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Abstract

With core c-representations we develop a new class of ranking models for conditional belief bases that combine the advantages of c-representations and

System Z. On the one hand, they exhibit high-quality inferential behavior, just like c-representations, and on the other hand, they are stratified like the System Z
ranking function, and can thus be constructed layer by layer. This allows for the identification of a unique minimal core c-representation from which we derive a
new inductive inference operator, the c-core closure operator. This inference operator features conditional syntax splitting, like skeptical c-inference, and
therefore does not suffer from the drowning problem, in contrast to System Z. Additionally, c-core closure satisfies rational monotony and inductive enforcement,

and belongs to the class of basic defeasible entailment operators.
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1 Introduction

In logic-based knowledge representation, conditionals (B|4) are
used to express defeasible statements of the form 'if 4 holds, then
usually B follows'. The formal semantics of such conditionals is typi-
cally given by preference relations over possible worlds. A widely
used semi-quantitative way of expressing such preferences is consti-
tuted by ranking functions!'] which assign a degree of implausibility to
possible worlds and based on that to formulas. A ranking function x
accepts a conditional if its verification is more plausible than its falsifi-
cation, k(A A B) < k(A A=B), and models a finite set of conditionals A
(a belief base) if k accepts all conditionals in A. A family of ranking
models with particularly good inference properties are the so-called
c-representations?]. c-Representations are characterized by penalizing
possible worlds for falsifying conditionals from the belief base where,
mathematically, the impact factors are solutions of a complex
constraint satisfaction problem (CSP) which reflects the interactions
among the conditionals. This CSP may involve cyclic dependencies
among the impact factors. The research question of a 'best' c-represen-
tation is still unresolved because plainly applying ideas of (pareto-)
minimality to the impact vectors does not yield unique solutionsll.

In this paper, we identify a novel subclass of c-representations, the
so-called core c-representations. Core c-representations are special
because they rely on a simplified constraint satisfaction problem and,
as a consequence, can be computed more easily. In fact, there is a
stratification method for core c-representations which resolves the
cyclic dependencies among the impact factors. Furthermore, core c-
representations have a unique minimal representative which allows us
to define an inductive inference operation, the so-called c-core
closure, that selects for each consistent conditional belief base its mini-
mal core c-representation to draw inferences from the belief base.
Therewith, we bring together the goals of minimizing c-representa-
tions (cf.[*l) and stratification for the first time. In our context, stratifi-
cation was formerly known from the System Z-like Z-c-representa-
tion only!?l. The Z-c-representation is another instance of the family of
core c-representations which, however, usually computes impact
factors that are far from being minimal.

© The Author(s)

This article is a revised and extended journal version of a previ-
ously published conference paperls]. In contrast to the previous
research by Wilhelm et al.l), the present research provides proofs of
all propositions, further explanations and intuitions, as well as an addi-
tional example which shows that generalized tolerance partitions are a
proper superclass of tolerance partitions. Moreover, as a major novel
contribution in this journal version, it is proven that c-core closure
satisfies conditional syntax splitting, like skeptical c-inference over all
c-representations(®’], which was not thematized in the study by
Wilhelm et al.[5). This is particularly in contrast to p-entailment®-°1 and
System Z inferencell?], that both do not satisfy conditional syntax split-
ting. Here, it is shown that the latter inductive inference operators
satisfy conditional relevance only. Altogether, the main contributions
of this article are as follows:

o We define core c-representations as specific ranking models of
consistent belief bases A, and show that they constitute a subclass of
c-representations which is non-empty if and only if A is consistent.

e We generalize the notion of tolerance partitions known from
System Z and use them to show that core c-representations are strati-
fied, and thus can be computed layer by layer.

e We prove that consistent belief bases have a unique
(pareto-)minimal core c-representation.

e We introduce the inductive inference operator c-core closure
which selects the minimal core c-representation of a belief base for
drawing inferences.

o We show that c-core closure is based on an impact preserving
selection strategy, satisfies conditional syntax splitting, and thus
avoids the drowning problem.

The remainder of this article is organized as follows. In Section 2,
we settle logical foundations on propositional and conditional logics in
general and on c-representations in particular. In Section 3, we define
core c-representations and present a constructive method for comput-
ing them that is based on a generalization of tolerance partitions of
conditional belief bases. In Section 4, we show the existence of a
unique minimal core c-representation. Based on this minimal core c-
representation, we define the inductive inference operator c-core
closure and analyze its properties in Section 5. Eventually, we discuss
related work in Section 6 and conclude with an outlook in Section 7.
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2 Preliminaries

In this section, we settle the logical preliminaries of this work. We
recall basics on propositional logics, introduce conditionals as repre-
sentations of defeasible beliefs, interpret conditionals via ranking func-
tions, and discuss with System P, System Z, lexicographic entailment,
and c-representations, some well-established semantics of conditional
belief bases.

2.1 Propositional logics

As a background language for conditionals, we consider a proposi-
tional language L(X) which is defined over a finite signature X, and
which provides the common connectives A (conjunction), V (disjunc-
tion), and — (negation) to build formulas. For formulas A,B e L(¥),
we abbreviate conjunctions AAB with AB, negations —A with A,
arbitrary fautologies AVA with T, and arbitrary contradictions AA
with L. Elements of X are called atoms, and both atoms and their
negations are referred to as /literals. Formulas in L(X) are interpreted
to 1 (true) or O (false) as usual. A propositional interpretation / is a
model of a formula A if I(A)=1. With E we denote the classical
entailment relation between formulas, i.e., A | B holds if and only if
B is true in every model of A. Two formulas A and B are (logically)
equivalent, in symbols A = B, if both A = B and B = A. The deductive
closure of a formula A is defined by Cn(A)={Be L(Z)|AEB}. A
possible world is a propositional interpretation over X represented as
a complete conjunction of those literals which are true in the respec-
tive interpretation. The set of all possible worlds is denoted by Q(X).
For example, if X = {a,b}, then Q(X) = {ab,ab,ab,ab}. For subsigna-
tures X’ CX we denote with Q(X’) the set of the partial possible
worlds which make use of the atoms in X’ only. Partial possible
worlds particularly play a role in marginalization. The marginaliza-
tion of a possible world w € Q(X) on ¥’ is the restriction of w on the
atoms in X’ and formally defined by wly' = Ases/: wea @A Naesr: wea @-
Consequently, if {Z,...,%,} is a partition of X, then w = /¢y wl;
(possibly up to a reordering of the conjuncts) where [m] abbreviates
{1,...,m}.

