ground toxins, describing the quantum state of nuclei, and understanding the emergence of
complex patterns in evolution. Since most of the models developed for real applications are too
difficult to solve analytically, scientists and engineers routinely use numerical simulation to
investigate the behavior of the systems they study. The availability of sophisticated simulation
techniques and increasingly powerful computers has contributed to the popularity of numerical
simulation tools.

Although widely used, numerical simulation has its limitations. First of all, in order to derive
predictions from the models, we need numerical values for the parameters and initial conditions. In
many situations, especially outside the traditional science and engineering domains, such values are
not available. In biochemistry, for example, reliable values for the kinetic parameters describing the
rates of cellular reactions are usually difficult, if not impossible, to obtain with current experimental
methods. The available information is usually qualitative in nature, such as that a reaction is fast
or slow. Second, we are often not interested in the behavior of the system exhibited for particular
values of the parameters and initial conditions. Rather, we would like to know which classes of
qualitatively-different behaviors are compatible with the structure of the system, given certain
constraints on the values of the parameters and initial conditions. For instance, when diagnosing
a malfunctioning pump, it is important to know whether the assumption of a leaking pipe can
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explain the observation that the water pressure is lower than normal. In many cases, such
qualitative predictions are sufficient for fault localization.

Human reasoning about the physical world often involves making qualitative predictions of the
type described above. This is true for the common-sense reasoning that enables most people to infer
what happens when an open bathtub is filled at a constant rate. But experts in medical physiology
and electronic circuit design, to give but two examples, also demonstrate a qualitative understand-
ing of their subject, resembling the common-sense reasoning of laymen in many aspects. The
efficacy of human reasoning about physical mechanisms has inspired the development of qualitative
simulation methods that address the limitations of traditional numerical methods. Early work on
qualitative simulation explicitly mentioned human reasoning as its reference, defining the aims
‘formalizing common-sense reasoning’ or ‘doing qualitative physics’ (e.g. de Kleer, 1977;Forbus,
1983; Kuipers & Kassirer, 1984;Hayes, 1985).In subsequent work, this cognitive inspiration has
gradually receded to the background, giving way to increased concerns about mathematical
foundations.

A variety of qualitative simulation methods have been developed in the field of qualitative
reasoning (QR). Three what might be called classical approaches have emerged: the component-
based approach of de Kleer and Brown (de Kleer & Bobrow, 1984;de Kleer & Brown, 1984 see also
Williams, 1984), the process-based approach of Forbus (Forbus, 1984;Forbus & de Kleer, 1993),
and the constraint-based approach of Kuipers (1986, 1989, 1994). The issues raised by these
approaches have to a large extent shaped the work on qualitative simulation, and on qualitative
reasoning more generally, up to this day (see Bobrow (1985) and Weld & de Kleer (1990) for
collections of papers at the origin of the above methods, and Williams & de Kleer (1991), Forbus
(1993)and Kuipers (1993, b) for retrospectives).

In the ENVISION approach of de Kleer and Brown (de Kleer & Bobrow, 1984;de Kleer &
Brown, 1984),a qualitative model of a system is constructed from the models of its individual
components. This model takes the form of a set of confluences, i.e. constraints on the qualitative
value (sign) of system variables. The confluences are used to infer a description of the behavior of
the system through simulation. This results in an envisionment, a graph of all qualitative states of
the system satisfying the confluences, and all possible transitions between these states. The
qualitative process theory (QPT) approach developed by Forbus (Forbus, 1984;Forbus & de Kleer,
1993) provides a process-centered view on the physical world which allows one to express
common-sense knowledge about physical systems. Given a scenario of a particular situation and a
knowledge base of abstract model fragments describing objects, quantities, relations between
objects, and processes in the domain, QPT generates a model of the physical system under study.
The model is basically a set of constraints on the qualitative values of variables, called influences.
As in the ENVISION approach, qualitative simulation is used to construct an envisionment
describing the possible behaviors of the system. Unlike ENVISION and QPT, Kuipers’ qualitative
simulation (QSIM) approach Kuipers (1986, 1989, 1994)has focused on the simulation process
and, at least in its original formulation, has ignored the model-building aspect of qualitative
reasoning. The qualitative model of a system takes the form of a qualitative differential equation,
an abstraction of a class of ordinary differential equations. Qualitative simulation exploits
continuity properties of the variables as well as constraints on their qualitative value implied by the
qualitative differential equation. It produces possible sequences of qualitative states of the system,
so-called qualitative behaviors.

Of the three approaches mentioned above, QSIM has become the most widely-used method for
qualitative simulation. Its clear definition of concepts like qualitative model, qualitative state, and
behavior, and its explicit relation between qualitative and numerical simulation, have facilitated the
adaptation and integration of results from branches of mathematics dealing with ordinary
differential equations. In addition, it has allowed the provision of guarantees on the validity of the
outcome of the simulation process. On the other hand, ENVISION and QPT have exerted much
influence on automated model building. The component-centered approach of ENVISION has
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inspired model-building approaches based on work in system dynamics, such as bond graphs
(Karnopp et al., 1990;Biswas & Yu, 1993;Borst et al., 1997;Mosterman & Biswas, 2000).As a
further contribution of ENVISION, one can cite the efforts to formulate a qualitative algebra,
based on sign abstractions of real numbers. This has culminated in axiomatizations like the
sign-real algebra of Williams (1984, 1991)and the order-of-magnitude calculus of Raiman (1991).
The process-centered ontology of QPT lies at the root of a number of model composition
techniques (e.g. Falkenhainer & Forbus, 1991;Low & Iwasaki, 1992;Farquhar, 1994;Nayak, 1995;
Levy et al., 1997;Rickel & Porter, 1997),reviewed in Schut & Bredeweg, 1996;Xia & Smith, 1996;
Keppens & Shen, 2001).

Over the years, the QR community has improved, generalized, and extended the above
qualitative simulation methods as well as a large number of other methods (see Weld & de Kleer
(1990) and Faltings & Struss (1992) for collections of papers, as well as the proceedings of the
annual International Workshop on Qualitative Reasoning). Computer implementations of the
methods have been developed and used in a variety of applications, including model-based
diagnosis, design, automated modeling, machine learning, system identification, measurement
analysis, and tutoring. Although at first restricted to traditional science and engineering domains,
like classical mechanics and electrical engineering, applications in a wide variety of domains now
exist. Many of the recent applications derive from domains where the difficulties in applying
numerical methods are especially felt, such as medicine, biology, and ecology.

After the initial heydays in the 198G and early 199G, the interest in qualitative simulation has
subsided a bit. The application of qualitative simulation to real-world problems has revealed some
fundamental problems hampering existing methods. First of all, it was found that the predictions
obtained through qualitative simulation may be weak and uninformative from a mathematical
point of view. Moreover, it turned out to be difficult to scale up the methods, due to the explosion
of the number of predicted behaviors when dealing with large and complex systems. In the course
of time, a number of alternative approaches have emerged that, while preserving valuable ideas
from qualitative simulation, integrate concepts and techniques from other fields in mathematics and
computer science, in particular dynamic systems theory, control theory, and interval analysis. By
tailoring the method to classes of dynamic systems for which strong mathematical constraints exist,
or by taking into account (semi-)quantitative information, these qualitative phase-space analysis and
semi-quantitative simulation approaches have been shown able to improve upon the results obtained
with qualitative simulation.

The aim of this report is to review the classical qualitative simulation methods and diagnose the
problems they have encountered. This assessment is followed by a discussion of the qualitative
phase-space analysis and semi-quantitative simulation approaches, explaining how and to what
extent they resolve these problems. It builds upon earlier reviews on qualitative simulation, such as
the chapter introductions in Weld & de Kleer (1990), Kuipers’ QSIM book (1994), recent book
chapters by Forbus and Kuipers (Forbus, 1996; Kuipers, 2001), and an extensive review on
qualitative reasoning by a French author collective (Dague & MQ&D, 1995) §ee also Forbus, 1988;
Fishwick & Luker, 1991; Kuipers, 198%; de Kleer, 1992; Bredeweg & Struss, 2003).An excellent
review placing qualitative simulation in the wider context of model-based reasoning is available in
German (Struss, 2000). A new edition of a French textbook on qualitative reasoning (Travé-
Massuyes & Dague, 2003),with chapters on many of the topics discussed in this report, recently
appeared. The critical discussion of qualitative simulation by Sacks and Doyle (Sacks & Doyle,
1992) has also influenced the thrust of this review.

In Section 2, an overview of qualitative simulation methods will be given. Although the focus will
be on QSIM, much of what is said about this method carries over to ENVISION and QPT. Being
the technically most-developed qualitative simulation method, QSIM has integrated many ideas
originating in the other methods in the course of time. Section 3 summarizes two classes of
problems confronting QSIM and its relatives, preparing the introduction of the qualitative
phase-space analysis and semi-quantitative simulation approaches in Sections 4 and 5, respectively.
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Figure 1 Simple tank system. The variables have the following interpretation: ¢ water amount, r area of
orifice, i inflow, o outflow. r and i are constants

The review finishes with a discussion of perspectives for qualitative simulation, arguing for a
synthesis of the above-mentioned approaches.

2 Qualitative simulation: the QSIM method

The basic concepts and algorithms of QSIM will be illustrated by means of the simple tank system
in Figure 1. Water flows into the tank at a (constant) rate i. The outflow of water from the tank is
determined by the amount a of water in the tank and the area r of the orifice of the tank. The
following differential equation model describes the behavior of the system:

a=i—fla, r), fOM" ™. Q)

The function f is incompletely specified, in the sense that we only know that the outflow rate
increases as the amount of water in the tank increases (9f/0e>0) and as the area of the orifice
increases (3//3r>0), here abbreviated to f M ™" (see Section 2.2 for the formal definition of M ™).

We will first explain how the behavior of the system can be described in a qualitative way
(Section 2.1), followed by the abstraction of a qualitative model from an ordinary differential
equation (Section 2.2). The possible qualitative behaviors of the system, consisting of sequences of
qualitative states and transitions between qualitative states, are computed from the constraints on
the qualitative values imposed by the model and the assumed continuity of the variables and their
derivatives (Section 2.3). The QSIM algorithm and its correctness properties are discussed in
Sections 2.4 and 2.5, respectively. The description of QSIM closely follows the original article
(Kuipers, 1986)and the textbook (Kuipers, 1994).For more details the reader is referred to these
sources.

2.1 Qualitative values, states, and behaviors

QSIM considers the variables v:[a, b]» R*” of a dynamic system, where v=[v,, ...,v, ], @, bOR,
and R* represents the extended set of real numbers including o and —oo. The variables are
considered to be reasonable functions of time, which among other things guarantees that they are
continuously differentiable.

The possible qualitative values that a variable can take are determined by its quantity space. The
quantity space is a total ordering of landmark values [;<. . .<l,. Each landmark value, or landmark
for short, represents a usually unknown value in R* that captures a qualitatively important
distinction for the variable. For instance, the quantity space for the area r of the orifice in the tank
example can be defined to contain the landmarks O, max, and oo, with O<max<oo. In the course of
the simulation process, QSIM may introduce new landmark values (Kuipers, 1994). —o, O,and o
are landmarks which by definition map to known values on the extended real line. The sign quantity
space consists of these three landmarks. Time is itself a variable with the quantity space
1o<...<t,<co. A time-point 7 is a distinguished time-point if a variable changes from or to a
landmark value at .
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The qualitative value of a variable v at time-point t is expressed in terms of the landmarks in its
quantity space and the direction of change. More specifically, the qualitative value of v(¢), QV(v, 1),
with respect to the quantity space /;<...</, is the tuple <gmag, gdir>, where
/. ifv(e) =1, inc ifv(t) >0,

={J . and qgdir={std ifv(t) =0,
omag = {1 i prie) <y 00T e o) <0

gmag and qdir are called the qualitative magnitude and qualitative direction, respectively, of v at ¢.
For example, the area r of the orifice at ¢ is represented by the qualitative value QV(r, ) =<max,
std>. Since r is a constant, it will have the same qualitative value at a later time-point: QWV(r,
t1)=<max, std>. If the orifice is only partially opened, then the qualitative value of its area, QV(r,
to), equals <]O max][, std> (idem for later time-points).

The qualitative value of a variable v on a time-interval 1t; t;4[, where t; and ¢,,, are adjacent
distinguished time-points, follows from the qualitative value at the time-points in the interval. In
particular, the qualitative value of v on ]z, #,,4[, OV (v, ¢, t;11), is defined to be equal to QV (v, 7)
for any [0 ¢, t,,4[. Since ¢, and ¢,, , are adjacent distinguished time-points, this qualitative value is
unique. If the tank is filled from empty, then between the initial time-point 7, and the next
distinguished time-point ¢, the tank will contain a positive and increasing amount of water, more
particularly QV (a, t,, t,)=<]0, o[, inc>.

A qualitative state of a dynamic system at a distinguished time-point or on an interval
between two adjacent distinguished time-points is an m-tuple of qualitative values, one for each
variable in v:

OS(v, 1)=<0V(vy, t;), ..., OV (v, 1;),>
OS(v, t;, ;s )=<OV(vi, 1)), tivts o s OV 1y ti1)>,

where #; and ¢,, , are distinguished time-points of some of the variables in .
The qualitative behavior of a dynamic system on [a, b] is the sequence of qualitative states

OB()=<0S(v, 1), S0, 1, 1), OS(, 1), .., OS(, 1,3, 1,), OS(v, 1,)>,

with Zo=a and 7,=b. Notice that the sequence alternates between time-point and time-interval
states. According to the behavior abstraction theorem of QSIM, such a qualitative behavior can be
uniquely abstracted for each vector v of reasonable functions. The functions v are said to be
consistent with or to satisfy the qualitative behavior. Conversely, a qualitative behavior will usually
be satisfied by a class of reasonable functions.

2.2 Qualitative differential equations

QSIM models dynamic systems by means of qualitative differential equations (QDEs). A QDE is an
abstraction of an ordinary differential equation (ODE), usually written in the form of a system of
n coupled equations

=f(x, p), )

where x=[x,, .. .,x,]' is the vector of state variables and p=[p,, . . ., p;]' the parameter vector. The
functions f=[f3, . . ..f,], with f:Q - R*, 1<i<n, are assumed to be continuously differentiable inside
a closed region QO0R*” in which the ODE is defined, the operating region.

The right-hand side of (2) is composed of functions that may be incompletely specified, in the
sense that they are only known to belong to a certain monotonicity class. Kuipers (1994)lists a
number of such monotonicity classes. M* is the class of monotonically increasing functions, that
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Table 1 Qualitative constraints and the basic mathematical equations of which they are abstractions

Qualitative constraints Basic equations

EQUAL (x, y) y(0)=x(1)

ADD (x, y, 2) z(6)=y(t) + x(1)

MULT (x, y, z) z()=y(t) % x(¢)

MINUS (x, y) y()=-x(z)

D/DT (x, y) y(0)=x(¢)

CONSTANT (x) X()=0

M™ (x, y) y(O)=fx(), fOM*

Mg (x, ) y(@O)=fx(0), fOMg

M*™™ (x, y, 2) 2=/, x(@), fOM++

Analogous constraints for subtraction (—), division (/), monotonically decreasing functions (M~, My), and
other multivariate monotonic functions (M~~, M*~, M~™) have been omitted.

i: 0<oo D/DT(n, a)

a: 0<full<oo ADD(n, o, i)

0: O0<o0 Mt @, r, 0)

n: —-o00<0<oo CONSTANT(®)

r: 0<max < oo CONSTANT(r)
(@) (b)

Figure 2 QDE abstracted from the ODE model describing the tank system of Figure 1: (a) quantity spaces
of the variables and (b) qualitative constraints

is, for every f OM™ and y=£{(x) it holds that df/dx>0 over the domain of the function. Similarly, M~
is the class of monotonically decreasing functions. My and My are the classes of monotonically
increasing and decreasing functions, respectively, such that for every function f'in these classes, we
have f{0)=0. The monotonicity classes can be generalized to multivariate functions in an obvious
manner. For instance, M ™ is the class of functions £, with z=£{x, y), such that 3/0x>0and 3f/3y>0
over the domain.

Formally, a QDE consists of a set of constraints on the system variables, so-called qualitative
constraints. A QDE is abstracted from an ODE by first decomposing the latter into a set of basic
mathematical equations, and then mapping the equations to the corresponding qualitative
constraints (Table 1). The system variables, denoted by v, include the state variables x and the
parameters p, but also any auxiliary variables introduced through the reduction of the ODE to basic
equations.

Consider the ODE model describing the tank system in Figure 1. The differential equation
a=i—f{a, r), fOM™ ™, can be translated into the basic equations ¢=n, i=n+o0, and 0=f{a, r), where
n and o are auxiliary variables representing the net flow and the outflow of the tank. The
corresponding qualitative constraints are D/DT(n, a), ADD(n, o, i), and M™ " (a, r, 0). Adding the
quantity spaces for the variables, we obtain the QDE shown in Figure 2.

The structural abstraction theorem of QSIM states that each ODE can be abstracted into a QDE,
such that any solution v:[a, b] - R*" of the ODE is consistent with the constraints of the QDE. The
structural abstraction theorem does not imply that the QDE is obtained by abstraction from some
previously-known ODE, as in the example. Most of the time, such an ODE does not exist and the
QDE has to be directly specified from the available qualitative information. However, formally
speaking, this QDE is an abstraction of an ODE, or more precisely, of a class of ODEs, which
provides the basis of the correctness properties of the simulation algorithm (Section 2.5).
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Table 2 Definition of the ADD constraint

qmag, qdir,
qmag. ]-, 0] 0 10, oof qdir. dec std inc
J=, O ]=o0, O ]—o, O[ ? dec dec dec ?
gmag. 0 ]-o, Of 0 10, oof qdir . std dec std inc
10, oof ? 10, oof 10, oof inc ? inc inc

A question mark means that the qualitative magnitude (direction) of z can be any of ]—oo, O[, 0,and ]0, oo[ (dec,
std, and inc).

2.3 Constraints on qualitative values

The solutions of the ODEs satisfying a QDE usually correspond to different qualitative behaviors.
How are these behaviors computed? Three types of constraint are used to determine qualitative
states and transitions between qualitative states: state constraints (Section 2.3.1), transition
constraints (Section 2.3.2),and global constraints (Section 2.3.3).

2.3.1 State constraints

The first type of constraint puts restrictions on the qualitative values of variables in a qualitative
state QS('t;) or OS(t,, t,.1)- These are the qualitative constraints making up a QDE, also called state
constraints. Given an incompletely-specified qualitative state, consisting of qualitative values for
only some of the variables, the state constraints dictate which alternative completions are possible.
Each qualitative constraint in Table 1 constrains the qualitative magnitude and direction of the
variables involved. This will be illustrated below for two examples, assuming that the variables take
their value from the sign quantity space discussed above. The validity of the constraints can be
easily demonstrated by referring to the mathematical equations from which they have been
abstracted.

Consider the qualitative constraint ADD(x, y, z). This constraint determines which qualitative
values <gmag,, qdir.>, <gmag,, qdir,>, and <gmag., qdir.> of the variables x, y, and z are
permitted. Assuming that the magnitudes of x, y, and z are finite, the ADD constraint is defined in
Table 2. The definition of ADD implies, for instance, that if gval,=<]0, o[, inc> and gval,=<0,
std>, then necessarily gval. =<]0, oo, inc>.

The qualitative constraint M+ (x, y) implied by y=£(x), f OM™, is defined as qdir = qdir,. There
are no constraints on the qualitative magnitudes, since the point at which f crosses the x-axis is not
known. If f/ were an element of Mg, then we would additionally have gmag..=qmag.,.

Notice that the use of qualitative information may lead to ambiguities. Given that ADD(x, y, z),
gmag,=]-, 0, and gmag,=]0, o, the qualitative magnitude of z can take any sign. The ADD
constraint does not rule out any of these alternatives, since all of them are consistent with the
qualitative information. During state completion the occurrence of ambiguities causes the
simulation algorithm to produce several qualitative states consistent with the constraints
(Section 2.4).

The variables in the system may have other quantity spaces than the sign quantity space. The
above constraints remain valid in the general case, but can be refined if corresponding values are
taken into account. Corresponding values are tuples of landmark values for which a certain
equation is satisfied.* For instance, let /,, /,, and /. be landmark values for x, y, and z, respectively,
such that —0<0</ <00, —0<0</ <o, and —0<0</ <. Suppose that </, /,, .>is a corresponding-

value triple for the ADD constraint. If gmag,=]/,, o[ and gmag,=1,, then we can immediately infer

1 For a generalization of the definition of corresponding values, based on the use of intervals with landmark
value bounds, see Say & Kuru (1993).
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Table 3 Constraints on transitions from a qualitative state to successor qualitative states

P-transitions I-transitions

oV (v, 1) U OV (v, 15 tiv 1) oV (v, t; tir1) g oV (v, tii1)
<lj, std> <lj, std> <lj, std> <lj, std>

<l, std> <V Lial, inc> <, Liial, inc> <l 4, std>
<l, std> <|li_4, I], dec> <, L, inc> <lipq, inc>

<l, inc> <1, Lol ine> < i, ine> <1, L, ine>
<l, dec> <)y I], dec> < Lial, ine> <1, Ll std>
<1 Lals inc> <l Lsal, ine> <l lal, dec> <Ly, std>

<1y lpsal, dec> <My Lol dec> <1 Lol dec> <lj, dec>

<1, Lol std> <1, Lol std> <l Lsal, dec> <1, Lsal, dec>
<V bl std> <V L], inc> <V o, dec> <V o, s1d>
<Ay bl std> <Uy Lo, dec> <V Ll std> <V L, std>

P-transitions are transitions from a time-point to a time-interval, while I-transitions are transitions from a
time-interval to a time-point.

that gmag.=]1l., o[. In order to formalize the state constraints in an appropriate and general way,
Kuipers (1994) uses the sign-real algebra of Williams (1991).

2.3.2  Transition constraints

A qualitative behavior consists of a sequence of qualitative states, alternating between states
coinciding with a time-point and states lasting over a time-interval. The second type of constraint
imposes restrictions on the tramsitions from a particular time-point state QS(z;) to successor
time-interval states OS(t;, t;11)1, - - - OS(t;, t;11), or from a time-interval state QS(z;, t,.,) to
successor time-point states OS(t; 1)1, - - -, OS(#;+1),- These so-called transition constraints are based
on the continuity properties of the variables and their derivatives. For continuously differentiable
functions the intermediate-value and mean-value theorems from differential calculus (Spivak, 1967)
allow only a few possible transitions from one qualitative value to another. For instance, the
qualitative magnitude of a variable cannot change from positive to negative without passing
through 0. The transition constraints rule out candidate successor states whose variables have
qualitative values that are not consistent with these restrictions.

Two kinds of transition are distinguished in QSIM: transitions from a time-point to a
time-interval (point transitions or P-transitions) and transitions from a time-interval to a time-point
(interval transitions or I-transitions). Table 3 summarizes the possible successor relations for a
continuously differentiable function v:[a, b] - R*, where /,_; <I; <I,, , are three adjacent landmarks
in the quantity space of v.

2.3.3  Global constraints

The qualitative constraints discussed so far are local, in the sense that they pertain to a single
qualitative state or to a pair of successive qualitative states. The locality of the analysis may lead
QSIM to generate qualitative states which are not valid in the light of the sequence of qualitative
states preceding it. In order to filter out these qualitative states, a third type of constraint can be
formulated which puts restrictions on sequences of qualitative states. In Section 3.1, such global
constraints will be discussed in more detail.

2.4 Qualitative simulation algorithm

The basic idea underlying qualitative simulation is often schematically summarized by means of
Figure 3. The aim of qualitative simulation is to generate from a QDE and initial qualitative state
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.. . . . qualitative simulation o .
Qualitative differential equation (QDE) Qualitative behavior

abstraction abstraction

analytical solution or

Ordinary differential equation (ODE) v : [a,b] > R™

numerical simulation
Figure 3 Abstraction relations in qualitative simulation

information QS,,;, those qualitative behaviors that are abstractions of the solutions of the class of
ODE:s satisfying the QDE. The algorithm starts by completing the initial state information to all
qualitative states consistent with the state constraints. Next, it determines for each completed state
its possible successors, using the transition constraints. The successor states consistent with the state
constraints and global constraints are linked to the completed initial state. This procedure of
successor generation is recursively applied to the successor states, except if such a state:

1. is a quiescent state, that is, a state in which all variables have a qualitative direction equal to std,

2. is a transition state, that is, included in the boundary of the operating region and moving
outward;

3. is identical to a previous state, indicating a cyclic qualitative behavior; or

4. occurs at t=oo.

For each completed initial state, the simulation algorithm thus produces a qualitative behavior
tree. The qualitative behaviors are the paths from the root(s) to the leafs of a tree, that is, from the
initial state(s) to states without successors. Given a QDE with variables v and initial qualitative
state information QS(inif), the following algorithm formally describes the generation of qualitative
behavior trees in QSIM.

Step 1 Complete QS(inif) to initial states QS(to)4, - - -, OS(to),, Which are the roots of the behavior
trees. Put the completed initial states on the agenda.

Step 2 If the agenda is empty, then stop; the paths from the roots to the leafs in the behavior trees
are the qualitative behaviors OBy, . . ., OB,. Otherwise, pop a state QS(z,) or OS(z,, t;.1)
from the agenda.

Step 3 For each variable v of the system, use the transition constraints to determine the possible
successors of QS(t;) or OS(z,, t;11)-

Step 4 Determine the successor states consistent with the state constraints and global constraints.
Add these states to the behavior tree by linking them to QS(z,) or QS(¢;, ;4 1)

Step S Add each eligible successor state to the agenda. A successor state is eligible, unless it is
quiescent, identical to a previous state, a transition state, or occurring at t=c. Continue
with step 2.

The above description of the QSIM algorithm concentrates on its basic features; it leaves out details
and attempts a rational reconstruction of some aspects. For instance, the source references describe
how state completion in steps 1 and 4 of the algorithm is achieved by formalizing it as a constraint
satisfaction problem (CSP). QSIM uses the algorithm Cfilter (Kuipers, 1994)for efficiently solving
this CSP. Most global constraints are applied only after the states have been completed by Cfilter
and added to the behavior tree.

At a transition state the boundary of an operating region is reached and transgressed. If there is
a model for the system in the region which QSIM is about to enter, qualitative simulation can be
resumed in the new region with initial state(s) defined by a transition function. The variables may
be discontinuous across region transitions.

The QSIM algorithm has been implemented in a computer program for the qualitative
simulation of systems described by QDEs (Farquhar er al., 1993). The qualitative behaviors
resulting from the simulation process can be analyzed and graphically displayed. The user has the
opportunity to control the simulation by switching on and off filters that check consistency of the
states with the various types of constraint. A trace facility allows one to observe the impact of
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different constraints in the simulation process and debug the models. The implementation of QSIM
has been written in Common Lisp and is available at http://www.cs.utexas.edu/users/
ar/.2

The behavior of a tank system filled from empty can be simulated by means of QSIM, using the
following initial state information:

OS(init)=<QW(a, t)=<0, _>,0V(i, t;)=<]0, o[, std>, QV(r, t5)=<]0, max]|, std>>,

where _ means that the value is unspecified. The initial state information is completed into a single
initial qualitative state by inferring that the qualitative direction of « at ¢, is inc (step 1). This state
is popped from the agenda in step 2. Using the constraints, a single successor state on ]t 4] is
generated (steps 3 and 4). Adding this state to the agenda (step 5), and repeating steps 2-4, yields
three successor states at 7;. None of these states is eligible (step 5), so the simulation finishes at step
2 in the next pass of the loop.

The qualitative behavior tree resulting from the simulation is shown in Figure 4(a). Two of the
three behaviors are detailed in parts (b) and (c) of the figure. In the first behavior, shown in (b), the
amount of water continues to increase until the tank is full and a transition state is reached (the tank
overflows). In the second behavior, the tank reaches equilibrium at the very moment when the tank
is full, while in the third behavior, shown in (c), equilibrium is reached before the tank is full. Notice
that, contrary to numerical simulation, several possible behaviors of the system are predicted in the
example. The available qualitative information is not sufficiently constraining to determine whether
the net flow reaches the landmark O before, after, or at the same time when the amount of water
reaches the landmark full.

2.5 Properties of qualitative simulation

A productive way to look at QSIM (Kuipers, 1993) is to view it as a theorem prover deriving
theorems of the following form:

QSIM F QDE A OS(init) » OB,V ...\ OB,

QSIM proves from a QDE and initial qualitative state information QS(init) the disjunction of
qualitative behaviors OB, V ... V OB, Intuitively, this could be interpreted as follows: the
solution of any initial-value problem ODE A v(t)=v, satisfying QDE A QS(init) is described by
some qualitative behavior in OB; V ...V OB, The disjunction may contain spurious qualitative
behaviors, that is, behaviors which describe no solution to any initial-value problem satisfying the
QDE and initial qualitative state information. A well-known example of a spurious qualitative
behavior is the mass-spring behavior violating the law of energy conservation (Kuipers, 1994),
which will be discussed in Section 3.1. Notwithstanding the occurrence of spurious qualitative
behaviors, the disjunction OB, V ...V OB, is guaranteed to contain all non-spurious or genuine
behaviors of the system. As a consequence, the theorems derived by QSIM are always true, which
explains why the method is called sound. However, if the disjunction includes spurious behaviors,
QSIM fails to prove the stronger theorem without these behaviors. As a consequence, the method
is called incomplete.3

An estimate of the complexity of the QSIM algorithm is given by the number of qualitative states
that need to be generated. In the worst case, the number of successors of a qualitative state increases
exponentially with the number of variables (Kuipers, 1986). What is more, the algorithm need not
halt and can continue producing ever more and ever longer qualitative behaviors.

2 Other implementations of QSIM, in Prolog and in C++, are described in Bandelj et al. (2002) and
Eisenack & Petschel-Held (2002). For implementations of QPT, see Forbus (1989)and Forbus & de Kleer
(1993).

3 Although the above definitions of soundness and completeness have become standard in the field, they are
not undisputed (Struss, 198®).
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Figure 4 (a) Qualitative behavior tree for the simple tank system in Figure 1. (b)—(c) The temporal evolution
of a few distinctive variables according to the qualitative behaviors 1 and 3. The notation is as follows: e
denotes a qualitative state at a time-point, O a qualitative state over a time-interval, @ a quiescent state, ©
a transition state, and O the end of a period. The symbols 1, {, and o in the plots refer to increasing,
decreasing, and steady directions, respectively (Farquhar et al., 1993)

3 Extensions of QSIM

In summary, qualitative simulation in the QSIM framework allows one to make predictions on the
behavior of a system from qualitative models that are abstractions of ordinary differential
equations. Instead of numerical values for the parameters, relations between symbolic values are
used, while algebraic functions may be incompletely specified, that is, defined by their monotonicity
properties only. The resulting qualitative behaviors are interpreted as abstractions of numerical
solutions, capturing qualitative features of the solutions, such as the temporal ordering of maxima
and minima of the variables.



104 H. DE JONG

0
Figure 5 Undamped mass—spring system. The variables refer to the position x, velocity v, acceleration a, and
mass m of the block, as well as the spring constant k

T

The basic idea of qualitative simulation, summarized in Figure 3, is intuitively plausible due to
its analogies with numerical simulation. However, several problems often complicate the practical
application of QSIM. In this section, two categories of problems will be discussed, the occurrence
of spurious behaviors (Section 3.1) and the combinatorial explosion of behavior trees (Section 3.2),
together with extensions of the basic algorithm to counter these problems. Although the technical
details are different, the problems also occur in the other qualitative simulation methods mentioned
in the introduction. The evaluation of the problems and extensions in Section 3.3 prepares the way
for the discussion of qualitative phase-space analysis and semi-quantitative simulation approaches
in the next two sections.

3.1 Spurious qualitative behaviors

The simulation algorithm of QSIM recursively generates qualitative states and transitions to
successor states, as explained in Section 2.4. The qualitative behaviors in the resulting behavior tree
may be spurious, in the sense that they do not correspond to any solution of an ODE of which the
QDE is an abstraction. The occurrence of spurious qualitative behaviors can be traced back to the
generation of spurious qualitative states, spurious transitions between qualitative states, or spurious
sequences of qualitative states. In this section, examples of each of these causes will be given.

3.1.1 Spurious qualitative states

Consider the well-known undamped mass—spring system shown in Figure 5. The variable x
describes the position of the mass with respect to the rest position. Assuming a unit mass, the spring
force f; is given by

fo=—k(x = x%), ®)

with & denoting the spring constant (k>0). The equation expresses that the stiffness of the spring
decreases with increasing displacement from the rest position.

Decomposing (3) into basic equations, and abstracting these into qualitative constraints, results
in the model fragment shown in Figure 6(a). Notice that, for clarity of exposition, the expressions
3, x%, and x? are used as names of auxiliary variables. Since 1 and —1 are roots of (3), in
addition to 0, we add landmark values corresponding to these numbers to the quantity spaces of the
variables. Furthermore, appropriate corresponding value triples are defined for the constraints (not
shown).

What happens when the displacement is larger than 1, that is, when the qualitative magnitude of
x equals ]1, oo[? The qualitative constraints in Figure 6(a) do not provide a unique value for the
qualitative magnitude of f,. A qualitative magnitude ]1, oo for x gives a qualitative magnitude ]1,
oo for x3, but this does not allow to decide on the sign of x — x>, and hence on the sign of f,. As

-k, x—x
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MULT(—k, x — x5, fs) MULT(—k, x — x3, f5)
ADD(x — x3, x, x) MULT(x, 1 — x%, x — x%)
MULT(x2, x, x%) ADD(1 — x%, %, 1)
MULT(x, x, x%) MULT(x, x, x%)
MINUS (k, —k) MINUS (k, —k)
CONSTANT(k) CONSTANT (k)
CONSTANT(1)
(a) (b)

Figure 6 (a) Set of qualitative constraints abstracted from the spring force equation f.=—k(x — x%). (b)
Alternative set of qualitative constraints obtained from the same equation

an

81} ‘ Tl ‘
ol Olr

(a) (b)

Figure 7 Two cascaded-tank systems. The variable names have the following interpretation: ¢ water amount,
r area of orifice, 7 inflow, o outflow. r and 7 are constants. The subscripts -, and -, refer to the upper and lower
tanks, respectively, while -, and -+, denote the lower-left and lower-right tank, respectively

a consequence, QSIM will generate several qualitative states, distinguishing between cases in which
f. has the qualitative magnitude ]—oo, O[, O,0r ]O, oof.