2.2 Conditionals and ranking functions

A conditional (B|A), where A and B are formulas from £(X), is a
formal representation of the defeasible belief 'if A holds, then usually
B follows' where the formal meaning of 'usually' has to be clarified. A
finite set of conditionals A is called a belief base. In this article, we
presuppose that belief bases do not contain duplicates of semantically
equivalent conditionals where two conditionals (BJA) and (D|C) are
semantically equivalent, in symbols (B|A) = (D|C), if both A=C and
AB=CDU, This ensures that the influence of a conditional on the
models of the belief base cannot be amplified through duplication.
With X(A) we denote the signature of A, i.e., the set of atoms
mentioned in A. Throughout the paper, we allocate n=]A| and
enumerate the conditionals in A so that we can refer to the condition-
als by their indices. Moreover, we identify A ={6;,...,8,} with
0; = (BllA,) forie [n].

The semantics of conditionals is given by ranking functions over
possible worlds. A ranking function k: Q(X) — Ny U {oo} is a mapping
which assigns an (im)plausibility rank to each possible world in Q(X)
while satisfying the normalization condition «'(0) # @['l. The higher
the rank «(w), the less plausible the possible world w is, so that x~'(0)
is the set of the most plausible possible worlds. Accordingly,

Bel(k) = ﬂ Cn(w)

wek1(0)
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is the belief set of a reasoner with belief state «, i.e., the consequences of
the most plausible beliefs in . A ranking function « accepts a conditional
(B|A) if (AB) < k(AB) where k(A) = MiNycqs): wea k(w) for A € L(T).
Hereby, the convention min( = oo applies. Further, « is a ranking model
of a belief base A if « accepts all conditionals in A. If A has a ranking
model, then A is called consistent. Consistent belief bases have infinitely
many ranking models. For instance, the plausibility ranks x(w) of a
ranking model « can be multiplied by any fixed constant from N, to
obtain another model. Beyond that, ranking models can also differ more
significantly, e.g., in terms of inference properties. To specify specific
ranking models, we introduce further notations. We denote the sets of
possible worlds which verify/falsify a conditional 6 = (B|A) with

ver(d) = {we QX)) |wk AB), fal(s)={weQX)|wk AB},
and the sets of conditionals from A which are verified/falsified in
w € Q(X) with

vera(w)={5; e AlwEAB), fala(w)={6€A|wkEAB}

2.3 System Z

For consistent belief bases A, a well-known ranking model is speci-
fied by System Z['°] which classifies the conditionals in A w.r.t. their
'normality’ by making use of a specific folerance partition of A. A
conditional (B|A) is tolerated by A if there is a possible world w such
that both w € ver(d) (w verifies d), and falpy(w)=0 (w does not
falsify any conditional from A). Based on that, an ordered partition
(Ay,...,Ay) of A is a tolerance partition of A if, for i € [m], every
conditional in A; is tolerated by U'f:i Aj. The Z-partition Z(A) is the
unique tolerance partition of A where the partitioning sets are chosen
inclusion maximally, beginning with A;. The Z-partition of A exists if
and only if A is consistent. Further, the Z-rank Z;(6) of a conditional
0 € A is the index i of the subbase A; € Z(A) with ¢ € A;. The higher
the System Z rank of a conditional ¢, the more specific 6 isl!?l. The
System Z ranking model of A is given then by

0,
KE(w) = {

MaXsesal, (w) Za(0),

if fal =0
Hral@=0 L cam. )
otherwise
The ranking model Ki exists if and only if A is consistent!!0].,
Example 1. We consider the well-known Tweety example
Avsp = {01,02,03} with

§1=lp). 62=(fIb). & =(flp).
stating that penguins (like Tweety) are usually birds (6,), birds are
usually able to fly (8,), and penguins are usually not able to fly (63). The
Z-partition  of Apgp is  Z(Avgp) = (A1, A2) with Ay ={02}, and
Ay ={01,03}. The resulting System Z ranking model is

0, if we{b]_”ﬁ,zj_’ﬁﬁ?ﬁ}
Kibfp(w)= I, if welbfp.bfp}
2, if welbfp,bfp,bfp}

For instance, it states that, based on Aysp,, non-flying penguin-birds
are less plausible than birds that are able to fly:

Ky, 0 P) = 1> 0= k5 (bfP) = min{kf  (bf D)5, (Bfp)) = k5, (BS).

For more technical details on this example, please see the extended
version in Example 12.

Note that we start the indexing of the subbases in Z(A) from i =1
because it makes the upcoming comparison with our new approach
easier. In literature, you will often find i = 0 as the lowest index which
would imply a shift of the Z-ranks Z,(6) by —1. This shift is then
compensated in the definition of the System Z ranking model by
adding the term +1 to Ki in case of fala(w)# 0 (cf. (1)). System Z
coincides with rational closurel3:14],

Wilhelm et al. The Knowledge Engineering Review 2026, 41: ¢002
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2.4 c-Representations

c-Representations'?! constitute another sophisticated class of rank-
ing models. Let A be a consistent belief base with |A|=n, and let
7= (1,...,1,) € Nj. If the mapping

Q= > m  weQ®), ©)

d;efalp(w)
is a ranking model of A, then we call KZ a c-representation of A. Note
that c-representations are defined in a more general fashion in Kern-
Isberner™ but (2) is a very common derivative. In particular, a belief base
A is consistent if and only if it has a c-representation of the
form (2). We call the vector 77 impact vector of KZ and its entries impact
factors. The impact factors can be understood as penalty points for
falsifying the conditionals in A. With the positive (V;) and negative (F;)
constraint inducing sets
Vi={{0' e A\{6;} | w € £al(d")} | w € ver(d;)}

Fi={{0' e A\{6i} |w e fal(d)} | w e fal(dy)} iclnl,

the acceptance condition KZ(A,'B,') < KZ(A,‘E) of the i-th conditional in A
can be written as (cf['¥)) («1(A;B;) <kl(A;B;) is equivalent to
minwEver(éi) ZéjefalA(w) n; < minwEfal(éi) Zé‘jefalA(w) nj by definition
which can be rewritten t0 mingever(s Zgjefal sop(@ T <Ti+

MiNgetai(s;) X 5;etaly s (@ 1 from which (3) follows.