However, this result is not correct, since two of the three solutions can be shown to be spurious.
In fact, ]O, oof is the only possible qualitative magnitude for f;, which follows directly from the fact
that x>>x, if x>1. As a consequence of the abstraction of the original equation into a set of
qualitative constraints, and the local nature of constraint processing by Cfilter, QSIM is not able
to infer the correct result. This example is an instance of what is called the problem of dependencies
in interval arithmetic, arising when a variable appears more than once in a set of equations (Moore
(1979);see Struss (198&) for a discussion in the context of QR). In some cases, the dependencies
can be avoided by choosing a different decomposition of the original equation into basic equations.
This is illustrated in Figure 6(b). The only possible qualitative magnitude for f; is now found to be
10, oo[, as desired.

3.1.2  Spurious transitions between qualitative states

Apart from the generation of spurious qualitative states, spurious behaviors may arise from
spurious state transitions. As an example, consider the cascaded-tanks system in Figure 7(a). Water
flows into the upper tank at a (constant) rate i. The outflow of water from the upper and lower
tanks is determined by the amounts of water in the tanks (a, and a,, respectively) and the areas of
the orifices of the tanks (r, and r}). The system is described by the following pair of equations:
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=i —flag, r), FOM*,
a=flay, r)=gla, r), gdM" ™.

The corresponding QDE model is shown in Figure 8. It contains auxiliary variables n,=i — o, and
0,=fa,, r,) for the net flow and outflow of the upper tank. Similarly, n,=0,—0, and o,=g(a,, 1))
denote the net flow and outflow of the lower tank.

Now suppose that we start at 7, by filling the upper and lower tank from empty, while
both orifices are maximally open: QWV(a,, t,)=<0, _>,0W(a, t5)=<0, _> 0V (r,, to)=<max, std>,
OV(r, to)=<max, std>, and QV(i, t5)=<]0, oo, std>. The state constraints determine a unique initial
qualitative state, in which the net flow in the upper tank is decreasing and the net flow in the lower
tank increasing: QV(n,, tg) =<]0, o[, dec>and QV(n,, t;)=<]0, o[, inc>. The initial qualitative state
has a unique successor state, in which the amounts of water in the upper and lower tank are
increasing, that is, QWV(ay, to, t1)=<]0, o[, inc>and QV(a, o, t1)=<]0, o[, inc>. In addition, QV(n,,
to, 11)=<]0, o[, dec and QV(n,, ty, t;)=<]0, oo, inc>. At ¢, the net flow into the lower tank reaches
a maximum, QV(n,, t,)=<]0, o[, std>, while QV(n,, t;) has not changed with respect to ]z, #,[. Now
what is the qualitative value of n; immediately after #,? The transition constraints in Table 3 permit
three possibilities: QV(n, t,, t,) can be <]0, o[, dec>, <]0, oo[, std>, or <]0, oo, inc>. None of these
possibilities is excluded by the state constraints, so that QSIM generates three successors of the
qualitative state at 7.

Under certain conditions, some of these transitions are spurious. This can be seen by focusing on
the sign of the second-order time derivative of n; at #;. If fand g are linear in a, and ¢, respectively,
we obtain:

. _ O . 0 .
il = — flayry)n,—— glay, ).
8au aal

Bearing in mind that f, g00M ™" ", and 7,=0 and 7,<0 at t;, we infer that /<0 at #,. Because the
second-order time derivative of 7, is negative when n; reaches its critical point, it follows that 7, must
be decreasing immediately afterwards. This leaves only a single successor state in the interval ]z,, 7],
for which it holds that QV(n, t,, t,)=<]0, oo, dec>.

QSIM has been extended to avoid spurious transitions caused by the ignoring of higher-order
time derivatives. Kuipers and colleagues have proposed a special constraint applied in step 4 of the
simulation algorithm discussed in Section 2.4 (Kuipers et al., 1991;Kuipers, 1994).The constraint
preserves soundness under the so-called sign-equality assumption, of which the linearity of fand g
in the example is a special case. Hossain & Ray (1997) have generalized the qualitative state
description and transition table to take into account second-order time derivatives. This work

D/DT(ny, ay)
ADD(ny, oy, i)

i: 0<oo

ay: O<oo

a: 0<oo M (ay, ru, ou)
ou: 0<oo D/DT(ny, ay)

o: 0<oo ADD(ny, 01, ou)
nu: —00<0<oo M (a, 11, o)
n: —oo<0<oo CONSTANT(i)
ra: 0 <max<oo CONSTANT(ry)
rn: 0<max <oo CONSTANT((r)

(@) (b)

Figure 8 QDE abstracted from the ODE describing the cascaded-tank system of Figure 7(a): (a) quantity
spaces of variables and (b) qualitative constraints
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Figure 9 (a) Qualitative behavior tree for the undamped mass—spring system (see Figure 4 for the notation).
(b) The temporal evolution of the position x of the spring in the three behaviors

builds upon earlier ideas on the use of higher-order time derivatives in qualitative simulation, such
as de Kleer & Bobrow (1984)and Williams (198%).

3.1.3  Spurious sequences of qualitative states
Spurious qualitative behaviors may also arise from the generation of an incorrect sequence of
qualitative states by the QSIM algorithm. Contrary to the previous two cases, every individual state
and state transition in the sequence is genuine. However, their succession yields a spurious behavior.
Again, a simple example will serve to illustrate the point.

Consider an undamped mass—spring system with a linear spring force and unit mass, described
by

X=v, 4)
v=—kx. (5)

As usual, the ODE model can be transformed into a QDE (not shown). Suppose we perform a
qualitative simulation from an initial state in which the spring is compressed. Contrary to the
previous examples, we now allow the introduction of new landmark values in the quantity spaces
of the variables, replacing interval magnitudes at distinguished time-points. Figure 9 shows the
behavior tree generated by QSIM for this model. The tree branches after 75 to produce three
possible qualitative behaviors at #,. The first one represents a decreasing oscillation, the second one
an increasing oscillation, and the third one a steady oscillation.

Although all three behaviors are consistent with the state and transition constraints, only the
third behavior is a genuine possibility. One can easily show that the other two behaviors violate an
implicit invariant: the sum of the potential and kinetic energy of the system. Since the total energy
at 7, must equal that at #,, decreasing and increasing oscillations are impossible. The inclusion of
the explicit energy function

1 1
E= Emv2 + Ekx2
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in the QDE of the mass—spring system, with E constant to reflect energy conservation, filters out the
increasing and decreasing oscillations in Figure 9.

The energy conservation constraint is an example of a global constraint on the behavior of a
system, a constraint which puts restrictions on the possible sequences of qualitative states up and
above state constraints and transition constraints (Section 2.3.3).Global constraints can be made
explicit and integrated into the qualitative simulation process to prune spurious qualitative
behaviors from the behavior tree. Efforts in this direction have been guided to a large extent by
insights and results from dynamic systems theory (Section 4). Examples of global constraints
include energy constraints, or more generally Lyapunov functions (Fouché & Kuipers, 1992;
Hofbaur & Dourdoumas, 2002),non-intersection constraints on trajectories in the phase space (Lee
& Kuipers, 1988;Struss, 198&), constraints on qualitative stability and instability (Ishida, 1989),
constraints based on I’'Hopital’s rule (Say, 1998),and analytical function constraints (Kuipers et al.,
1991).

3.2 Combinatorial explosion of behavior trees

As indicated in Section 2.4, qualitative simulation can give rise to ambiguous predictions of the
behavior of the system. While some of the qualitative behaviors may be spurious, even the number
of genuine qualitative behaviors can be too high to permit a useful interpretation of the simulation
results. Two examples will illustrate how the qualitative nature of the models can lead to a
multiplication of behavior predictions.

Consider the extended cascaded-tanks system in Figure 8(b). The system has two lower tanks
filled from the same upper tank. It is described by the following differential equations:

a,=i— fla,, ru),fDM++,
day=fay, ry)=glay, ry), gOM™™,
dlr:ﬂaul ru)_h(alﬁ rlr)7 hDM++v

where the variables i, @, and r have the same meaning as before, and the suffixes -; and -, denote
the lower-left and the lower-right tank, respectively. The incomplete specification of the functions
g and & does not allow QSIM to unambiguously determine, when filling the tanks from empty, the
order in which the water amounts in the lower tanks reach equilibrium. In fact, the qualitative
direction of @;; may become std before, after, or at the same time when the qualitative direction of
a,. becomes std. As a consequence, QSIM will generate qualitative behaviors for each of these cases,
a phenomenon that has been called occurrence branching (Tokuda, 1996).In large and complex
systems, with many processes occurring in parallel, occurrence branching can give rise to
exponentially-growing behavior trees.

An obvious remedy to the combinatorial explosion of behavior trees due to occurrence
branching is the abstraction of the QSIM output into higher-level descriptions of the qualitative
behaviors of the system. One could argue that it does not really matter whether the lower-left or
lower-right tank reaches equilibrium first, as the end result is the same: both tanks are at
equilibrium. As a consequence, the alternative qualitative behaviors leading to the quiescent state
might be collapsed into a description which abstracts from the order in which the tanks reach
equilibrium. Several ways to ignore inessential qualitative distinctions have been proposed in the
literature, such as the use of so-called histories for variables (Forbus, 1984;Williams, 1986;Coiera,
1992;Clancy & Kuipers, 1998)or the reduction of qualitative behavior trees by compacting several
qualitative behaviors into a single abstract qualitative behavior (Weld, 1986;Mallory et al., 1996;
Tokuda, 1996; Eisenack & Petschel-Held, 2002).

Related ideas of abstraction underlie solutions to the problem of chattering, another cause of
exponentially growing behavior trees. Chattering occurs when the qualitative value of a variable is
totally unconstrained except by continuity, so that the QSIM algorithm is forced to repeatedly
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branch on every possible magnitude or direction (Kuipers & Chiu, 1987; Kuipers, 1994). An
example of chattering occurs in a damped mass—spring system given by

X=v, (6)

V=—kx —uv, @)

where u denotes the friction constant (u>0). When transforming the ODE model into a QDE, we
introduce the auxiliary variable a=v. By (7), d=—kx — uv. Now, suppose that the system is in a
qualitative state in which x is positive and inc, and v positive and dec. Whereas the magnitude of
a is uniquely determined (gmag,=]—oo, O), its direction can be dec, std, or inc. Since there are no
further constraints on the derivative of «, the transition constraints of Section 2.3.2permit repeated
transitions between qualitative states with QV(a)=<]-oo, O[, dec>, QV(a)=<]-o, O[, std>, or
OV(a)=< for |-, Q[, inc>, thus exploding the behavior tree.# Clancy and Kuipers (1997) have
extended the basic QSIM algorithm with techniques for identifying chattering variables and
abstracting a set of qualitative states involved in chattering into a single qualitative state with an
unspecified qualitative direction.

3.3 Evaluation

Two major problems hampering the practical application of the QSIM method were discussed
above: the occurrence of spurious qualitative behaviors and the combinatorial explosion of
behavior trees. Much work in qualitative simulation has been directed at the improvement and
extension of the QSIM algorithm to deal with these problems, as illustrated by the examples in the
previous sections. This has resulted in a qualitative simulation method capable of dealing with a
number of non-trivial systems, like physiological processes (Ironi et al., 1990;Kuipers, 198%; Ironi
& Stefanelli, 1995;Rickel & Porter, 1997), bio)chemical reactors (Molle & Edgar, 1990;Vinson &
Ungar, 1995; Vatcheva, 2001)and chemical plants (Catino & Ungar, 1995),digital circuits (Kaul
et al., 1992), fatigue and fracture in steel bridges (Roddis & Martin, 1992), and genetic and
ecological networks (Heidtke & Schulze-Kremer, 1998; Guerrin & Dumas, 2001a, b). Moreover,
QSIM and its relatives have been embedded in broader reasoning tasks, such as monitoring and
diagnosis (Forbus, 1987;Oyeleye et al., 1990;DeCoste, 1991;Dvorak & Kuipers, 1991;Ng, 1991;
Rose & Kramer, 1991; Lackinger & Nejdl, 1993; Vinson & Ungar, 1995; Dressler, 1996; Struss,
1997; Mosterman & Biswas, 1999; Panati & Dupré, 2000; Sachenbacher et al., 2000), model
composition (Falkenhainer & Forbus, 1991;Low & Iwasaki, 1992;Farquhar, 1994;Nayak, 1995;
Levy et al., 1997; Rickel & Porter, 1997), system identification (S6derman & Stromberg, 1991;
Varsek, 1991;Richards ez al., 1992;Hau & Coiera, 1993;Shen & Leitch, 1995;Bradley & Stolle,
1996;Say & Kuru, 1996;Capelo et al., 1998;Bellazzi et al., 1999;Suc et al., 2003;Suc & Bratko,
2003; Coghill et al., 2004), theory refinement and measurement analysis (Kamps & Péli, 1995;
de Jong et al., 1999),tutoring (Forbus, 1997;de Koning et al., 2000;Bredeweg & Forbus, 2003;
Salles et al., 2003),and comparative analysis (Weld, 1988, 1994, b, 1992; Neitzke & Neumann,
1994;de Jong & van Raalte, 1999;Struss, 2004).

The improvements and extensions of the basic QSIM algorithm can eliminate some spurious
qualitative behaviors. However, Say recently demonstrated that the development of a qualitative
simulator that is both sound and complete, in the sense of Section 2.5,is impossible (Say & Akin,
2003). In fact, an algorithm for generating all and only genuine qualitative behaviors, given a
qualitative model and initial qualitative state, could be used to solve Hilbert’s tenth problem, that
is, decide whether a given multivariate polynomial with integer coefficients has integer solutions. As

4 As an aside, it is remarked that the higher-order derivative constraint discussed in Section 3.1.2is to no
avail in this case. The cause of chattering does not lie in the failure to exploit information implicit in the
model, but rather in the absence of this information.
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it has been proven that an algorithm for solving Hilbert’s tenth problem does not exist, the
generation of spurious qualitative behaviors cannot be excluded.

While QSIM is thus inherently incomplete, for practical purposes it would already be
satisfactory to have a qualitative simulator that filters out as many known classes of spurious
behaviors as possible. In order to achieve this, mathematical constraints on the possible qualitative
behaviors of the system have to be expressed as qualitative constraints or integrated in the
simulation algorithm. Unfortunately, the efforts to improve QSIM are complicated by fundamental
design decisions underlying the method (Sacks, 199(; Makarovic, 1991;Sacks & Doyle, 1992).For
example, the abstraction of an ODE model into sets of qualitative constraints may facilitate the
efficient computation of qualitative states, but makes it difficult to apply mathematical techniques
based on algebraic manipulation of the model equations. The examples in this section illustrate that
such algebraic reasoning is critical for filtering out spurious qualitative behaviors, through the
decomposition of an ODE into different sets of basic equations (Section 3.1.1), the derivation of
expressions for higher-order time derivatives (Section 3.1.2),or the formulation of equations that
express energy conservation laws (Section 3.1.3).

Even if all spurious qualitative behaviors could be ruled out, the behavior tree resulting from a
simulation may still be intractable. In the absence of sufficiently-tight mathematical constraints, the
number of qualitative behaviors is expected to explode, especially when dealing with large and
complex systems. The techniques mentioned in Section 3.2 may alleviate the problem to some
extent, but cannot avoid that the upscalability of qualitative simulation to interesting problems in
the real world will be difficult to achieve. In order to reduce the number of possible qualitative
behaviors of the system, further information is required, for example order-of-magnitude or
numerical constraints. Being purely qualitative, the QSIM algorithm described in the previous
section is not able to exploit any such available information.

We conclude that the occurrence of spurious qualitative behaviors and the combinatorial
explosion of behavior trees are problems difficult to resolve in the framework of QSIM and other
qualitative simulation methods. In the next section, we will discuss two related approaches that
address these problems by changing the perspective on qualitative simulation. The first approach
redefines qualitative simulation in the framework of dynamic systems theory, in order to optimally
exploit mathematical techniques available for certain classes of dynamic systems. Some of the
methods focus on quantitative instead of qualitative models. The second approach also goes
beyond the purely qualitative framework, by generalizing qualitative simulation to semi-
quantitative simulation. The two approaches have been shown capable of making useful predictions
about the behavior of large and complex systems.

4 Qualitative phase-space analysis

4.1 Overview

Dynamic systems theory is a branch of mathematics that has developed powerful techniques for the
qualitative analysis of dynamic systems (Hirsch & Smale, 1974; Guckenheimer & Holmes, 1987;
Strogatz, 1994).These techniques help provide a high-level view of the qualitative dynamics of a
system by identifying equilibrium points, limit cycles, and other attractors in the phase space, as
well as by determining their stability and basin of attraction. In addition, the techniques allow the
study of changes in parameter values, particularly those leading to bifurcations involving changes
in the number or character of the attractors. Probably the best-known result of dynamic systems
theory is the characterization of the phase-space behavior of second-order linear systems in terms
of the sign of the eigenvalues of the state matrix. This result is generalizable to higher-order linear
systems, while other techniques apply to particular classes of nonlinear systems.

Consider again the damped mass—spring system (6)-(7). We can rewrite the equations in the
form
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Figure 10 Example solution trajectories of the damped mass—spring system, for (a) u?>4k and (b) u?<4k

i X iy X h A = 0 1 g
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This linear system has a single equilibrium point, (0, 0). The stability of the equilibrium can be
determined from inspection of the eigenvalues of A:

—,ui\/,uz—4k‘

2

)L:

In fact, since the real part of the eigenvalues is negative, the equilibrium point is stable. Moreover,
if u®>4k, then the eigenvalues are real, and an initial displacement is followed by an overdamped
return to the equilibrium. On the other hand, if u®<4k, then the eigenvalues have a real and an
imaginary part, and the system oscillates back towards the equilibrium in an asymptotic manner.>
Figure 10 shows example solutions for the above two cases as trajectories in the (x, v)-phase plane.
The nullclines x=0 and v=0 divide the phase plane into four regions, in each of which the dynamics
of a system is characterized by a unique sign for X and v.

The example demonstrates how simple mathematical techniques permit the qualitative behavior
of the mass—spring system to be analyzed in an elegant and precise way (see Stoker (1992) for
techniques applying to nonlinear variants of this system). In contrast, treatment of the same system
by QSIM is less straightforward. It requires energy constraints (Fouché & Kuipers, 1992;Kuipers,
1994)that are cumbersome to express in the QDE formalism, as well as mechanisms to detect and
eliminate chattering variables (Section 3). Moreover, the resulting behavior tree does not
adequately describe the asymptotic behavior of the system, in the sense that it includes spurious
behaviors in which the equilibrium point is not reached asymptotically, but in finite time, after a
finite number of oscillations. While these behaviors may occur for some nonlinear mass—spring
systems, they do not correspond to any solutions of the linear system (8).

Reformulations of the QSIM approach in the framework of dynamic systems theory (Aubin,
1989; Sacks, 199(; Dordan, 1992;Lee & Kuipers, 1993)show that the conclusions we arrived at
in the simple example above apply more generally. In many situations, the QSIM predictions of the
qualitative behaviors of a dynamic system are weaker than those obtained by techniques developed
in dynamic systems theory. Besides being a touchstone for the critical evaluation of work on
qualitative simulation, the perspective of dynamic systems theory has also provided a basis for the
development of alternative methods (Abelson ef al., 1989;Sacks, 199M; Kalagnanam et al., 1991).
Several such qualitative phase-space analysis methods have been proposed since the early 199Gs.
Contrary to QSIM and its relatives, these methods are tailored to a particular class of dynamic

5 For u?=4k the system is critically damped and the solutions resemble those for the overdamped case.
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systems, in order to optimally exploit any strong mathematical constraints available for these
systems. This reduces the occurrence of spurious and uninformative behavior predictions.

The first type of qualitative phase-space analysis method deals with numerical instead of
qualitative models. Given an ODE, numerical parameter values, and a numerical bounding box for
the state, these methods derive the phase-space behavior of the system using a combination of
symbolic and numerical techniques. While the models being treated are numerical, it is nevertheless
appropriate to label the methods as qualitative. Although numerical techniques lie at the heart of
the approaches, their fundamental aim is to obtain qualitative insight into the dynamics of the
system. The results of the methods do not simply consist of a set of solution trajectories. Instead,
the methods provide an account of the possible qualitative behaviors of the system, phrased in
terms of concepts like equilibrium point, limit cycle, stability, and bifurcation. In comparison with
well-known mathematical problem solvers such as Maple, Mathematica, and Matlab, the phase-
space analysis programs add a layer of knowledge representation and task control allowing the
coordinated application of a range of low-level numerical routines. A disadvantage of the methods
is that a soundness guarantee like that in QSIM cannot be given.

Two examples of implemented numerical phase-space analysis methods are KAM (Yip,
1991a, b) and MAPS (Zhao, 1993, 1994)The KAM program is concerned with the automatic
qualitative analysis of nonlinear Hamiltonian systems with two degrees of freedom. In one
instance, the use of KAM has led to previously unknown results in hydrodynamics. MAPS is a
program constructing a qualitative description of the phase-space structure of nonlinear systems.
Although the computational complexity of the method has limited its application to second-
order and third-order systems, the underlying concepts and algorithms apply to higher-order
systems as well. Together with Perfect Moment, which analyzes a system’s phase-space behavior
with special attention to chaotic features (Bradley, 1995), MAPS has been used for nonlinear
control design (Bradley & Zhao, 1993). Other examples of numerical phase-space analysis
methods are POINCARE (Sacks, 1991; see Abelson (1990) for a precursor), and PSX2NL
(Nishida, 1997;see Nishida (1993, 1994)and Nishida & Doshita (1995)for results obtained with
relatives and extensions of PSX2NL).

The models treated by the second type of qualitative phase-space analysis method are
qualitative in nature, comparable to the QSIM models. An example is the qualitative phase-
space analysis method of Bernard and Gouzé (1995, 2002),which will be discussed in more
detail in Section 4.2. It derives the qualitative transient and asymptotic behavior of loop-
structured systems with monotonic interactions, a class of systems occurring in numerous
applications in biology. A bit older, but still of considerable interest is the PLR program of
Sacks (199(n). PLR automates the qualitative analysis of second-order systems using piecewise-
linear approximations of nonlinear functions. It uses an inequality reasoner allowing the flexible
integration of numerical information (Sacks, 1987). Another example is the method of Dordan
(1992, 1995),which is a reformulation of QSIM for so-called replicator systems, used in
chemistry and ecology. de Jong and colleagues (de Jong & Page, 2000; de Jong et al., 2002,
200%) have developed a method for the qualitative simulation of genetic regulatory networks
described by a class of piecewise-linear differential equations. The method has been implemented
in the computer tool GNA and applied to complex networks of biological interest (de Jong
et al., 2003, 2004). Because there usually exist strong mathematical constraints on the possible
qualitative behaviors, the methods are able to deal with quite complex second-order, and
sometimes higher-order, systems.® For example, the program GNA has been used to simulate
genetic regulatory networks with a dozen state variables. Generally speaking though, upscaling is
limited by the qualitative nature of the models.

& Although not directly based on dynamic systems theory, the methods in Capelo et al. (1998)and Schaefer
(1991)are similar in spirit, in that they attempt to exploit the properties of a particular class of systems.
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Figure 11 Schematic view of a chemostat. The variables denote the total amount x of biomass per unit
volume and the concentration s of remaining nutrient. The parameters are the dilution rate D, the input
nutrient concentration s;,, the maximum growth rate u,,,, of cells, a half-saturation constant k, and the
growth yield y

4.2 Qualitative analysis of loop-structured systems

Bernard & Gouzé (1995, 2002) have developed a method for the qualitative analysis of
loop-structured systems with monotonic interactions. Examples of loop-structured systems, fre-
quently occurring in biology, are the feedback mechanisms regulating protein synthesis and the
development of stage-structured populations. More precisely, loop-structured systems are defined
by ODEs of the form x=f(x), with x=[xq, ..., x,]' and f=[f;, ..., f,], while /;Q-R is a
continuously differentiable function, with Q an open convex domain of R”, and

JO=1{xs Xi40), 1isn,

where the indices are numbered modulo . That is, the variables are ordered in a loop, such that the
derivative of each variable is determined by the variable itself and its successor. The Jacobian
matrix M of loop-structured systems has the following structure:

[ my(x)  mp(x) 0 C 0 0 N
0 my(x) mys(x) - - 0 0
M(x) = : S : : ’ ©)
0 0 0 oMy, 1.n— l(x) n, _ 1,n(x)
mn,l(x) 0 0 T 0 mn,n(x)

where m;(x)=(3/9x,)f{(x). Note that every two-dimensional system is by definition loop-structured.
A loop-structured system is said to have monotonic interactions on Q, if my;, i#j, does not change sign
on Q (similar to the monotonic functions used in QSIM). The discussion below is restricted to
loop-structured systems with monotonic interactions. However, slight deviations from this
structure may still allow the method to yield useful predictions of the qualitative behavior of the
system.

An example of a loop structured system is the growth of microorganisms in a chemostat. The
chemostat is a type of bioreactor in which nutrient supply and other conditions can be controlled
(Figure 11). This system can be described on Q=R?Z by the so-called Monod model:

X=u(s)x — Dx, (20)
§=D(si,=5) =p(s)x, (11)
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where x denotes the total amount of biomass per unit volume and s the concentration of remain-
ing nutrient. D and s;, are parameters representing the dilution rate and the input nutrient
concentration, respectively (D>0, s5,,>0). The functions u(s) and p(s) are defined as follows:

K 1
= Umax — d == ’
uls) = p vy and  p(s) yﬂ(S)

with g, the maximum growth rate of cells, k, a half-saturation constant, and y the growth yield
(Umax>0, k>0, y>0). The system described by the Monod model has monotonic interactions, since
the off-diagonal elements of its Jacobian matrix have a fixed sign in Q ((x .y kJ/(s+k,)?>0 and
—p(5)<0).

Let x*JQ be an equilibrium point of the system. This equilibrium point lies on the intersection
of hyperplanes defined by

Vi{x*)={x0Qlx;=x;}.

The hyperplanes associated with x* divide the phase space into 2" so-called x*-orthants W, (x*),
1<k<2"7 In each x*-orthant, the sign of the difference x, — x; is constant. The system is called
diagonally x*-monotonic, if the sign of the diagonal elements of the Jacobian matrix M is constant
in every x*-orthant of the phase space. Figure 12 shows the x*-orthants of the Monod model
(10)-(11) with respect to its (single) equilibrium point in Q, denoted by (x*, s*) (Bernard, 1995).As
can be easily verified, the Monod system is diagonally monotonic with respect to this equilibrium.

In a similar way, the phase space can be divided into so-called z -orthants Z,, 1</<2”, by means
of the nullclines:

U,={x0Q|f(x)=0}.

A region in Q that is an intersection of an x*-orthant and a z-orthant can be interpreted as the
phase-space analog of a qualitative state in the QSIM formalism. In this region, the relative position
vector and the velocity vector have a unique sign.

The computation of the possible qualitative states of a diagonally monotonic loop-structured
system amounts to determining, for each x*-orthant W, (x*), the z-orthants Z, that it intersects
with. This is achieved by the theorems in Bernard & Gouzé (2002),which allow the qualitative states
to be computed from the signs of the elements of the Jacobian matrix M (Figure 12(c)). The possible
transitions between the qualitative states are also determined from the sign properties of M, by
formulating criteria for the crossing of a hyperplane V,(x*) (i.e. x; reaches its equilibrium value from
above or below) or for the crossing of a nullcline U, (i.e. x; reaches a minimum or a maximum)
(Bernard & Gouzé, 2002). Transitions characterized by the simultaneous occurrence of two
qualitative events, for example the simultaneous crossings of two hyperplanes V(x*) and V(x*), i#/,
are generally excluded, except in special cases when the set of trajectories corresponding to these
transitions are not of measure 0. Additional constraints on transitions are obtained from theorems
on the global qualitative behavior of loop-structured systems. The qualitative states and transitions
between qualitative states can be visualized in the form of a tramsition graph (also called
envisionment in qualitative simulation; Forbus, 1984;Kuipers, 1994).Each state is represented by
an nx2-matrix of signs. The first column lists the position of every x; with respect to its equilibrium
value x; (+meaning x,>x;, while — meaning x,<x;). The second column lists the sign of every x,.
The transitions between the states are denoted by arrows.

The transition graph for the Monod model is shown in Figure 13(). The graph contains a cycle,
which might lead one to believe that there exist limit cycles or trajectories spiraling to or from an

7 The analysis can be easily generalized to the case of multiple equilibrium points, by introducing separate
hyperplanes for each equilibrium point.
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Figure 12 Subdivision of the phase space of the chemostat system in Figure 11, described by the Monod
model, into (a) x*-orthants, (b) z-orthants, and (c) intersections of x*-and z-orthants. V, (x* s*)={(x, s)
O0Q[s=s*}, V. (x* s¥)={(x, s) OQx=x*}, U,={(x, s) 0Q|s=0}, and U, ={(x, s) 0Q|x=0}. Furthermore,
Z,={(x, s) 0Q[x>0, s>0}, Z,={(x, s) 0QIx<0, s>0}, zz={(x, s) 0Q|x<0, §<0}, and Z,={(x, s) OQ|x>0,
§<0}

equilibrium point in Q. However, further analysis reveals that the cycle is spurious, due to ignoring
an implicit constraint in the model. In fact, the graph can be refined by taking into account the
additional variable u=s+(x/y), denoting the total nutrient concentration in the chemostat. From
(10) and (11) it follows that

u=D(s;,—u). (12)

Depending on whether the initial value ug of u is above or below s;,, i is negative or positive. The
sign of u puts additional restrictions on the possible behaviors allowed by the Monod model
(Bernard, 1995).For instance, if # is positive, the states in which x and s simultaneously decrease
can be excluded. Upon considering the two cases #>0 and u<O0 separately, the original transition
graph refines to the two transition graphs shown in Figure 13(b). In both cases, the system
converges towards the equilibrium. However, in the former case, x passes through a minimum and
s through a maximum, whereas in the latter case, x passes through a maximum and s through a
minimum.

Like QSIM, the phase-space analysis method of Bernard and Gouzé determines possible
qualitative states and transitions between qualitative states. However, the definition of qualitative
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Figure 13 Transition graphs derived for the Monod model (Bernard, 1995).1n (a) the variable u for the total
nutrient concentration is not taken into account, whereas in (b) it is, leading to two refined transition graphs.
The first column in the sign matrix characterizing a state gives the position of the variables with respect to their
equilibrium value, whereas the second column gives the sign of the derivative of the variables. The first row
of the matrix concerns the variable x and the second row the variable s
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state is based on a more appropriate, not necessarily hyperrectangular decomposition of the phase
space. In addition, the computation of qualitative states and transitions between qualitative states
has been tailored to the loop-structured systems under study. This reduces the risk of generating
uninformative or spurious states and transitions between states. Theorems similar to the soundness
property of QSIM (Section 2.5) have been derived for the qualitative analysis of loop-structured
systems (Bernard & Gouzé, 1995).The chemostat example concerns a two-dimensional system, but
the method applies to loop-structured systems of dimension 7.

The method discussed in this section has been used for the analysis of a range of biological
systems for which no or only weak quantitative information is available (Bernard & Gouzé, 1995,
1996, 1999;Bernard & Souissi, 1998). For example, it has been applied in the validation of a
third-order model of the response of a population of phytoplankton to a periodic input of nutrient
(Bernard & Gouz¢, 1999).By comparing the predicted sequences of qualitative states with observed
qualitative trends, it was found that the phytoplankton growth models are appropriate for
low-frequency input, but break down at high frequency.

5 Semi-quantitative simulation

5.1 Overview

ODEs and QDEs are the two extremes of a scale running from complete to no numerical
information. Most situations of practical interest, however, fall somewhere in between these two
extremes. In fact, for many scientific and engineering problems, some numerical information on
parameter values and functional relationships is available. This additional information can be
exploited to arrive at better predictions than those obtainable through qualitative simulation alone.

A first example of such information is the order of magnitude of the value of parameters and
variables in the model. Basically, two kinds of order-of-magnitude information can be dis-
tinguished: absolute and relative (Travé-Massuyeés & Dague, 2003; Travé-Massuyes et al., 2003).
Whereas absolute orders of magnitude relate the value of a parameter or variable to a set of
real-measured landmarks, e.g. by labeling it as ‘large negative’, ‘small negative’, 0, ‘small positive’,
or ‘large positive’ relative orders of magnitude compare the values of two parameters or variables,
e.g. by stating that one is ‘negligible with respect to’, ‘close to’, or ‘comparable to’ the other



Qualitative simulation and related approaches 117

(Mavrovouniotis & Stephanopoulos, 1988;Travé-Massuyes & Piera, 1989;Raiman, 1991;Dague,
1993, b). Order-of-magnitude relations can be formalized by means of axioms that, when
supplemented with appropriate inference rules, allow some of the ambiguities arising from the use
of qualitative methods to be resolved.

Consider, for instance, the damped mass—spring system of Section 4.1.If we just know that >0
and x>0, we cannot distinguish between the two qualitative behaviors summarized in Figure 10.
However, suppose that we know that 4k is a ‘small positive’ and x? is a ‘large positive’. Then one
of the behavorial possibilities, the oscillation of the mass around the equilibrium position, can be
excluded. A similar conclusion can be drawn when 4k is ‘negligible with respect to’ u2.
Order-of-magnitude reasoning has been given a solid mathematical foundation by defining the
relations between parameters and variables in the framework of standard or non-standard real
analysis (see Robinson (1966) for an introduction to non-standard analysis). However, its
application to qualitative simulation seems to have been limited (see Davis (1990)for an exception).