Ci: mp>min{ ) ;1S € Vij—min( )" n;18 € Fi). 3)
6;€S o;€S
The set CSP(A) ={C,...,C,} constitutes a constraint satisfaction
problem which has to be solved in order to calculate a c-representa-
tion of A. More precisely, every non-negative integer solution of
CSP(A) induces a c-representation of A, and every c-representation of
A can be computed this way.
Example 2. As a running example, we consider the belief base
Aex =1{01,...,05} with

61 =(bla), &, =(@b). 63=(@bVc), & =(albc), &5=(clab).
The sets vera,, (w) and fala, (w) are shown in Table I and the
resulting constraint inducing sets V; and F; in Table 2. The constraint
satisfaction problem CSP(Aey) = {C1,...,Cs} is given by

—min{n2,72 + 13},
—min{n,n1 +nsl,
—min{0,7s,71 + 172},
—min{0},
—min{ns}.

Ci:  m >min{ns,73 +75s}
Cy: 1 > min{0}

Cs: 13 >min{0,7,}

Cy: 14 > minfn; +7s}
Cs: ns>minf{ns}

CSP(Aex) has three pareto-minimal solutions: (1,1,1,3,1),
(2,0,1,3,1), and (0,2,1,3,1), where pareto-minimal means that there
is no further non-negative integer solution of CSP(Agy) with any entry
less than the respective entries of the solutions above.

For comparing the solutions 77 of CSP(A) w.r.t. their induced c-
representation KZ, the relation 77 <o 77’ if and only if KZ(w) < Kzl(w) for
all we Q(X) leads to a refined notion of minimality: 77 is minimal
w.r.t. <o, called ind-minimal, if and only if there is no solution 77’ of
CSP(A) such that 77" <o 77 and 77 %o 77’ l. For Aey from Example 2, all
three pareto-minimal solutions of CSP(A.y) induce the same c-repre-
sentation and are thus ind-minimal. On the other hand, there are belief
bases A where only some of the pareto-minimal solutions of CSP(A)
are also ind-minimal and the ind-minimal solutions induce different,
inferentially non-equivalent ranking models of A.

2.5 Constraint reductions for c-representations
When computing a c-representation of a consistent belief base A, it
is useful to simplify CSP(A) before solving it. For instance, the

Wilhelm et al. The Knowledge Engineering Review 2026, 41: €002
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Table 1. Verified and falsified conditionals from Aex (cf. Example 2).

w vera, (w) fala,, (w) w verp, (w)  fala,, (w)
abc {01,64} {03,051} abc {03} {04}
abec {01,065} {03} abc {03} 0
abc 0 {61,62,03} || @be {62,03) 0
abc 0 {01,02) abc {62} 0

Table 2. (Reduced) constraint inducing sets of the conditionals in Aeyx (cf.
Examples 2 and 3).

0i Vi F; V; V;
01 = (bla) {{os} {03,051} {{62},{62,03}} {fosly  {{o2}}
5, = (alb) {0} {{o1}.{01,631} {0} {{o1}}
d3=(albvc) {0,{04}} {0,{05}, {01,621} {0} {0}
04 = (albc) {03,051} {0} {{03,05}} {0}
05 = (clab) {{o3}} {{os}} {0} {0}

constraint C; in Example 2 can be reduced to n; > 3 —1,. In studies
by Beierie et al.['>:10], Wilhelm et al.l'7], transformation rules are
suggested which simplify CSP(A) by manipulating the constraint
inducing sets V; and F;, i € [n], without changing the solution set of
CSP(A). These rules are shown in Fig. 1, and read as follows:

R1IfS,S"eV; with S € S’, then V; « V;\{S'}.

R2IfS,S’ € F; with S € §’, then F; « F;\{S'}.

R3 If V;#{0}, F;#{0}, and §;€S for all S €V;UF;, then
Vi—{S\{6;}|S e Vi}and F; < {S\{6;}|S € F;}.

R4 If V; = F;, then V; « {0} and F; < {0}.

R5 If there are D €2 and 7,7’ C A such that V; = {SUT | S € D}
and F; ={SUT’ | S € D}, then V; « (T} and F; « {T’}.

R6 If F;=F;={0} for i#j and there is D C2* such that
V,' = DU{{5J}} and Vj = Z)U{{5,}}, then Vi« D and Vj —D.

The transformation rules R1-R6 rely on basic laws of minimization
and arithmetics. Note that some of them take both V; and F; into
account. With V; and F;, i € [n], we denote the reduced constraint
inducing sets, i.e., V; and F; after applying the transformation rules
R1-R6 exhaustively. We will see in Proposition 1 that the reduced
constraint inducing sets are independent of the order in which the rules
are applied (cf.l'71). Applying the transformation rules removes spuri-
ous dependencies between the conditionals in A from the constraint
satisfaction problem CSP(A). With CSP*(A) = {Cy,...,C,} we denote
the reduced constraint satisfaction problem where

' VU{s,8Y, F ’
R1 subset-V : W ves
A v, FU{S 8} '
R2 subset-F : m es
R3 element : {ufd}.. . Ul {RU{o}. .. K U{d}})
{Viy o Vods {F o B
. WA =
R4 trivial : ({03}, {0}); n
' {SUT,....8,0T}, {S$UT",....S,0T"});
RS subsets : (T}, {1}
I (DU{{s;}}, {0}): (DU{{a:}}, {0}); it
R6 circle : (D, {0}); (D, {0}); i

Fig. 1 Transformation rules for simplifying the constraint satisfaction
problem CSP(A). A pair (‘V, F); represents the sets of constraint variables
in the minimum expressions associated to the verification and the
falsification, respectively, of the i-th conditional &; € A in the constraint
C; € CSP(A) modeling the acceptance condition of ¢;.
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Cio > min( ) n; 1S € Vij=min{ Y 7;18 € Fi). 4)
6;€S o;€S
Thus, Ciis C; in which V; and F; are replaced by Vi and F:.
Proposition 1. Let A be a consistent belief base. Then CSP"(A) is
uniquely defined and independent of the order in which the transfor-
mation rules R1-R6 are applied. Furthermore, the set of the non-nega-
tive integer solutions of CSP(A) equals the set of the non-negative inte-
ger solutions of CSP(A).
Proof. First, we prove, rule by rule, that applying any transforma-
tion rule from R1-R6 preserves the solutions of CSP(A).
R1:LetS,S" €V;with S CS’, and let V] = V;\{S’}. Then,
Z '7j=Z'7j+ Z '7;22771
5je8’ d;€S 6;€S"\S 5;€S
and, hence,
min{z njlS evi= min{an IS eV
o;€S 5;€S
R2 : The proof is analogous to the proof w.r.t. R1.
R3: Suppose §;€ S for S € V;UF;, and let Vi={S\{6;} IS e Vi}
and F ={S\{0;}|S € F;}. Then,

min{ > | S € Vi}—min{ Y, m | S € Fi}
k€S k€S

= min{y;+ Y m|SeVi-min{p;+ X m|Se€F;)
51ES\(6}) xS \6)