More widely used is the second kind of numerical information, which specifies real intervals for
the values of parameters and variables, and in some cases, real envelopes for functional
relationships. Suppose that in the mass—spring example numerical bounds on the value of k and u
were available, e.g. £[J0.001, 0.002] and «[J0.1, 0.3]. Using interval arithmetic (Moore, 1979),a
generalization of conventional real arithmetic, it follows that 4k[]0.004, 0.008] and x?[0.01,
0.09], and hence 4k<u?, which again excludes the oscillatory behavior. The use of intervals allows
numerical uncertainty to be represented in a flexible way. Since the interval formalism includes
exact values (e.g. £[J0.001, 0.001]) and sign values (e.g. K]0, o[) as special cases, it constitutes
a unifying framework for the representation of both qualitative and quantitative information.
Several methods for semi-quantitative (or semi-qualitative) simulation have been proposed in the
literature, which can be roughly divided into two approaches.

The first approach, which will be called qualitative—quantitative simulation, uses numerical
information to refine the behavior tree obtained through qualitative simulation. More precisely, the
methods compute interval bounds for the landmark values of the system variables. This may lead
to the refutation of qualitative behaviors inconsistent with the numerical information, and hence to
a reduced behavior tree. In addition, the numerical information can be used to estimate the
probability of alternative transitions from a state, and hence prioritize qualitative behaviors (Doyle
& Sacks, 1991; Grossman & Werther, 1993; Leitch & Shen, 1993). The most well-known
qualitative-quantitative methods are Q2, Q3, and NSIM. Q2 (Berleant & Kuipers, 1992; Kuipers,
1994)acts as a filter on the qualitative states in a behavior, generating interval constraints from the
QSIM model and propagating interval bounds through the constraints. Q3 (Berleant & Kuipers,
1997)improves upon Q2 by adding interval constraints obtained from a refinement of the time step
between consecutive distinguished time-points. Q2 and Q3 will be discussed in Section 5.2.Q2 and
Q3 can be used in combination with NSIM (Kay & Kuipers, 1993), which computes numerical
envelopes for the solutions of a semi-quantitative model. Q2 and NSIM have been integrated into
the simulator SQSIM (Kay, 1998).The above extensions of QSIM have been applied in the context
of model-based reasoning tasks like monitoring (Dvorak & Kuipers, 1991; Rinner & Kuipers,
1999), system identification (Kay et al., 2000),comparative analysis (Vatcheva & de Jong, 1999),
and experiment selection (Vatcheva et al., 2000, 2001).

A second approach towards semi-quantitative simulation does not take the qualitative behaviors
produced by QSIM or another qualitative simulator as its starting point. Given an ODE model with
interval bounds on the parameters and initial conditions, the methods compute interval bounds on
the state variables at successive time steps. Starting with the pioneering work of Moore (1979),a
variety of such interval simulation methods have been proposed (e.g. Vescovi et al., 1995; Lohner,
1987; Nedialkov & Jackson, 199%; Janssen et al., 2001; for recent reviews, see Nedialkov &
Jackson, 199%; Armengol et al., 2000;Jackson & Nedialkov, 2002)8 The methods provide more

8 Similar methods for semi-quantitative simulation have been developed in the context of fuzzy simulation
(Bousson & Travé-Massuyes, 1993;Shen & Leitch, 1993;Bonarini & Bontempi, 1994).This has, for example,
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or less satisfactory solutions for the major problem of semi-quantitative simulation: the tendency
of interval bounds to explode as the number of time steps increases, especially for large interval
bounds of the parameters and initial conditions. One way to deal with this problem is represented
by Lohner’s AWA system (Lohner, 1987),which employs coordinate transformations to counter
the wrapping effect, the loss of precision entailed by the approximation of an arbitrary region by a
bounding box. Recently, Janssen et al (2001, 2002)have proposed sophisticated constraint
satisfaction algorithms to reduce the size of bounding boxes at successive time-points. Examples of
real-world applications of the interval simulation methods mentioned in this paragraph are the
monitoring of a sintering process in a steel plant (Vescovi et al., 1997)and a gas turbine in a
chemical plant (Travé-Massuyes & Milne, 1997).

In comparison with QSIM and its numerical extensions, interval simulation produces quanti-
tative predictions without imposing an overarching qualitative framework. In particular, it does not
describe the behavior of the system in terms of sequences of distinguished time-points, where
variables attain landmarks or extrema. This has the disadvantage that qualitatively different
behaviors are not recognized, which may give rise to broad interval bounds covering several such
behaviors. Moreover, the absence of a qualitative representation makes it more difficult to discern
meaningful patterns in the large amounts of numerical data.

One could imagine enhancing interval simulation by the parallel execution of a qualitative and
a (semi-)quantitative simulation. Several methods realizing this latter idea have been proposed in
the literature, such as the self-explanatory simulation method of Forbus and Falkenhainer (Forbus
& Falkenhainer, 1990, 1992, 1995Amador et al., 1993; Iwasaki & Low, 1993). The aim of
self-explanatory simulation is to provide better explanations of the system behavior, ensure
consistency of the predictions with the underlying domain knowledge, and automate the model-
building process (see Forbus (1997)for an application in the field of tutoring). Related ideas, but
generalized to spatio-temporal dimensions, have informed methods for the analysis of spatio-
temporal data sets developed by Yip, Zhao, and colleagues (Yip, 1995, 1997;Yip & Zhao, 1996;
Ordoénez & Zhao, 2000;Bailey-Kellogg & Zhao, 2001, 2003){ee Junker & Braunschweig (1995)for
related work). For example, the spatio-temporal aggregation (STA) system recognizes and tracks
qualitative structures in data sets, resulting from the simulation of reaction-diffusion systems in two
spatial dimensions (Ordofiez & Zhao, 2000).STA additionally samples the parameter space and
generates equivalence classes of qualitatively similar behaviors. It thus rejoins the qualitative
phase-space analysis methods mentioned in Section 4.1, generalizing their scope to spatial in
addition to temporal dimensions.

5.2 Semi-quantitative simulation with Q2 and Q3

Among the best known semi-quantitative simulation methods are Q2 and Q3, developed by
Berleant and Kuipers (Berleant & Kuipers, 1992, 1997 Kuipers, 1994).Q2 and Q3 assume that the
system being considered is described with a semi-quantitative differential equation (SQDE) model.
An SQDE is a QDE augmented by numerical information, in particular interval bounds for
landmark values / and bounding envelopes for functional relations f. An interval bound for / is
given by range ()=[/, 1], where [, IIR* and K</<l. A bounding envelope for f is defined by
envelope(f)=[f, /], such that for all x in the domain of the function, it holds that ]_‘(x)sf(x)sf(x).
Furthermore, interval bounds on the first- and second-order derivative of f may be specified.

In Figure 14 the SQDE for a nonlinear variant of the mass—spring system in Figure 5 is shown.
The SQDE corresponds to the differential equations

X=v,
7= =kflx), fOMg,

resulted in a simulation method capable of treating time-delayed semi-quantitative differential equations
(Miguel & Shen, 2005).
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D/DT(v, x)
D/DT(a, v)
MULT(—k, fx, a)
MINUS (k, —k)

Mf{(x, fx) envelope(f) =[x +x3/6—1,x+x3/6+1]
CONSTANT(—k)
CONSTANT (k) range(k) = [0.08, 0.13]

(@) (b)
Figure 14 (a) QDE abstracted from the nonlinear ODE model of the mass—spring system in Figure 5 (the
quantity spaces of the variables have been omitted). (b) Interval bounds of the parameter & and bounding
envelope of the function f

which have been abstracted into qualitative constraints, as explained in Section 2.2. The resulting
QDE has been augmented with interval bounds for k& and envelope functions for f.

Q2 refines the qualitative behavior tree produced by QSIM by propagating the numerical
information contained in the SQDE. Given a qualitative behavior QS(z,), 0S(t,), t, OS(z), - . .,
05(t,), Q2 first derives equations and inequalities, involving the landmarks of the system variables,
from the qualitative values in QS(¢;), 1<i<p, and from the qualitative constraints in the QSIM
model. For example, if at ¢, the variable x has the landmark value /, then the equation x(z;)=1 is
generated. The qualitative constraint MULT(x, y, z) leads to the equation x(¢;) y(z;) =z(¢;), while the
monotonic function constraint M (x, y), for which the envelope functions f and f have been
defined, gives rise to the inequalities J_’(x(ti))sf(x(li))sj_‘(x(tf)). Also, for the derivative constraint
D/DT (x, y) the equality

_ () =yt~ )
Li—tiog

x(r%)

, for some * € [¢,, t; 4] (13)

is derived, based on the mean-value theorem. A complete list of the equations and inequalities
generated by Q2 is given by Kuipers (1994).

The equations and inequalities obtained for the qualitative behavior are used in the second step
to constrain the interval bounds on the landmark values. Q2 transforms the landmarks, their
interval bounds, and the equations and inequalities into a CSP, which is then solved by local
constraint propagation based on interval arithmetic (Kuipers, 1994).The propagation of numerical
information results into a semi-quantitative behavior refining the qualitative behavior, or leads to a
refutation of the qualitative behavior (when the interval of a landmark value reduces to @).
Although conceptually the propagation of numerical information takes place after generation of
the complete behavior tree by QSIM, in practice Q2 is integrated with qualitative simulation and
functions as a global constraint on the generation of new qualitative states at distinguished
time-points. The single semi-quantitative behavior of a linear, undamped mass—spring system
predicted by Q2 is shown in Figure 15 (Vatcheva, 2001).Using the intervals bounding the value of
k and the initial value x, of the displacement, Q2 derives interval bounds for all landmark values
in the qualitative behavior. For instance, the value of x at 7,, given by the landmark x,, is predicted
to lie in the interval [-8.6, —8.3].

A problem with Q2 is that its predictions are rather weak due to the coarse time-step implied by
the qualitative behavior. In fact, the time-step equals the difference between two consecutive
distinguished time-points, as shown by Equation (13). Berleant and Kuipers (1992, 1997)have
developed Q3, which adaptively refines the step size of Q2 by inserting new states into a qualitative
behavior, and thus tighten the interval bounds on the landmark values.
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Figure 15 Semi-quantitative behavior obtained by applying Q2 in combination with QSIM to the
mass-spring system (4)-(5), with range (k)=[0.08, 0.13],and initial conditions range (x,)=[8.3, 8.6] and
range (vo)=[0, 0]. The table gives the intervals for the landmarks in the graph (Vatcheva, 2001)

In a first step, step-size refinement locates a gap in a semi-quantitative behavior produced by
QSIM and Q2. A time-interval state QS(¢;, ¢;,,) in the behavior represents a gap, if for the interval
bounds on ¢; and 1, 4, given by [#,, t] and [¢,. 1, t;.], respectively, it holds that 7,<t,, ;. An example
of a gap in Figure 15is the state between ¢, and 7, (given that 7,0, 0]). If no gap exists, Q3 tries
to create them by means of auxiliary techniques, called target interval partitioning and behavior
splitting (Berleant & Kuipers, 1997).

In the next step, Q3 interpolates a new state in the gap at an auxiliary time-point #,,,,
1,<t,ux<t;+1, Where t, is assigned an exact numerical value (i.e., its value lies in an interval of zero
width). The insertion of a new state is achieved by the creation of new landmarks and by updating
the corresponding quantity spaces. The landmarks are initialized with interval bounds given by the
union of the bounds of the corresponding landmarks at ¢, and ¢,, ;. The newly-created landmarks
add variables and constraints to the CSP. A new round of constraint propagation by means of Q2
may lead to a refinement of the interval bounds of the landmarks. In the example of Figure 15, the
insertion of a new state at 7,,,=1.36,in the gap between ¢, and ¢,, leads to an improvement of the
bounds on the value of the time landmarks. Thus, the interval for #; is refined from [2.73, o] to
[3.44, 14.4],as shown in Figure 16.On the other hand, the interval bounds for the landmarks of the
position, velocity, and acceleration of the mass remain unchanged in the example. The location of
gaps and the interpolation of states are repeated until sufficiently precise results are obtained or no
further refinements occur.

The extension of QSIM with Q2 and Q3 does not change the soundness of the simulation
process. In fact, Q2 and Q3 have been shown to generate all genuine semi-quantitative behaviors
of the system. That is, every real solution of an ODE consistent with the SQDE is included among
the predictions of Q2 and Q3 (Kuipers, 1994).However, Q2 and Q3 are incomplete, in that they are
not guaranteed to exclude all spurious semi-quantitative behaviors. The incompleteness of Q2 and
Q3 s a consequence of the incompleteness of QSIM and the occurrence of excess width in interval
computations (Moore, 1979).Q3 has the additional property that, given precise initial conditions,
the width of the bounding intervals of the system variables will tend towards O as the step size of
the simulation becomes infinitely small. This convergence property allows Q3 to bridge the gap
between qualitative and numerical simulation.

The QSIM and Q2 programs are available at http://www.cs.utexas.edu/users/qgr/,
while a LISP implementation of Q3 has been developed by Vatcheva (2001).These programs have

aux
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Figure 16 Interpolation of an additional state at #,,,=1.361in the gap between 7, and ¢, (Figure 15). The
following landmarks have been created: x,, v, and a,. The table gives the corresponding interval bounds and
the refined interval bounds of the distinguished time-points (Vatcheva, 2001)

been used in various applications, such as the selection of experiments to efficiently discriminate
between alternative semi-quantitative models of the growth of microorganisms in a chemostat
(Figure 11). The predictions of the models allow the optimal discriminatory experiment(s) to be
determined, using an entropy-based criterion that measures the expected informativeness of
experiments (Vatcheva et al., 2000, 2001Vatcheva, 2001).Model discrimination has been achieved
in the presence of several complicating factors, in particular the complexity of the models, the large
uncertainty in the parameter values, and the difficulty to observe the system behavior.

6 Discussion

Methods for qualitative simulation allow predictions to be made on the behavior of systems for
which no quantitative information is available. In addition, they can be helpful when striving the
comprehension of the range of possible qualitative behaviors compatible with the structure of the
system. QSIM and other qualitative simulation methods, originally developed in the 1983, and
improved and extended since then, are able to predict the possible qualitative behaviors of a system,
given a qualitative model and an initial qualitative state. The use of these methods in realistic
scientific and engineering applications has revealed two serious problems. On the one hand, the
predicted qualitative behaviors may be spurious, while on the other hand, their number may be so
overwhelming as to render the results useless for practical purposes.

Two alternatives for qualitative simulation methods have been discussed in this review,
addressing the above-mentioned problems in different ways. Qualitative phase-space analysis
methods interpret qualitative simulation in the framework of dynamic systems theory. They usually
focus on classes of systems for which strong mathematical constraints exist. By adapting the
behavior representations and prediction algorithms to these constraints, they try to avoid spurious
and uninformative behavior predictions. Semi-quantitative simulation methods augment the
qualitative models with weak numerical information, in particular bounds on parameter values and
functional relations. In many situations of practical interest, this information is available over and
above purely qualitative information. The use of numerical information allows the semi-
quantitative methods to reduce the number of qualitative behavior predictions and increase their
precision. Qualitative phase-space analysis and semi-quantitative simulation have been used to
analyze the behavior of large and complex systems, yielding results of scientific and technological
relevance. Nevertheless, it has to be admitted that these approaches remain far less upscalable than
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Table 4 Comparative evaluation of methods for qualitative simulation, qualitative phase-space analysis, and
semi-quantitative simulation

Qualitative Qualitative phase-space Semi-quantitative simulation
simulation analysis
Mathematical foundation  Basic calculus  Dynamic systems theory Numerical and interval analysis
Type of model Qualitative Qualitative or quantitative Semi-quantitative
Genericity of method High Usually low, restricted to High

models with strongly
constrained dynamics

Implementation Yes Some Yes
Soundness Yes Some?* Some?
Spurious behaviors Many Some Some
Upscalability Low Moderate Moderate?
Realistic applications Few Yes Yes

Numerical phase-space analysis and interval simulation methods are often not sound.
2Upscalability depends on tightness of interval bounds.

numerical simulation. This is the price to be paid for the use qualitative or semi-quantitative
models.

Qualitative simulation methods have been shaped by their origins in artificial intelligence,
combining concepts from cognitive science with techniques from engineering mathematics.
Qualitative phase-space analysis and semi-quantitative simulation, on the other hand, draw upon
well-established concepts and techniques from other domains, such as dynamic systems theory,
control theory, and interval analysis. Although the approaches discussed in this report often employ
different languages and emphasize different aspects, it is clear that they share many basic intuitions.
This is evident from the cross-fertilization that has occurred in the course of time. For example, the
development of global constraints for QSIM has been largely inspired by results from dynamic
systems theory. Some of the qualitative phase-space analysis methods mentioned in Section 4.1have
started as reformulations of the ideas underlying QSIM, retaining important concepts like
qualitative state and qualitative state transition in the process. Furthermore, Q2 and Q3 have
shown that the predictions of semi-quantitative simulation can be improved by using the qualitative
behavior tree of QSIM as a scaffold for numerical calculations.

Qualitative simulation, qualitative phase-space analysis, and semi-quantitative simulation have
different strengths: while qualitative simulation methods have a strong computational orientation,
qualitative phase-space analysis and semi-quantitative simulation methods possess a solid founda-
tion in dynamic systems theory and numerical analysis (see Table 4 for a synthesis and comparison).
The review of these approaches in the preceding sections suggests that the respective strengths of
the approaches could be profitably combined into a computational framework for the qualitative
analysis of dynamic systems. This framework would provide a common conceptual basis for
different methods, each tailored to a particular class of dynamic systems, while being flexible
enough to apply to qualitative as well as (partially) quantitative models. The development of this
synthetic framework could profit from work on the analysis of hybrid systems and control theory,
where ideas similar in spirit to qualitative simulation have emerged (e.g. Lunze, 1994, 1998 Alur
et al., 2000;Asarin et al., 2000, 2002 Aubin & Dordan, 2002; Tiwari & Khanna, 2002).

A synthetic computational view on the qualitative analysis of dynamic systems should establish
a solid basis for achieving further upscaling, required for most real-life applications in science and
engineering. Shults and Kuipers (1997)have started to explore one possible direction, consisting of
the combination of qualitative simulation and techniques for model checking (Bérard et al., 2001,
Clarke et al., 1999).Instead of explicitly generating a behavior tree, and then extracting appropriate
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information by visual inspection, the method proves temporal logic statements about the possible
qualitative behaviors of the system under study. The merit of this approach, and related work in
the same line (Kuipers & Astrom, 1994; Brajnik & Clancy, 1996, 1998;Batt er al., 2004),is
that it opens a perspective on the application of the huge body of techniques developed for
the analysis of discrete-event systems. For instance, techniques developed to treat the state
explosion problem in model checking might be profitably used for the qualitative analysis of
dynamic systems.

Another way to proceed, complementary to a shift from the explicit generation of qualitative
behaviors to the verification of behavorial properties, is to focus on the manner in which models are
formulated in the first place. Instead of directly reflecting the size and complexity of the system in
the model, one might try to decompose a system into subsystems, simulate each of these separately,
and study the interactions between the subsystems on a higher level of abstraction. Model
decomposition based on the degree of connectivity of system components, on the relative strength
of their interactions, or on the hierarchy of time-scales of processes, is part of standard practice in
mathematical modeling. Although important work on the integration of these modeling strategies
with qualitative reasoning has been carried out (e.g. Kuipers, 1988;Iwasaki, 1992;Weld, 1992;Weld
& Addanki, 1992;Iwasaki & Simon, 1994;Nayak, 1994;Rickel & Porter, 1994, 1997 Williams &
Raiman, 1994; Yip, 1996; Clancy & Kuipers, 1997, 1998; Sachenbacher & Struss, 2003), many
issues remain to be explored.

Making predictions on the qualitative behavior of dynamic systems is usually not an isolated
goal, but part of a broader task context, such as monitoring an industrial process, diagnosing a
faulty device, or inferring the structure of an experimental system from its observed behavior.
Future methods for the qualitative analysis of dynamic systems must therefore be integrated with
other reasoning methods focusing on such tasks as model building, model testing, model
discrimination, and model revision. Ultimately, this may result in versatile computer environments
for the analysis of dynamic systems, like the computer-supported discovery environments
envisioned in de Jong & Rip (1997) and the environment for nonlinear system identification
explored in Bradley et al. (1998, 2001)and Bradley & Stolle (1996). A remarkable aspect of these
applications will be their heterogeneous nature, in the sense that they will require the integration of
techniques from mathematics, computer science, and logic.

Acknowledgements

This article is based on a book chapter in French appearing in Travé-Massuyes and Dague (2003).
The author would like to thank Grégory Batt, Olivier Bernard, Philippe Dague, Julien Gagneur,
Jean-Luc Gouzé, Michel Page, Violaine Pillet, Louise Travé-Massuyes, Ivayla Vatcheva, and two
anonymous referees for comments on earlier versions of this article.

References

Abelson, H, 1990, The Bifurcation Interpreter: a step towards the automatic analysis of dynamical systems.
Computers & Mathematics with Applications 20(8), 13-35.

Abelson, H, Eisenberg, M, Halfant, M, Katzenelson, J, Sacks, EP, Sussman, GJ, Wisdom, J and Yip, KM-K,
1989, Intelligence in scientific computing. Communications of the ACM 32, 546-562.

Alur, R, Henzinger, TA, Lafferriere, G and Pappas, GJ, 2000, Discrete abstractions of hybrid systems.
Proceedings of the IEEE 88(7), 971-984.

Amador, FG, Finkelstein, A and Weld, DS, 1993,Real-time self-explanatory simulation. In Proceedings of the
Eleventh National Conference on Artificial Intelligence, AAAI-93. Menlo Park, CA/Cambridge, MA: AAAI
Press/MIT Press, pp. 562-567.

Armengol, J, Travé-Massuyes, L, Vehi, J and de la Rosa, JL, 2000,A survey on interval model simulators and
their properties related to fault detection. Annual Reviews in Control 24, 31-39.

Asarin, E, Bournez, O, Dang, T and Maler, O, 2000, Approximate reachability analysis of piecewise-linear
dynamical systems. In Krogh, B and Lynch, N, (eds.), Hybrid Systems: Computation and Control (HSCC
2000) (Lecture Notes in Computer Science, 1790). Berlin: Springer, pp. 20-31.



124 H. DE JONG

Asarin, E, Schneider, G and Yovine, S, 2002, Towards computing phase portraits of polygonal differential
inclusions. In Tomlin, CJ and Greenstreet, MR, (eds.), Hybrid Systems: Computation and Control (HSCC
2002) (Lecture Notes in Computer Science, 2289). Berlin: Springer, pp. 49-61.

Aubin, J-P, 1989, Qualitative simulation of differential equations. Differential and Integral Equations 2(2),
183-192.

Aubin, J-P and Dordan, O, 2002,Dynamical qualitative analysis of evolutionary systems. In Tomlin, CJ and
Greenstreet, MR, (eds.), Hybrid Systems: Computation and Control (HSCC 2002) (Lecture Notes in
Computer Science, 2289 ). Berlin: Springer, pp. 62-75.

Bailey-Kellogg, C and Zhao, F, 2001, Influence-based model decomposition for reasoning about spatially
distributed physical systems. Artificial Intelligence 130(2), 125-166.

Bailey-Kellogg, C and Zhao, F, 2003, Qualitative spatial reasoning: extracting and reasoning with spatial
aggregates. AI Magazine 24(4), 47-60.

Bandelj, A, Bratko, I and Suc, D, 2002,Qualitative simulation with CLP. In Agell, N and Ortega, JA, (eds.),
Working Notes of the Sixteenth International Workshop on Qualitative Reasoning, QR 2002. Barcelona:
Sitges, pp. 5-10.

Batt, G, Bergamini, D, de Jong, H, Gavarel, H and Mateescu, R, 2004, Model checking genetic regulatory
networks using GNA and CADP. In Graf, S and Mounier, L, (eds.), Eleventh International SPIN Workshop
on Model Checking of Software, SPIN 2004 ( Lecture Notes in Computer Science, 2989 ). Berlin: Springer,
pp. 158-163.

Bellazzi, R, Guglielmann, R and Ironi, L, 1999,A qualitative-fuzzy framework for nonlinear black-box system
identification. In Dean, TD, (ed.), Proceedings of the Sixteenth International Joint Conference on Artificial
Intelligence, IJCAI-99. San Francisco, CA: Morgan Kaufmann, pp. 1041-1046.

Bérard, B, Bidoit, M, Finkel, A, Laroussinie, F, Petit, A, Petrucci, L, Schnoebelen, Ph and McKenzie, P, 2001,
Systems and Software verification: Model-Checking Techniques and Tools. Berlin: Springer.

Berleant, D and Kuipers, BJ, 1992Qualitative-numeric simulation with Q3. In Faltings, B and Struss, P, (eds.),
Recent Advances in Qualitative Physics. Cambridge, MA: MIT Press, pp. 3-16.

Berleant D and Kuipers, BJ, 1997, Qualitative and quantitative simulation: bridging the gap. Artificial
Intelligence 95(2), 215-256.

Bernard, O, 1995Etude expérimentale et théorique de la croissance de Dunaliella tertiolecta (chlorophyceac)
soumise a une limitation variable de nitrate : utilisation de la dynamique transitoire pour la conception et
la validation des modeles. PhD Thesis, Université Pierre and Marie Curie, Paris VI.

Bernard, O and Gouzé, J-L 1995, Transient behavior of biological loop models with application to the Droop
model. Mathematical Biosciences 127(1), 19-43.

Bernard, O and Gouz¢, J-L 1996, Transient behavior of biological models as a tool of qualitative validation:
application to the Droop model and to the N-P-Z model. Journal of Biological Systems4(3), 303-314.
Bernard, O and Gouz¢, J-L, 1999,Non-linear qualitative signal processing for biological systems: application

to the algal growth in bioreactors. Mathematical Biosciences 157(1-2), 357372.

Bernard, O and Gouzé, J-L, 2002 Global qualitative description of a class of nonlinear dynamical systems.
Artificial Intelligence 136(1), 29-59.

Bernard, O and Souissi, S, 1998,Qualitative behavior of stage-structured populations: application to structural
validation. Journal of Mathematical Biology 37(4), 291-308.

Biswas, G and Yu, X, 1993,A formal modeling scheme for continuous systems: focus on diagnosis. In Bajcsy,
R, (ed.), Proceedings of the Thirteenth International Joint Conference on Artificial Intelligence, 1JCAI-93.
San Mateo, CA: Morgan Kaufmann, pp. 1474-1479.

Bobrow, DG, (ed.) 1985, Qualitative Reasoning about Physical Systems. Cambridge, MA: MIT Press.

Bonarini, A and Bontempi, G, 1994, A qualitative simulation approach for fuzzy dynamical models. ACM
Transactions on Modeling and Computer Simulation 4(4), 285-313.

Borst, P, Akkermans, H and Top, J, 1997,Engineering ontologies. International Journal of Human-Computer
Studies 46(2-3), 365-406.

Bousson, K and Travé-Massuyes, L, 1993,Fuzzy causal simulation in process engineering. In Bajcsy, R, (ed.),
Proceedings of the Thirteenth International Joint Conference on Artificial Intelligence, IJCAI-93. San Mateo,
CA: Morgan Kaufmann, pp. 1536-1541.

Bradley, E, 1995, Autonomous exploration and control of chaotic systems. Cybernetics and Systems: An
International Journal 26, 499-519.

Bradley, E, Easley, M and Stolle, R, 2001, Reasoning about nonlinear system identification. Artificial
Intelligence 133(1), 139-188.

Bradley, E, O’Gallagher, A and Rogers, J, 1998, Global solutions for nonlinear systems using qualitative
reasoning. Annals of Mathematics and Artificial Intelligence 23(3-4), 211-228.

Bradley, E and Stolle, R, 1996, Automatic construction of accurate models of physical systems. Annals of
Mathematics and Artificial Intelligence 17(1-2), 1-28.

Bradley, E and Zhao, F, 1993,Phase-space control system design. IEEE Control Systems 13(2), 39-46.



Qualitative simulation and related approaches 125

Brajnik, G and Clancy, DJ, 1996, Trajectory constraints in qualitative simulation. In Proceedings of the
Thirteenth National Conference on Artificial Intelligence, AAAI-96. Menlo Park, CA/Cambridge, MA:
AAALI Press/MIT Press, pp. 979-984.

Brajnik, G and Clancy, DJ, 1998, Focusing qualitative simulation using temporal logic: theoretical
foundations. Annals of Mathematics and Artificial Intelligence 22(1-2), 59-86.

Bredeweg, B and Forbus, K, 2003,Qualitative modeling in education. A7 Magazine 24(4), 35-46.

Bredeweg, B and Struss, P, 2003, Current topics in qualitative reasoning. A7 Magazine 24(4), 13-16.

Capelo, AC, Ironi, L and Tentoni, S, 1998, Automated mathematical modeling from experimental data: an
application to materials science. IEEE Transactions on Systems, Man, and Cybernetics. Part A: Systems and
Humans 28(3), 356-370.

Catino, CA and Ungar, LH, 1995, Model-based approach to automated hazard identification of chemical
plants. AIChE Journal 41(1), 97-109.

Clancy, DJ and Kuipers, BJ, 1997%, Model decomposition and simulation: a component based qualitative
simulation algorithm. In Proceedings of the Fourteenth National Conference on Artificial Intelligence,
AAAI-97. Menlo Park, CA/Cambridge, MA: AAAI Press/MIT Press, pp. 118-124.

Clancy, DJ and Kuipers, BJ, 199, Static and dynamic abstraction solves the problem of chatter in qualitative
simulation. In Proceedings of the Fourteenth National Conference on Artificial Intelligence, AAAI-97. Menlo
Park, CA/Cambridge, MA: AAAI Press/MIT Press, pp. 125-131.

Clancy, DJ and Kuipers, BJ, 1998, Qualitative simulation as a temporally-extended constraint satisfaction
problem. In Proceedings of the Fifteenth National Conference on Artificial Intelligence, AAAI-98. Menlo
Park, CA/Cambridge, MA: AAAI Press/MIT Press, pp. 240-247.

Clarke, EM, Grumberg, O and Peled, DA, 1999 Model Checking. Boston, MA: MIT Press.

Coghill, GM, Garrett, SM and King, RD, 2004,Learning qualitative metabolic models. In Lopez de Mantaras,
R and Saitta, L, (eds.), Proceedings of Fourteenth European Conference on Artificial Intelligence, ECAI-04.
Amsterdam: 1OS Press, pp. 445-449.

Coiera, EW, 1992, Qualitative superposition. Artificial Intelligence 56(2-3), 171-196.

Dague, P, 19931, Numeric reasoning with relative orders of magnitude. In Proceedings of the Eleventh National
Conference on Artificial Intelligence, AAAI-93. Menlo Park, CA/Cambridge, MA: AAAI Press/MIT Press,
pp. 541-547.

Dague, P, 1993, Symbolic reasoning with relative orders of magnitude. In Bajcsy, R, (ed.), Proceedings of the
Thirteenth International Joint Conference on Artificial Intelligence, IJCAI-93. San Mateo, CA: Morgan
Kaufmann, pp. 1509-1514.

Dague, P and MQ&D, L, 1995, Qualitative reasoning: a survey of techniques and applications. A7
Communications 8(3-4), 119-192.

Davis, E, 1990,0rder of magnitude reasoning in qualitative differential equations. In Weld, DS and de Kleer,
J, (eds.), Readings in Qualitative Reasoning about Physical Systems, San Mateo, CA: Morgan Kaufmann,
pp. 422-434.

de Jong, H, Geiselmann, J, Batt, G, Hernandez, C and Page, M, 2004, Qualitative simulation of the initiation
of sporulation in B. subtilis. Bulletin of Mathematical Biology 66(2), 261-300.

de Jong, H, Geiselmann, J, Hernandez, C and Page, M, 2003,Genetic network analyzer: qualitative simulation
of genetic regulatory networks. Bioinformatics 19(3), 336-344.

de Jong, H, Gouzé, J-L, Hernandez, C, Page, M, Sari, T and Geiselmann, J, 2002,Dealing with discontinuities
in the qualitative simulation of genetic regulatory networks. In van Harmelen, F, (ed.), Proceedings of
Fifteenth European Conference on Artificial Intelligence, ECAI-02. Amsterdam: 10S Press, pp. 412-416.

de Jong, H, Gouzé, J-L, Hernandez, C, Page, M, Sari, T and Geiselmann, J, 2004, Qualitative simulation of
genetic regulatory networks using piecewise-linear models. Bulletin of Mathematical Biology 66(2), 301-340.

de Jong, H, Mars, NJI and van der Vet, PE, 1999,Computer-supported resolution of measurement conflicts:
a case-study in materials science. Foundations of Science 4(4), 427-461.

de Jong, H and Page, M, 2000, Qualitative simulation of large and complex genetic regulatory systems. In
Horn, W, (ed.), Proceedings of the Fourteenth European Conference on Artificial Intelligence, ECAI-00.
Amsterdam: IOS Press, pp. 141-145.

de Jong, H, Page, M, Hernandez, C and Geiselmann, J, 2001, Qualitative simulation of genetic regulatory
networks: method and application. In Nebel, B, (ed.), Proceedings of the Seventeenth International Joint
Conference on Artificial Intelligence, IJCAI-01. San Mateo, CA: Morgan Kaufmann, pp. 67-73.

de Jong, H and Rip, A, 1997, The computer revolution in science: steps towards the realization of
computer-supported discovery environments. Artificial Intelligence 91(2), 225-256.

de Jong, H and van Raalte, F, 1999, Comparative envisionment construction: a general method for the
comparative analysis of dynamical systems. Artificial Intelligence 115(2), 145-214.

de Kleer, J, 1977,Multiple representations of knowledge in a mechanics problem-solver. In Proceedings of the
Fifth International Joint Conference on Artificial Intelligence, IJCAI-77. Los Altos, CA: Morgan Kaufmann,
pp. 299-304.