=pj+min{ 3} m|SeVi-n;-min{ ¥ mx%|Se€F)
51ES\(85) okeS\(67)

min{ ¥ 7| S € V/}—min{ 3, mc| S € F}).
6kES Ok€eS

R4 : Let V; = F;. Then,

min{ }} n;|S € Vi}—min{ }} n;|S € F}}
§€S 5jes

mm{ Z 7]/|S € V,-}—min{ Z nle €V,'}
o;€S 9;€S

=0
= min{ }, 7;|S €0}—min{ }; n;|S €0}.
FEN N

R5: Let DC2” and T,7" C A such that V;={SUT|S € D} and
F;={SUT’|S € D}. Then,

IIllI’l{ Z 77!|S eV,-}—min{ Z T]IIS EF,’}
5;€S 6;€S

=min{ Y 7+ X n;1S €D}-min{ ¥ nj+ ¥ 7;15 € D}
6jeS o‘jeT 5jeS 6,-eT’

2, nj+min{ 3 n;|S € D}= ¥ nj—min{ 3 n;|S € D}
o;€T o;€S 5;€T’ o;€S
= X nj= X 1
6;€T 0;€T’
R6: Let F;=F;=0 for i#j, and let DC2* such that
V; = DU{{6;}} and V; = DU}
Then Eq. (3) becomes
ni> min({62S Nl S € DIU{n;}) = minH,,
kE

n; > min({dzs | S € DYU{n;}) =: minH;.
©E

Assume n; = minH; and 5; = min ;. Then (3) reduces to 7; > n;
and 75; >n; which is a contradiction. Now, assume 7; = minH; and
H =minH; for some He{Yscsm|S €D} with H <m;. Then, (3)
becomes 7; > H which contradicts the assumption that 77; minimizes
H; (note that H € H;). Putting both cases together, we have that 7;
cannot be minimal in ;. Analogously, one can show that 7; is not
minimal in H;, and (3) simplifies to

ni>min{ ) m|S €D}, p;>min Y | S € D),
k€S Ok€ES

which proves the statement.
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For showing that CSP"(A) is uniquely defined, first observe that
applying the transformation rules R1-R6 exhaustively in whatever
order terminates because every rule strictly decreases the size of
(V,F). Now, we prove that CSP*(A) is independent of the order in
which the rules R1-R6 are applied. The basic idea of our proof is to
show that for each pair of rules (Ri, Rj) applying Ri before Rj leads to
the same result as applying Rj before Ri. With ¢;(V;) and ¢;(F;),
respectively, we denote the result of applying the transformation rule
Rj to V; (F;) once. For convenience, if the precondition of Rj is not
satisfied in a concrete situation, then we assume that ¢; is the identity
mapping.

There are some pairs of transformation rules which trivially
commute, for instance because they do not interfere. This holds,
among others, for all pairs (Ri, Ri), the pair (R1, R2), or if transforma-
tion rules are applied to constraint inducing sets of different condition-
als (as long as R6 is not involved). We omit these trivial cases and
analyze the more interesting cases in detail.

(R1,R3): Let S,5'eV; with SCS’, and let §;€T for all
T € V;UF;. Then,

3(91(V)) = g3(Vi\{S' D) ={T \ {5} | T € Vi\{S'}}
because §; € T forall T € ¢,(V;), which equals

$1(@3(V) = o1({T\ {6} | T € Vi) ={T\{5;} | T € V;\{S"}}.
The latter holds, because S ¢ S’ implies S \{d;} € S"\{d,}. Further,
because R1 does not affect F;, one obtains

&3(p1(F?) = ¢3(Fi) = d1(p3(F)).
(R1,R4): Let §,S’ € V; with § € §’, and let V; = F;. Then, both

$1(#a(Vi)) = ¢1(0) =0 and ¢1(pa(F)) = 1(0) = 0.

Applying R1 to V; first leads to ¢;(V;) # F; and R4 is not applica-
ble. But because S,S’ € V; with § €S’ and V; = F; by assumption, R2
is applicable to F; and yields ¢,(F;) = ¢1(V;). Thereafter, R4 can be
applied and one obtains that V; and F; are reduced to 0 in both cases.

(R1,R5): Let S,8’€V; with § ¢S/, DC2%, and 7,7’ C A such
that V; = {RUT |R € D} and F; = {RUT’ |R € D}. Then, S = RUT and
S’ =R'UT for some R,R’ € D. As a consequence, R C R’ and the sets
8 = RUT’ as well as S = R'UT” are in F; and satisfy §  §’. Apply-
ing R1 to V; leads to ¢(V;) = {RUT | R € D\ {R’}}. Because R5 is not
applicable now, we apply R2 to F; as an auxiliary reduction first and
obtain ¢ (F;) = {RUT’ | R € D\{R’'}}. After that, R5 is applicable and
we have

¢5(#1(V)) ={T} and ¢s5(a(F)) ={T"}.
If one applies R5 first, one directly obtains

¢s(Vi) =1{T} and ¢s(F;) ={T"}.

(RI1,R6): Let S,S’€V; with S ¢S’, and let D 2% such that
V; = DU{6,}} and V; = DU{{6;}}. First, we note that there isno 7 € D
with 6; € T because DCV; or with 6;€T because DCV;. If
§’=1{0;}, then § =0 and applying Rl leads to ¢i(Vi)=¢1(D).
Because S € D, we also have S € V. Further, we note that {6;} € V; is
a superset of S = 0. Consequently, R1 removes {¢;} from V;, too. That
is, ¢1(V;) = ¢1(D) as well. Applying R6 afterwards does not make any
changes, i.e.,

P6(P1(Vi) = 1(D) = ¢s(¢1(V)).
If S” #{d,} but applying R1 reduces D, the same reduction on D
can be performed by R2 on F; to make R6 applicable again. On the
other hand, we also have

P1(¢6(Vi)) = 1(D) = p1(d6(V ).
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(R2,R3),(R2,R4),(R2,R5): These cases can be proven analo-
gously to the cases (R1, R3), (R1, R4), and (R1, R5).

(R2,R6),(R3,R6) : Because R6 requires F; = F; =0, R2 and R6
(resp. R3 and R6) cannot be applicable at the same time to F; and F;,
respectively.

(R3,R4): Let §;€ S for all S € V;UF;, and let V; = F;. Applying
R3 yields

$3(V)) ={S\{6,}|S € Vi} and ¢3(F;) ={S\{5,}|S € Fi}.

Because V; = F;, we have ¢5(V;) = ¢3(F;), and R4 is still applicable.
Hence,

a($3(Vi) = 0 = pa($3(F)).
Applying R4 first directly leads to ¢4(V;) = 0 = ¢4(F;) directly.
(R3,R5): Let ;€S for S € V;UF;, Dc22, and T,7’ C A such
that V; = {RUT | R € D} and F; ={RUT’ | R € D}. Applying R3 yields
¢3(V) ={RUT |R € D} and ¢3(F;) = {RUT’ | R e D} with ¢ c28\67)
and T.7” C A\{6;}. Now, RS5 is applicable and leads to

¢5(p3(Vi)) =T and ¢s5(p3(F)) = T".
Applying R3 and RS in reversed order leads to the same results:

¢3(5(V) = ¢3(T) =T and ¢3(¢5(F) = ¢3(T") = T".
(R4,R5): Let V;=F;, let DC2” and let T,7" CA such that

Vi={SUT |S € D} and F; ={SUT’|S € D}. It directly follows that
T =T’. Then,

$5(¢4(Vi)) = ¢5(0) = 0 and ¢s5(pa(F:)) = $5(0) = 0.
On the other hand,

$a(p5(Vi)) = ¢a(T) and ¢a(ps(F)) = ¢a(T") = pa(T).

Thus, because 4(P5(V1)) = da(ps(F7)), we
B4(5(V)) = $a(¢5(F,)) = 0 again.

(R4,R6) : From V; = F; and the precondition F; = F;=0 of R6 it
would follow that V; = 0 holds which contradicts {¢;} € V;. Hence, R4
and R6 cannot be applicable at the same time.

(R5,R6) : From F; = F; = 0 and the construction of the sets V; and
F; according to the preconditions of RS it would follow that V; =0
holds which contradicts {¢;} € V;. Hence, RS and R6 cannot be appli-
cable at the same time. m]

We give an example of applying the transformation rules R1-R6.

Example 3. We recall Ay from Example 2. The reduced constraint
inducing sets V; and F; are shown in Table 2, and CSP"(Ay) is given
by

have

Ci: > min{ys) -min{pp} =3,
Cy: > min{0} —min{n} =-1,
Cs:  nm3>min{0} —min{0} =0,

Ca: ma>min{ps +7s)  —min{0}) =n3+7s,
Cs: ns>min{0} —min{0} =0.

Note that because a belief base A is consistent if and only if a c-
representation of A exists, the belief base A is consistent if and only if
CSP”(A) has a non-negative integer solution.

2.6 Inductive inference

Once a ranking model « of a belief base A is determined, this model
leads to a nommonotonic inference relation |~, between formulas,
telling which formulas B a reasoner with belief state « should infer
from A:

Ay B iff k(A) = or k(AB) < k(AB). 3)

Compared with this, inductive inference is the task of drawing infer-

ences right from the belief base A. Inductive inference can be realized
by selecting a model « of A and then applying |~,.
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Definition 1 (Inductive Inference Operator(!®]). 4n inductive infer-
ence operator is a mapping I: A— |~£ which assigns to every consis-
tent belief base A a binary relation }vi on L(X) such that the proper-
ties direct inference (DI) /7% and trivial vacuity (TV) /9] are satisfied:

(DI) (BA) € A implies AR B.

(TV) If A =0, then A|~£B only if A EB.

This leads to the definition AR (BJA) if and only if A|~£B. We give
examples of important inductive inference operators (cf.l!®]): (we write
|~’A( instead of |~£X to avoid double superscripts).

® p-Entailment I”: A |% is defined by ARLB if AB for all
ranking models k of A9,

e The System Z inference operator I*: A |~4 is defined by
ARZB if A KiB where % is the System Z ranking model of Al'7],

e The skeptical c-inference operator ;Z “: A g is defined by
ARSB if APVKZ B for all c-representations «} of Al%7],

It is a well-known result that p-entailment is characterized by an
axiomatic collection of inference rules called System P20 which is
why we call I” the System P inference operator here.

Definition 2 (System P[20)). Let A be a consistent belief base, and
let A,B,C € L(X) be formulas. Then System P is the collection of the
inference rules reflexivity (REF), Cut (CUT), cautious monotony
(CM), right weakening (RW), or (OR), and left logical equivalence
(LLE):

(REF) AR A,

(CUT) ABI~; C and A~ B implies Al C,

(CM) AR~LB and AR C implies ABR. C,

(RW) AR B and B C implies AR C,

(OR) AR C and Bi~; C implies AV B~} C,

(LLE) A = B and Br~% C implies AR C.

Further, System P inference satisfies semi-monotony (SM)[21:22], and
classic preservation (CP)I23], among others:

(SM) Ar£B and A C A’ implies AR, B,

(CP) ARL 1 ifand only if AR 1.

System P is considered to be the "conservative core" of nonmono-
tonic reasoning systems[2%], System Z extends System P, most notably,
by satisfying rational monotony (RM)[14:241:

(RM) ARLB and A C implies ACHB.

Both System P and System Z do not satisfy syntax splittingl!$:2],
though, and suffer from the drowning problem!'020). Syntax splitting
(SynSplit) requires that inferences depend on relevant parts of the
belief base only, known as the property relevance (Rel), and that
strengthening antecedents by irrelevant information has no influence
on the inferences, called independence (Ind).

Definition 3 (Syntax Splitting!!8]). Let A be a consistent belief base,
let {£1,%,} be a partition of Z, and let {A1, Ay} be a partition of A such
that, for i = 1,2, the subbase A; makes use of atoms from X; only, i.e.,
X(A;) CX;. Then,

(Rel) For i €{1,2}, A,B € L(X;) implies A~ B iff AM. B.

(Ind) Fori,je{l1,2} withi+ j, A,Be L(Z;) and C € .IE(EJ-) implies
ARLB iff ACK[B.

(SynSplit) = (Rel) + (Ind).