126 H. DE JONG

de Kleer, J, 1992,Qualitative physics. In Shapiro, S. C. (ed.), Encyclopedia of Artificial Intelligence, vol. 2, 2nd
edn. New York: John Wiley and Sons, pp. 1149-1159.

de Kleer, J and Bobrow, DG, 1984,Qualitative reasoning with higher-order derivatives. In Proceedings of the
Fourth National Conference on Artificial Intelligence, AAAI-84. Los Altos, CA: Morgan Kaufman,
pp. 86-91.

de Kleer, J and Brown, JS, 1984, A qualitative physics based on confluences. Artificial Intelligence 24(1-3),
7-83.

de Koning, K, Bredeweg, B, Breuker, J and Wielinga, BJ, 2000, Model-based reasoning about learner
behaviour. Artificial Intelligence 117(2), 173-229.

DeCoste, D, 1991, Dynamic across-time measurement interpretation. Artificial Intelligence 51(1-3), 273-341.

Dordan, O, 1992,Mathematical problems arising in qualitative simulation of a differential equation. Artificial
Intelligence 55(1), 61-86.

Dordan, O, 1995, Analyse Qualitative. Paris: Masson.

Doyle, J and Sacks, EP, 1991, Markov analysis of qualitative dynamics. Computational Intelligence 7(1),
1-10.

Dressler, O, 1996, On-line diagnosis and monitoring of dynamic systems based on qualitative models and
dependency-recording diagnosis engines. In Wahlster, W, (ed.), Proceedings of the Twelfth European
Conference on Artificial Intelligence, ECAI-96. Chichester: John Wiley and Sons, pp. 481-485.

Dvorak, D and Kuipers, BJ, 1991,Process monitoring and diagnosis: a model-based approach. I[EEE Expert
6(3), 67-74.

Eisenack, K and Petschel-Held, G, 2002, Graph theoretical analysis of qualitative models in sustainability
science. In Agell, N and Ortega, JA, (eds.), Working Notes of the Sixteenth International Workshop on
Qualitative Reasoning, QR 2002. Barcelona: Sitges, pp. 53-60.

Falkenhainer, B and Forbus, KD, 1991,Compositional modeling: finding the right model for the job. Artificial
Intelligence 51(1-3), 95-143.

Faltings, B and Struss, P, (eds.) 1992, Recent Advances in Qualitative Physics. Cambridge, MA: MIT Press.

Farquhar, A, Kuipers, BJ, Rickel, J and Throop, D, 1993,QSIM: the program and its use. Technical Report
UT-AI-90-123, University of Texas, Austin, TX.

Farquhar, A, 1994, A Qualitative Physics Compiler. In Proceedings of the Twelfth National Conference
on Artificial Intelligence, AAAI-94. Menlo Park, CA/Cambridge, MA: AAAI PresssMIT Press,
pp. 1168-1174.

Fishwick, PA and Luker, PA (eds), 1991, Qualitative Simulation Modelling and Analysis, New York: Springer.

Forbus, KD, 1983, Qualitative reasoning about space and motion. In Gentner, D and Stevens, A, (eds.),
Mental Models. Hillsdale, NJ: Lawrence Erlbaum, pp. 53-73.

Forbus, KD, 1984,Qualitative process theory. Artificial Intelligence 24(1-3), 85-168.

Forbus, KD, 1987, Interpreting observations of physical systems. IEEE Transactions on System, Man, and
Cybernetics. Part A: Systems and Humans 17(3), 350-359.

Forbus, KD, 1988, Qualitative physics: past, present, and future. In Shrobe, H, (ed.), Exploring Artificial
Intelligence. San Mateo, CA: Morgan Kaufmann, pp. 239-296.

Forbus, KD, 1989,QPE: a study in assumption-based truth maintenance. International Journal of Artificial
Intelligence in Engineering 3(4), 200-215.

Forbus, KD, 1993,Qualitative process theory: twelve years after. Artificial Intelligence 59(1-2), 115-123.

Forbus, KD, 1996, Qualitative reasoning. In Tucker, JA, (ed.), Handbook of Computer Science and
Engineering. Boca Raton, FL: CRC Press, pp. 715-733.

Forbus, KD, 1997, Using qualitative physics to create articulate educational software. IEEE Expert 12(3),
32-41.

Forbus, KD and de Kleer, J, 1993, Building Problem Solvers. Cambridge, MA: MIT Press.

Forbus, K.D. and Falkenhainer, B. 1990 Self-explanatory simulations: an integration of qualitative and
quantitative knowledge. In Proceedings of the Eighth National Conference on Artificial Intelligence,
AAAI-90. Menlo Park, CA/Cambridge, MA: AAAIT Press/MIT Press, pp. 380-387.

Forbus, KD and Falkenhainer, B, 1992, Self-explanatory simulations: scaling up to large models. In
Proceedings of the Tenth National Conference on Artificial Intelligence, AAAI-92. Menlo Park, CA/
Cambridge, MA: AAAI Press/MIT Press, pp. 685-690.

Forbus, KD and Falkenhainer, B, 1995,Scaling up self-explanatory simulators: polynomial-time compilation.
In Mellish, CS, (ed.), Proceedings of the Fourteenth International Joint Conference on Artificial Intelligence,
IJCAI-95. San Mateo, CA: Morgan Kaufmann, pp. 1798-1805.

Fouché, P and Kuipers, BJ, 1992, Reasoning about energy in qualitative simulation. IEEE Transactions on
Systems, Man, and Cybernetics. Part A: Systems and Humans 22(1), 47-63.

Grossman, W and Werther, H, 1993A stochastic approach to qualitative simulation using Markov processes.
In Bajcsy, R, (ed.), Proceedings of the Thirteenth International Joint Conference on Artificial Intelligence,
IJCAI-93. San Mateo, CA: Morgan Kaufmann, pp. 1530-1535.



Qualitative simulation and related approaches 127

Guckenheimer, J and Holmes, P, 1987, Nonlinear Oscillations, Dynamical Systems, and Bifurcations of vector
Fields. New York: Springer.

Guerrin, F and Dumas, J, 200k, Knowledge representation and qualitative simulation of salmon redd
functioning. Part I: qualitative modeling and simulation. BioSystems 59(2), 75-84.

Guerrin, F and Dumas, J, 200D, Knowledge representation and qualitative simulation of salmon redd
functioning. Part II: qualitative model of redds. BioSystems 59(2), 85-108.

Hau, DT and Coiera, EW, 1993,Learning qualitative models of dynamic systems. Machine Learning 26(2-3),
177-211.

Hayes, PJ, 1985,The second naive physics manifesto. In Hobbs, J and Moore. B, (eds.), Formal Theories of the
Commonsense World, Norwood, NJ: Ablex, pp. 1-36.

Heidtke, KR and Schulze-Kremer, S, 1998,Design and implementation of a qualitative simulation model of
A phage infection. Bioinformatics 14(1), 81-91.

Hirsch, MW and Smale, S, 1974, Differential Equations, Dynamical Systems, and Linear Algebra. San Diego,
CA: Academic Press.

Hofbaur, M and Dourdoumas, N, 2002,Lyapunov based reasoning methods. IEEE Transactions on Systems,
Man, and Cybernetics. Part A: Systems and Humans 31(6), 546-558.

Hossain, A and Ray, KS, 1997,An extension of QSIM with qualitative curvature. Artificial Intelligence 96(2),
303-350.

Ironi, L and Stefanelli, M, 1995, Generating explanations of pathophysiological system behaviors from
qualitative simulation of compartmental models. In Barahona, P, Stefanelli, M and Wyatt, J, (eds.),
Artificial Intelligence in Medicine ( Lecture Notes in Computer Science, 934). Berlin: Springer, pp. 115-126.

Ironi, L, Stefanelli, M and Lanzola, G, 1990,Qualitative models in medical diagnosis. Artificial Intelligence in
Medicine 2, 85-101.

Ishida, Y, 1989, Using global properties for qualitative reasoning: a qualitative system theory. In Sridharan,
NS, (ed.), Proceedings of the Eleventh International Joint Conference on Artificial Intelligence, IJCAI-89. San
Mateo, CA: Morgan Kaufmann, pp. 1174-1179.

Iwasaki, Y, 1992, Reasoning with multiple abstraction models. In Faltings, B and Struss, P, (eds.), Recent
Advances in Qualitative Physics. Cambridge, MA: MIT Press, pp. 67-82.

Iwasaki, Y and Low, C, 1993, Model generation and simulation of device behavior with continuous and
discrete changes. Intelligent Systems Engineering 1(2), 115-145.

Iwasaki, Y and Simon, HA, 1994,Causality and model abstraction. Artificial Intelligence 67(1), 143-194.

Jackson, KR and Nedialkov, NS, 2002,Some recent advances in validated methods for IvPs for ODEs. Applied
Numerical Mathematics 42(1-3), 269-284.

Janssen, M, van Hentenryck, P and Deville, Y, 2001, A constraint satisfaction approach to parametric
differential equations. In Nebel, B, (ed.), Proceedings of the Seventeenth International Joint Conference on
Artificial Intelligence, IICAI-01. San Mateo, CA: Morgan Kaufmann, pp. 297-302.

Janssen, M, van Hentenryck, P and Deville, Y, 2002,A constraint satisfaction approach for enclosing solutions
to parametric ordinary differential equations. SIAM Journal on Numerical Analysis 40(5), 1896-1939.
Junker, U and Braunschweig, B, 1995, History-based interpretation of finite element simulations of seismic
wave fields. In Mellish, CS, (ed.), Proceedings of the Fourteenth International Joint Conference on Artificial

Intelligence, ITCAI-95. San Mateo, CA: Morgan Kaufmann, pp. 1789-1795.

Kalagnanam, J, Simon, HA and Iwasaki, Y, 1991, The mathematical bases for qualitative reasoning. /EEE
Expert 6(2), 11-19.

Kamps, J and Péli, G, 1995,Qualitative reasoning beyond the physics domain: the density dependence theory
of organizational ecology. In Working Notes of the Ninth International Workshop on Qualitative Reasoning,
QOR-95, Amsterdam.

Karnopp, DC, Margolis, DL and Rosenberg, RC, 1990, System Dynamics: A Unified Approach. New York:
John Wiley and Sons.

Kaul, N, Biswas, G and Bhuva, B, 1992 Multi-level qualitative reasoning applied to CMOS digital circuits.
Artificial Intelligence in Engineering 7(3), 125-137.

Kay, B, 1998,SQSIM: a simulator for imprecise ODE models. Computers and Chemical Engineering 23(1),
27-46.

Kay, H and Kuipers, BJ, 1993, Numerical behavior envelopes for qualitative models. In Proceedings of the
Eleventh National Conference on Artificial Intelligence, AAAI-93. Menlo Park, CA/Cambridge, MA: AAAI
Press/MIT Press, pp. 606-613.

Kay, H, Rinner, B and Kuipers, BJ, 2000, Semi-quantitative system identification. Artificial Intelligence
119(1-2), 103-140.

Keppens, J and Shen, Q, 2001,0n compositional modelling. Knowledge Engineering Review 16(2), 157-200.

Kuipers, BJ, 1986,Qualitative simulation. Artificial Intelligence 29(3), 289-388.

Kuipers, BJ, 1988, Qualitative simulation using time-scale abstraction. International Journal of Artificial
Intelligence in Engineering 3(4), 185-191.



128 H. DE JONG

Kuipers, BJ, 198%, Qualitative reasoning: modeling and simulation with incomplete knowledge. Automatica
25(4), 571-585.

Kuipers, BJ, 198%, Qualitative reasoning with causal models in diagnosis of complex systems. In Widman,
LE, Loparo, KA and Nielsen, NR, (eds.), Artificial Intelligence, Simulation, and Modeling, New York:
John Wiley and Sons, pp. 257-274.

Kuipers, BJ, 19931, Qualitative simulation: then and now. Artificial Intelligence 59(1-2), 133-140.

Kuipers, BJ, 1993, Reasoning with qualitative models. Artificial Intelligence 59(1-2), 125-132.

Kuipers, BJ, 1994, Qualitative Reasoning: Modeling and Simulation with Incomplete Knowledge. Cambridge,
MA: MIT Press.

Kuipers, BJ, 2001, Qualitative simulation. In Meyers, R. A. (ed.), Encyclopedia of Physical Science and
Technology. New York: Academic Press, pp. 287-300.

Kuipers, BJ and Astrom, A, 1994, The composition and validation of heterogeneous control laws. Automatica
30(2), 233-249.

Kuipers, BJ and Chiu, C, 1987, Taming intractable branching in qualitative simulation. In McDermott, J, (ed.),
Proceedings of the Tenth International Joint Conference on Artificial Intelligence, IJCAI-87. Los Altos, CA:
Morgan Kaufmann, pp. 1079-1085.

Kuipers, BJ, Chiu, C, Dalle Molle, DT and Throop, DR, 1991, Higher-order derivative constraints in
qualitative simulation. Artificial Intelligence 51(1-3), 343-379.

Kuipers, BJ and Kassirer, JP, 1984,Causal reasoning in medicine: analysis of a protocol. Cognitive Science 8,
363-385.

Lackinger, F and Nejdl, W, 1993, Diamon: a model-based troubleshooter based on qualitative reasoning.
IEEE Expert 8(1), 33-39.

Lee, WW and Kuipers, BJ, 1988,Non-intersection of trajectories in qualitative phase space: a global constraint
for qualitative simulation. In Proceedings of the Seventh National Conference on Artificial Intelligence,
AAAI-SS. Los Altos, CA: Morgan Kaufmann, pp. 286-291.

Lee, WW and Kuipers, BJ, 1993, A qualitative method to construct phase portraits. In Proceedings of the
Eleventh National Conference on Artificial Intelligence, AAAI-93. Menlo Park, CA/Cambridge, MA: AAAI
Press/MIT Press, pp. 614-619.

Leitch, R and Shen, Q, 1993,Prioritizing behaviours in qualitative simulation. In Bajcsy, R, (ed.), Proceedings
of the Thirteenth International Joint Conference on Artificial Intelligence, IJCAI-93. San Mateo, CA:
Morgan Kaufmann, pp. 1523-1528.

Levy, AY, Iwasaki, Y and Fikes, R, 1997, Automated model selection for simulation based on relevance
reasoning. Artificial Intelligence 96(2), 351-394.

Lohner, RJ, 1987 ,Enclosing the solutions of ordinary initial and boundary value problems. In Kauchner, EW,
Kulisch, U and Ullrich, C, (eds.), Computer Arithmetic: Scientific Computation and Programming
Languages. Stuttgart: Teubner, pp. 255-286.

Low, CM and Iwasaki, Y, 1992, Device modelling environment: an interactive environment for modelling
device behaviour. Intelligent Systems Engineering 1(2), 115-145.

Lunze, J, 1994, Qualitative modelling of linear dynamical systems with quantised state measurements.
Automatica 30(3), 417-432.

Lunze, J, 1998, Qualitative modelling of dynamical systems: motivation, methods, and prospective
applications. Mathematics and Computers in Simulation 46(5), 465-483.

Makarovic, A, 1991,Parsimony in model-based reasoning. PhD Thesis, University of Twente, Enschede, The
Netherlands.

Mallory, RS, Porter, BW and Kuipers, BJ, 1996, Comprehending complex behavior graphs through
abstraction. In Working Notes of the Tenth International Workshop on Qualitative Reasoning, QR-96. San
Mateo, CA: AAAI Press.

Mavrovouniotis, ML and Stephanopoulos, G, 1988, Formal order-of-magnitude reasoning in process
engineering. Computers and Chemical Engineering 12(9-10), 867-880.

Miguel, I and Shen, Q, 2005,Exhibiting the behaviour of time-delayed systems via an extension to qualitative
simulation. IEEE Transactions on Systems, Man and Cybernetics. Part A: Systems and Humans, to appear.

Dalle Molle, DT and Edgar, TF, 1990,Qualitative modeling of chemical reaction systems. In Mavrovouniotis,
ML, (ed.), Artificial Intelligence in Process Engineering. Boston, MA: Academic Press, pp. 1-36.

Moore, RE, 1979, Methods and Applications of Interval Analysis (Studies in Applied Mathematics).
Philadelphia: SIAM.

Mosterman, PJ and Biswas, G, 1999, Diagnosis of continuous valued systems in transient operating regions.
IEEE Transactions on Systems, Man, and Cybernetics. Part A: Systems and Humans 29(6), 554-565.

Mosterman, PJ and Biswas, G, 2000,A comprehensive methodology for building hybrid models of physical
systems. Artificial Intelligence 121(1-2), 171-209.

Nayak, PP, 1994, Causal approximations. Artificial Intelligence 70(1-2), 277-334.

Nayak, PP, 1995, Automated Modeling of Physical Systems. Berlin: Springer.



Qualitative simulation and related approaches 129

Nedialkov, NS and Jackson, KR, 199%, An interval Hermite-Obreschkoff method for computing
rigorous bounds on the solution of an initial value problem for an ordinary differential equation. In
Csendes, T, (ed.), Developments in Reliable Computing. Dordrecht: Kluwer Academic Publishers,
pp. 289-310.