The drowning problem describes the circumstance when excep-
tional subclasses do not inherit properties from their superclass
although these properties are unrelated to the reason for the exception-
ality. For instance, if the belief base Ay, in Example 1 would mention
the additional conditional (e|b) stating that birds usually have beaks,
then with System P and System Z it would not be possible to infer
from Agp that penguins usually have beaks, (e|p), because penguins
constitute an exceptional subclass of birds (cf. Example 12). A
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formalization of the drowning problem is given in Heyninck et al.[27]
based on conditional syntax splitting. According to that, an inductive
inference operator suffers from the drowning problem if the operator
violates a conditional version (CInd) of the independence property. Its
definition is based on safe splittings.

Definition 4 (Safe Splitting(27)). Let A be a consistent belief base,
let Aj,Ay €A be subbases of A with AjUA, =A, and let 3 CX.
Then, {A1,A,} is a safe splitting of A w.r.t. 23 if and only if there are
21,%, C X such that

® X, %,,%3 are pairwise disjoint and cover X, i.e., =X UXy U3,

o for i € {1,2} it holds that X(A;) CX; U3,

o (Safeness) for i,je{1,2} with i+ j, for all w;cQE;) and
w3 € QX3), thereis w;j € Q(X;) such that

wwjws ¥ \/ AB. (6)
(BlA)eA;

We denote such a safe splitting of A by A, U;l’zz Ay | X5

The safeness property (6) guarantees that partial possible worlds
which are defined over the atoms from one subbase A; of the splitting
of A can be extended to (complete) possible worlds over X in such a
way that no conditionals from the other subbase A}, j # i, are falsified.

Definition 5 (Conditional Syntax Splitting!*’)). An inductive infer-
ence operator I: A }vi satisfies conditional relevance, conditional
independence, and conditional syntax splitting, respectively, if for
every safe splitting A, U;l,ZZ A |25 of A, for i,je{1,2} with i+ ] it
holds that

(CRel) A,Be LX), w e Q(X3) implies (Awl~£B iff Aw|~£i B),

(CInd) A,Be LX), Ce LX), weQUZ3) with Cw %ij_ implies
(AWM B iff ACwB).

(CSynSplit) = (CRel) + (Cind).

In contrast to System P and System Z, skeptical c-inference does not
suffer from the drowning problem but satisfies syntax splitting!!®], and
also conditional syntax splitting[?8]. Hence, c-representations consti-
tute a powerful basis for defining inductive inference operators. How-
ever, skeptical c-inference does not satisfy rational monotony (RM)
but only the weaker version weak rational monotony (wRM)[29-301:

(WRM) ThZB and T %ﬁﬁ implies AR B.

Inference operators which are defined w.r.t. a single c-representa-
tion, similar to the System Z inference operator that is defined w.r.t.
the unique System Z ranking model, satisfy (RM), instead?’]. An
axiomatic scheme for inductive inference operators selecting a single
c-representation per belief base and ensuring satisfaction of condi-
tional syntax splitting is given in the study by Beierle et al.[>8], but
without presenting a concrete instance. In this paper, we will develop
such an inductive inference operator which selects a unique 'best'
model per belief base.

A straightforward strategy for selecting a unique c-representation KZ
would be to minimize the impact factors in 77. However, Example 2
demonstrates that this does not lead to unique results in general. The
same applies to other notions of minimality for c-representations
(cf.l). With core c-representations we establish a subclass of c-repre-
sentation for which a unique minimal, thus, outstanding c-representa-
tion exists that qualifies for the model selection task. In the remainder
of this paper, we define (minimal) core c-representations and c-core
closure, an inference operator based on the minimal core c-representa-
tions, and we investigate their properties.

3 Core c-representations

In this section, we define core c-representations as a subclass of
c-representations and discuss their connection to tolerance partitions.
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Therewith, we intertwine the inference strength of c-representations
with the layer-wise structure of System Z. The main features of core c-
representations are:

e For every consistent belief base A, each core c-representation of
A is also a c-representation of A, and A is consistent if and only if a
core c-representation of A exists.

e Core c-representations are easier to compute than general c-repre-
sentations. While the computation of c-representations requires to
solve the constraint satisfaction problem CSP(A) (cf. (3)) which possi-
bly involves cyclic dependencies among the impact factors, the
constraint satisfaction problems of core c-representations are stratified,
hence, can be solved successively, allowing for deciding on each
impact factor successively.

e Core c-representations provide a unique minimal ranking model
while belief bases have several pareto-minimal c-representations in
general, depending on the notion of minimality. Therewith, we obtain
a natural model selection strategy for inductive reasoning based on
minimal core c-representations.

e As being c-representations, core c-representations inherit many
beneficial properties from c-representations including the satisfaction
of syntax splitting, and the solution of the drowning problem. More-
over, the inductive inference operator based on minimal core c-repre-
sentations fully complies with conditional syntax splitting.

The definition of core c-representations is based on a simplification
of the constraint satisfaction problem CSP(A).

Definition 6 (Core c-Representation). Let A be a consistent belief
base, let n = |A|, and let CSP*(A) = {CA‘T, .. .,C‘;} where

o q,>min{zq,-|56f/,-}, ielnl. 7
o;€S
If 7eNj is a solution of CSP*(A), then we call

KZ'C(LU) = Ysietal ) Mo W € QX), a core c-representation of A.

The constraint (7) corresponds to (4) without the negative part on
the right-hand side. That is, like general c-representations, core c-
representations penalize possible worlds for falsifying conditionals but
put usually 'higher' constraints on the impact vector 7. We have the
following first result.

Proposition 2. Let A be a consistent belief base, and let KZ'C be a
A

Proof. By definition, 7 = (11,...,1,) satisfies (7) for i € [n]. Conse-
quently, for s; € Ny,

core c-representation of A. Then «° is also a c-representation of A.

ni>min{ Y 7,18 €Vil—s;,  i€ln,
5;€S
holds, too. thh si=min{Ys.es1; 1S € Fil, it follows that 77 satisfies (3)
and, hence, «}* is a c-representation of A. o

Beyond a numerical simplification of éi, (7) also strengthens the
impact of each conditional in A. For instance, in Example 3, ¢, yields
N1 > 13 —12, i.e., 1 +12 > 113. This means that ¢, actually reflects the
joint impact of §; and &,, while CAT postulates n; > 3. Hence, core c-
representations isolate the impact of each conditional better. In particu-
lar, each conditional definitely has a significant impact, as the follow-
ing proposition shows.