Nedialkov, NS and Jackson, KR, 199%, ODE software that computes guaranteed bounds on the solution. In
Langtangen, HP, Bruaset, AM and Quak, E, (eds.), Advances in Software Tools for Scientific Computing.
Berlin: Springer, pp. 197-224.

Neitzke, M and Neumann, B, 1994, Comparative simulation. In Proceedings of the Twelfth National
Conference on Artificial Intelligence, AAAI-94. Menlo Park, CA/Cambridge, MA: AAAIT Press/MIT Press,
pp.- 1205-1210.

Ng, HT, 1991,Model-based, multiple-fault diagnosis of dynamic, continuous physical devices. IEEE Expert
6(6), 38-43.

Nishida, T, 1993,Generating quasi-symbolic representation of three-dimensional flow. In Proceedings of the
Eleventh National Conference on Artificial Intelligence, AAAI-93. Menlo Park, CA/Cambridge, MA: AAAI
Press/MIT Press, pp. 554-559.

Nishida, T, 1994, Qualitative reasoning for automated exploration for chaos. In Proceedings of the Twelfth
National Conference on Artificial Intelligence, AAAI-94. Menlo Park, CA/Cambridge, MA: AAAI
Press/MIT Press, pp. 1211-1216.

Nishida, T, 1997,Grammatical description of behaviors of ordinary differential equations in two-dimensional
phase space. Artificial Intelligence 91(1), 3-32.

Nishida, T and Doshita, S, 1995, Qualitative analysis of behavior of systems of piecewise linear differential
equations with two state variables. Artificial Intelligence 75(1), 3-29.

Ordoiiez, I and Zhao, F, 2000,STA: spatio-temporal aggregation with applications to analysis of diffusion-
reaction phenomena. In Proceedings of the Seventeenth National Conference on Artificial Intelligence,
AAAI-00. Menlo Park, CA/Cambridge, MA: AAAI PresssMIT Press, pp. 517-523.

Oyeleye, OO, Finch, FE and Kramer, MA, 1990, Qualitative modeling and fault diagnosis of dynamic
processes by MIDAS. Chemical Engineering Communications 96, 205-228.

Panati, A and Theseider Dupré, D, 2000, State-based and simulation-based diagnosis of dynamical systems.
In Horn, W, (ed.), Proceedings of Fourteenth European Conference on Artificial Intelligence, ECAI-00.
Amsterdam: IOS Press, pp. 176-180.

Raiman, O, 1991,0rder of magnitude reasoning. Artificial Intelligence 51(1-3), 11-38.

Richards, BL, Kraan, I and Kuipers, BJ, 1992,Automated abduction of qualitative models. In Proceedings of
the Tenth National Conference on Artificial Intelligence, AAAI-92, Menlo Park, CA/Cambridge, MA: AAAI
Press/MIT Press, pp. 723-728.

Rickel, J and Porter, B, 1994, Automated modeling for answering prediction questions: selecting the time scale
and system boundary. In Proceedings of the Twelfth National Conference on Artificial Intelligence, AAAI-94.
Menlo Park, CA/Cambridge, MA: AAAI Press/MIT Press, pp. 1191-1198.

Rickel, J and Porter, B, 1997, Automated modeling of complex systems to answer prediction questions.
Artificial Intelligence 93(1-2), 201-260.

Rinner, B and Kuipers, BJ, 1999, Monitoring piecewise continuous behaviors by refining semi-quantitative
trackers. In Dean, TD, (ed.), Proceedings of the Sixteenth International Joint Conference on Artificial
Intelligence, IJCAI-99. San Francisco, CA: Morgan Kaufmann, pp. 1086-1086.

Robinson, A, 1966, Nonstandard Analysis, 2nd edn. Amsterdam: North-Holland.

Roddis, WMK and Martin, JL, 1992, CRACK: qualitative reasoning about fatigue and fracture in steel
bridges. IEEE Expert 7(4), 41-48.

Rose, P and Kramer, MA, 1991, Qualitative analysis of causal feedback. In Proceedings of Ninth National
Conference on Artificial Intelligence, AAAI-91. Menlo Park, CA/Cambridge, MA: AAAI Press/MIT Press,
pp- 817-822.

Sachenbacher, M and Struss, P, 2003, Automated qualitative domain abstraction. In Gottlob, G and Walsh,
T, (eds.), Proceedings of the Eighteenth International Joint Conference on Artificial Intelligence, IJCAI-03.
San Francisco, CA: Morgan Kaufmann, pp. 382-387.

Sachenbacher, M, Struss, P and Carlén, CM, 2000, A prototype for model-based on-board diagnosis of
automotive systems. A1 Communications 13(2), 83-97.

Sacks, EP, 1987,Hierarchical reasoning about inequalities. In Proceedings of the Sixth National Conference on
Artificial Intelligence, AAAI-87. Menlo Park, CA/Cambridge, MA: AAAI Press/MIT Press, pp. 649-654.

Sacks, EP, 199G, Automatic qualitative analysis of dynamic systems using piecewise linear approximations.
Artificial Intelligence 41(3), 313-364.

Sacks, EP, 199, A dynamic systems perspective on qualitative simulation. Artificial Intelligence 42(2-3),
349-362.

Sacks, EP, 1991, Automatic analysis of one-parameter planar ordinary differential equations by intelligent
numeric simulation. Artificial Intelligence 48(1), 27-56.



130 H. DE JONG

Sacks, EP and Doyle, J, 1992,Prolegomena to any future qualitative physics. Computational Intelligence 8(2),
187-209.

Salles, P, Bredeweg, B, Araujo, S and Neto, W, 2003, Qualitative models of interactions between two
populations. 41 Communications 16(4), 291-308.

Say, ACC, 1998,L’Hopital’s filter for QSIM. IEEE Transactions on Pattern Analysis and Machine Intelligence
20(1), 1-8.

Say, ACC and Akin, HL, 2003,Sound and complete qualitative simulation is impossible. Artificial Intelligence
149(2), 251-266.

Say, ACC and Kuru, S, 1993, Improved filtering for the QSIM algorithm. /IEEE Transactions on Pattern
Analysis and Machine Intelligence 15(9), 967-971.

Say, ACC and Kuru, S, 1996, Qualitative system identification: deriving structure from behavior. Artificial
Intelligence 83(1), 75-141.

Schaefer, P, 1991, Analytic solution of qualitative differential equations. In Proceedings of Ninth National
Conference on Artificial Intelligence, AAAI-91. Menlo Park, CA/Cambridge, MA: AAAI Press/MIT Press,
pp. 830-835.

Schut, C and Bredeweg, B, 1996, An overview of approaches to qualitative model construction. Knowledge
Engineering Review 11(1), 1-25.

Shen, Q and Leitch, R, 1993, Fuzzy qualitative simulation. IEEE Transactions on Systems, Man, and
Cybernetics. Part A: Systems and Humans 23(4), 1038-1061.

Shen, Q and Leitch, R, 1995, Diagnosing continuous systems with qualitative dynamic models. Artificial
Intelligence in Engineering 9(2), 107-125.

Shults, B and Kuipers, BJ, 1997, Proving properties of continuous systems: qualitative simulation and
temporal logic. Artificial Intelligence 92(1-2), 91-130.

Séderman, U and Stromberg, J-E, 1991, Combining qualitative and quantitative knowledge to generate
models of physical systems. In Mylopoulos, J and Reiter, R, (eds.), Proceedings of the Twelfth International
Joint Conference on Artificial Intelligence, IJCAI-91. San Mateo, CA: Morgan Kaufmann, pp. 1158-1163.

Spivak, M, 1967, Calculus. New York: Benjamin.

Stoker, JJ, 1992, Nonlinear vibrations in Mechanical and Electrical Systems. New York: John Wiley and Sons.

Strogatz, SH, 1994, Nonlinear Dynamics and Chaos: With Applications to Physics, Biology, Chemistry, and
Engineering. Reading, MA: Perseus Books.

Struss, P, 1988&, Global filters of qualitative behaviors. In Proceedings of the Seventh National Conference on
Artificial Intelligence, AAAI-88. Los Altos, CA: Morgan Kaufmann, pp. 275-280.

Struss, P, 198&, Mathematical aspects of qualitative reasoning. Artificial Intelligence in Engineering 3(3),
156-169.

Struss, P, 1997, Fundamentals of model-based diagnosis of dynamic systems. In Pollack, ME, (ed.),
Proceedings of the Fifteenth International Joint Conference on Artificial Intelligence, IJCAI-97. San
Francisco, CA: Morgan Kaufmann, pp. 480-485.

Struss, P, 2000, Modellbasierte Systeme und qualitative Modellierung. In Gorz, G, Rollinger, C and
Schneeberger, J, (eds.), Handbuch der Kiinstlicher Intelligenz, 3rd edn. Miinchen: Oldenbourg Verlag,
pp. 431-490.

Struss, P, 2004,Models of behavior deviations in model-based systems. In Lépez de Mantaras, R and Saitta,
L, (eds.), Proceedings of Fourteenth European Conference on Artificial Intelligence, ECAI-04. Amsterdam:
1OS Press, pp. 883-887.

Suc, D and Bratko I, 2003, Learning qualitative models. 4] Magazine 24(4), 107-119.

Suc, D, Vladusi¢, D and Bratko, I, 2003, Qualitatively faithful quantitative prediction. In Gottlob, G and
Walsh, T, (eds.), Proceedings of the Eighteenth International Joint Conference on Artificial Intelligence,
1JCAI-03. San Francisco, CA: Morgan Kaufmann, pp. 1052-1057.

Tiwari, A and Khanna, G, 2002 ,Series abstractions for hybrid automata. In Tomlin, CJ and Greenstreet, MR,
(eds.), Hybrid Systems: Computation and Control (HSCC 2002) ( Lecture Notes in Computer Science, 2289).
Berlin: Springer-Verlag, pp. 465-478.

Tokuda, L, 1996,Managing occurrence branching in qualitative simulation. In Proceedings of the Thirteenth
National Conference on Artificial Intelligence, AAAI-96. Menlo Park, CA/Cambridge, MA: AAAI
Press/MIT Press, pp. 998-1003.

Travé-Massuyes, L and Dague, P, (eds.). 2003, Modéles et raisonnements qualitatifs. Paris: Hermes.

Travé-Massuyes, L, Ironi, L and Dague, P, 2003, Mathematical foundations of qualitative reasoning. A7
Magazine 24(4), 91-106.

Travé-Massuyes, L and Milne, R, 1997, Gas-turbine condition monitoring using qualitative model-based
diagnosis. [EEE Expert 12(3), 22-31.

Travé-Massuyes, L and Piera, N, 1989,0rder of magnitude models as qualitative algebra. In Sridharan, NS,
(ed.), Proceedings of the Eleventh International Joint Conference on Artificial Intelligence, IJCAI-89. San
Mateo, CA: Morgan Kaufmann, pp. 1261-1266.



Qualitative simulation and related approaches 131

Varsek, A, 1991, Qualitative model evolution. In Mylopoulos, J and Reiter, R, (eds.), Proceedings of the
Twelfth International Joint Conference on Artificial Intelligence, IJCAI-91. San Mateo, CA: Morgan
Kaufmann, pp. 1311-1316.

Vatcheva, I, 2001,Computer-supported selection for model discrimination. PhD thesis, University of Twente,
Enschede, The Netherlands.

Vatcheva, I, Bernard, O, de Jong, H, Gouzé, J-L and Mars, NJI, 2001, Discrimination of semi-quantitative
models by experiment selection: method and application in population biology. In Nebel, B, (ed.),
Proceedings of the Seventeenth International Joint Conference on Artificial Intelligence, IJCAI-01. San
Mateo, CA: Morgan Kaufmann, pp. 74-79.

Vatcheva, I and de Jong, H, 1999,Semi-quantitative comparative analysis. In Dean, TD, (ed.), Proceedings of
the Sixteenth International Joint Conference on Artificial Intelligence, IJCAI-99. San Francisco, CA:
Morgan Kaufmann, pp. 1034-1040.

Vatcheva, I, de Jong, H and Mars, NJI, 2000,Selection of perturbation experiments for model discrimination.
In Horn, W, (ed.), Proceedings of Fourteenth European Conference on Artificial Intelligence, ECAI-00.
Amsterdam: 10S Press, pp. 191-195.

Vescovi, MR, Farquhar, A and Iwasaki, Y, 1995, Numerical interval simulation: combined qualitative and
quantitative simulation to bound behaviors of non-monotonic systems. In Mellish, CS, (ed.), Proceedings
of the Fourteenth International Joint Conference on Artificial Intelligence, IJCAI-95. San Mateo, CA:
Morgan Kaufmann, pp. 1806-1812.

Vescovi, MR, Lamego, MM and Farquhar, A, 1997, Modeling and simulation of a complex industrial process.
IEEE Expert 12(3), 42-46.

Vinson, JM and Ungar, LH, 1995, Dynamic process monitoring and fault diagnosis with qualitative
models. IEEE Transactions on Systems, Man, and Cybernetics. Part A: Systems and Humans 25(1),
181-189.

Weld, DS, 1986, The use of aggregation in causal simulation. Artificial Intelligence 30(1), 1-34.

Weld, DS, 1988,Comparative analysis. Artificial Intelligence 36(3), 333-374.

Weld, DS, 199Q:, Exaggeration. Artificial Intelligence 43(3), 311-368.

Weld, DS, 199, Theories of Comparative Analysis. Cambridge, MA: MIT Press.

Weld, DS, 1992,Reasoning about model accuracy. Artificial Intelligence 56(2-3), 255-300.

Weld, DS and Addanki, S, 1992,Query-directed approximation. In Faltings, B and Struss, P, (eds.), Recent
Advances in Qualitative Physics, Cambridge, MA: MIT Press, pp. 101-116.

Weld, DS and de Kleer, J, (eds.) 1990, Readings in Qualitative Reasoning about Physical Systems. San Mateo,
CA: Morgan Kaufmann.

Williams, BC, 1984, MINIMA: a symbolic approach to qualitative algebraic reasoning. In Proceedings of the
Fourth National Conference on Artificial Intelligence, AAAI-84. Los Altos, CA: Morgan Kaufman,
pp. 264-269.

Williams, BC, 1984, Qualitative analysis of MOS circuits. Artificial Intelligence 24(1-3), 281-346.

Williams, BC, 1984, The use of continuity in a qualitative physics. In Proceedings of the Fourth National
Conference on Artificial Intelligence, AAAI-84. Menlo Park, CA/Cambridge, MA: AAAI Press/MIT Press,
pp. 350-354.

Williams, BC, 1986, Doing time: putting qualitative reasoning on firmer grounds. In Segre, AM, (ed.),
Proceedings of the Fifth National Conference on Artificial Intelligence, AAAI-86. San Mateo, CA: Morgan
Kaufmann, pp. 105-112.

Williams, BC, 1991, A theory of interactions: unifying qualitative and quantitative algebraic reasoning.
Artificial Intelligence 51(1-3), 39-94.

Williams, BC and de Kleer, J, 1991,Qualitative reasoning about physical systems: a return to roots. Artificial
Intelligence 59(1-2), 1-9.

Williams, BC and Raiman, O, 1994,Decompositional modeling through caricatural reasoning. In Proceedings
of the Twelfth National Conference on Artificial Intelligence, AAAI-944 Menlo Park, CA/Cambridge, MA:
AAAI Press/MIT Press, pp. 1199-1204.

Xia, S and Smith, N, 1996, Automated modelling: a discussion and review. Knowledge Engineering Review
11(2), 137160.

Yip, KM-K 1991a, KAM: A System for Intelligently Guiding Numerical Experimentation by Computer.
Cambridge, MA: MIT Press.

Yip, KM-K, 1991, Understanding complex dynamics by visual and symbolic reasoning. Artificial Intelligence
51(1-3), 179-221.

Yip, KM-K, 1995,Reasoning about fluid motion: I. Finding structures. In Mellish, CS, (ed.), Proceedings of
the Fourteenth International Joint Conference on Artificial Intelligence, IJCAI-95. San Mateo, CA: Morgan
Kaufmann, pp. 1782-1788.

Yip, KM-K, 1996, Model simplification by asymptotic order of magnitude reasoning. Artificial Intelligence
80(1-2), 309-348.



132 H. DE JONG

Yip, KM-K, 1997, Structural inferences from massive datasets. In Pollack, ME, (ed.), Proceedings of the
Fifteenth International Joint Conference on Artificial Intelligence, IJCAI-97. San Francisco, CA: Morgan
Kaufmann, pp. 534-539.

Yip, KM-K and Zhao, F, 1996,Spatial aggregation: theory and applications. Journal of Artificial Intelligence
Research 5, 1-26.

Zhao, F, 1993,Computational dynamics: modeling and visualizing trajectory flows in phase space. Annals of’
Mathematics and Artificial Intelligence 8(3-4), 285-300.

Zhao, F, 1994 Extracting and representing qualitative behaviors of complex systems in phase space. Artificial
Intelligence 69(1-2), 51-92.