Proposition 3. Let A be a consistent belief base, let n =|A|, and let
KZ’C be a core c-representation of A. Then 1j is positive, i.e., for i € [n],
n; = 1 holds.

Proof. Because KZ’C
7 >min{Ys s ;1S € Vi) for i€[n]. From 77eNj it follows that
2s;esMiZ0 forall S € V; and i € [n] so that min{Ys,es ;1S € Vi) 20
holds. Therewith, we have n; > 0, i € [n]. O

is a core c-representation of A, 7j satisfies
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Because of Proposition 3, core c-representations satisfy the prop-
erty inductive enforcement (Ind-Enf), while general c-representations
violate it (cf.31):

(Ind —Enf) For
k(W) < k(w"). .

Note that we use the reduced constraint inducing sets Vi in (7).
While the application of the transformation rules R1-R6 does not
affect the solution set of CSP(A), applying the rules R1-R6 makes a
difference here, as the transformation rules remove spurious dependen-
cies between 1; and the set V; which can no longer be resolved after
cropping of the negative part of (4) as the next example illustrates.
Apart from that, the application of constraint reductions to V;, i € [n],
is not necessary for the definition of core c-representations, i.e., core c-
representations could also be defined from (3) which would generally
lead to higher impact factors, though.

Example 4. We continue Example 3. The constraint satisfaction
problem CSP*(Aey) consists of the constraints

w,w €Q(X), falp(w)< falp(w’) implies

m > min{n3}, 72 > min{0}, 73 > min{0}, 74 > min{n; +7s}, 75 > min{0},
and has the unique component-wise minimal solution (2,1,1,3,1). Note
that if we had not applied the transformation rules R1—R6, the constraint
w.r.t. 85 would be ns > min{ns} which takes no account of the fact that
the positive and the negative part in Cs (cf. Example 2) cancel each other
out and, actually, ns does not depend on 1.

Core c-representations are closely related to System Z which
becomes clear when characterizing tolerance in terms of the constraint
inducing sets V;.

Proposition 4. Let A be a consistent belief base, and let
T(A)=(Ay,...,An) be an ordered partition of A. Then T (A) is a
tolerance partition of A if and only if for all k € [m] and all condition-
als 5; € A, there is a set S € V; with S C U';;IIAJ-. In particular, 6; is
tolerated by A if and only if D € V;. .

Proof. Let T(A)=(Ay,...,Ar) be a tolerance partition. Then by
definition, for k € [m] and every conditional d; € A, there is a possi-
ble world w which verifies ¢; and does not falsify any conditional
from U'}Lk A, Thus, w falsifies at most conditionals from U];;ll A;
which means that there is a corresponding set S eV; with
ScUZiA;.

The other way round, the existence of S e€V; with § C U],:} A;j
proves the existence of a possible world w which verifies §; but does
not falsify any conditional from U=k A As this holds for all k € [m]
and J; € Ay, 7 (A) is a tolerance partition of A.

In the special case where ¢; is tolerated by the whole belief set A,
the existence of a possible world which verifies §; and falsifies no
conditional from A is equivalent to the condition 0 € V; as we are
seeking foraset S C U(,)-:1 Aj =0 in this case which implies § =0. D

Analog to the constellation in Proposition 4, we can define general-
ized tolerance partitions by replacing V; by V.

Definition 7 (Generalized Tolerance Partition). Let A be a consis-
tent belief base. We call an ordered partition (A,...,A,) of A a
generalized tolerance partition of A if for all k € [m] and all condition-
als 6; € Ay there is S € V; with S C U’;;iAj. If V; = {0}, then we say
that 6; is weakly tolerated by A.

Tolerance partitions constitute a proper subclass of generalized
tolerance partitions, as the next proposition shows. As a consequence,
generalized tolerance partitions of consistent belief bases always exist.

Proposition 5. Let A be a consistent belief base. If T (A) is a toler-

ance partition of A, then T (A) is a generalized tolerance partition of

A. The other way around, there are generalized tolerance partitions
which are not tolerance partitions.
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Proof. Let T(A)=(Ay,...,A,) be a tolerance partition of A. In
order to prove that 7 (A) is also a generalized tolerance partition of A,
we have to show that for k€ [m] and every conditional §; € A; it
follows from the existence of S € V; with S C U’;;}A ; that there is
S’ e V; with §’ C U’]‘;} A;. We do this by reconsidering the effects of
applying the transformation rules R1-R6 on V;.

If R1 removes S with § C U/;;} A; from V;, then only because there
is a proper subset S’ of S in V;. This subset S’ satisfies S’ C U';;} A
as well. The rule R2 does not affect V; at all. The rules R3 and RS, at
most, replace S by a subset of S such that an argumentation analog to
R1 applies. R4 possibly removes S from V; but inserts @ in this case
for which 0 C U’/‘;l A; trivially holds. The only critical case is when
R6 applies, i.e., there are i,/ € [n] with i # [, F; = F;=0, and D c2*
with V; = DU{{6;}} and V; = DU{{6;}} as well as S = {6;}. In this case,
S would be removed from V; without adding a subset of S to V;.
However, there has to be S’ € D with S’ C U'J‘-;ll Aj anyway. Assume
that this is not the case. This means that either §; € U’j‘;} Aj, which is a
contradiction to d; € Ag, or 6; € Aj with j> k. The latter contradicts
{6}=S ¢ U’J‘.;ll A; which finishes the proof.

The fact that there is a generalized tolerance partition which is not a
tolerance partition is proven by the following Example 5. o

Example 5. We continue Example 4. The ordered partition
T(Aex) =(A1,A2) Of Aex with A] = {62,53,65} and Az = {51,(54} is a
generalized tolerance partition of Aey because V; = {0} for i €{2,3,5}
and {63} € Vi N 221 as well as {63,85) € VaN221. However, T (Aoy) is
not a tolerance partition of A because Js is not tolerated by A. In
every possible world which verifies 65 = (clab), the conditional
03 = (alb Vv ¢) is falsified. Thus, &s is only weakly tolerated by A. This
example shows that there are generalized tolerance partitions which
are not tolerance partitions.

Generalized tolerance partitions help focus on relevant dependen-
cies among the conditionals in A. For instance, in Example 5 it turns
out that in the end 3 is not relevant for §5 because it is falsified by
both the verifying and falsifying component of §s (see Table 2). In
contrast to System Z and the original definition of tolerance, this can
be taken into account by c-representations and is dealt with by reduc-
tion rule R4 which eliminates this dependency. Hence, it is no longer
relevant for the generalized tolerance partition of A.

Based on the notion of generalized tolerance partitions and the next
lemma, we can formulate a construction method for core c-representa-
tions.

Lemma 1. Let A be a non-empty consistent belief base, and let
n=|A|. Then there is i € [n] with V; = {0}.

Proof. Because A is consistent and non-empty, there is a condi-
tional §; € A which is tolerated by A. Otherwise, there would be no
tolerance partition of A because its existence is equivalent to the
consistency of A. From Proposition 4 we know that @ € V; holds then.
With transformation rule R1, V; = {9} follows. o

The crucial point of the construction method for core c-representa-
tions is that the impact factors of conditionals in the i-th partitioning
set of any generalized tolerance partition of A may be specified solely
based on the impact factors of conditionals in lower partitioning sets as
captured in the concept of base functions which is the crucial concept
behind the stratification of core c-representations.

Definition 8 (Base Function). Let 7 (A) = (Ay,...,A,) be a general-
ized tolerance partition of a consistent belief base A, let n =|A|, and
let 7€ N". We define the base function ¢im): A — Ny w.rt ij and
T (D) by
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$7 )(61) = min st eVi:scl Jay  ieln, ®)
55e8 =1

where, k is the index of the partitioning set Ay € T (A) with 6; € A.

Base functions transfer the idea of Z-ranks from System Z to c-
representations and arbitrary generalized tolerance partitions. The
expression in (8) is the right-hand side of (7) where the sums in the
min-term are restricted to cover conditionals from U.l;;{ A; instead of
the whole set A.

Proposition 6. Let A be a consistent belief base, let n =|A|, and let
T(A)=(Ay,...,An) be a generalized tolerance partition of A.
Further, suppose 1j € N" satisfies

> o). i€lnl. ©)
Then, K(w) = Ysetaipw M- @€ UL), is a core c-representation of
A. In particular, this holds for n; = ¢;7,(A)(5») +1,i€e[n].

Proof. Because of {S e V;|S cUZ[A)}CV; and minN <minN’
for N’ € N €N, we have

0> G ) @) 2 min{ y ;1S € Vi),
5;€8

i€[n],

which shows that KZ’C

In Proposition 9 we will show that for every core c-representation
i
A
satisfies (9), which proves that core c-representations are stratified,

i.e., the impact factors of core c-representations can be calculated layer

is a core c-representation of A. i

kT of A there is a generalized tolerance partition 7 (A), such that 77

by layer. This becomes clear when realizing that qﬁ_( (60 does actu-
ally not depend on the whole vector 77 but only on its entries referring
to the conditionals which occur in 7 (A) before 6;.

Example 6. We continue Example 5 and recall that
T(Aex) = (A[,Az) with Al = {62,53,55} and A2 = {51,64} is a gene-
ralized tolerance partition of Aex. According to Proposition 6, an
impact vector which leads to a core c-representation of Ay IS
7=(,1,1,3,1). This impact vector can be obtained as follows: First,
for the conditionals in Ay, we set 1, =n3 =15 = 1> 0. Then, based on
these assignments, for the conditionals in Ay, we set my =2>1=1n;3
andny=3>1+1=n3+7s.

We remark that the so-called Z-c-representation from Kern-
Isberner!? fits into the concept of core c-representations.

Definition 9 (Z-c-representation(?]). Let A be consistent belief base,
let n =1A|, and let i ﬁZ’ = (m,...,r],,) € N" be the impact vector with

¢Z<A)<6,-)+ I, el (10)

Z(A)=(Ay,...,Ay) is  the Z-partition of A. Then,
KZ (W) = Ysiezar ) M W € QZ), is called the Z-c-representation of A.

where,

Note that the base function ¢Z(A) makes use of the reduced

constraint inducing sets V,, i € [n], which is different from the origi-
nal definition of the Z-c-representation. Apart from this, the two defi-
nitions are the same which is why we stick to the name Z-c-representa-
tion here.

Proposition 7. For every consistent belief base A, the Z-c-represen-
tation Ki"‘ of A exists and is unique. Further, Ki"' is a core c-represen-
tation of A.

Proof. According to Proposition 5, the Z-partition Z(A) is a gene-
ralized tolerance partition of A, and with Proposition 6 it follows that
each vector 77 € N with

m> el 6. i€lnl,
leads to a core c-representation of A. This particularly holds for 77 ”Z ‘e N"
defined by
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= ¢Z?A)(6i) + 1’ &S [n]s
which is a unique assignment because Z(A) is unique. i

The Z-c-representation Ki’” illustrates the connection between the
System Z ranking model and core c-representations well. Both Ki and

K%¢ exploit the Z-partition of A, but while Ki is defined via a maxi-

A
mum of Z-ranks, Ki’c makes use of a summation and, therefore, inher-

its the inferential strength of c-representations.

According to Proposition 2, core c-representations of a belief base A
constitute a subclass of the c-representations of A and, thus, are rank-
ing models of A. It follows that A is consistent if and only if A has a
core c-representation which is due to the fact that the consistency of A
concurs with the existence of a tolerance partition of A.

Proposition 8. Let A be a belief base. Then, A is consistent if and
only if there is a core c-representation of A.

Proof. From Proposition 2 we know that core c-representations are
c-representations. Because c-representations of A only exist if A is
consistent, it follows that A must be consistent if it has a core c-repre-
sentation. The other way round, if A is consistent, then the existence of
the Z-c-representation Ki’” proves the existence of a core c-representa-
tion of A. i

Next, we show that consistent belief bases have a unique minimal
core c-representation and discuss this specific core c-representation in
more detail.

4 Minimal core c-representation

The Z-c-representation Ki’c is a pragmatic way of defining a unique
core c-representation of a consistent belief base A. However,
not specify the impact factors in a minimal way. Nevertheless, consis-
tent belief bases have a unique minimal core c-representation where

Zc
Ky does

we call a core c- representatlon /< 7 of A minimal if there is no other

" of A with 1, <n; for some i € [n]. In other
e

>/ ,A

all i€ [n], and all core c-representations KZ “ of A. Note that this

core c-representation x A

words, for the minimal core c-representation «,° we have n; <7} for

component-wise concept of minimality necessitates a unique pareto-
minimal solution 77 of CSP*(A) in general, and implies

ﬁc(w) < K “(w) for all other solutions 77’, and all w € Q(T). That is,
among all core c-representations, the mmlmal core c-representation
assigns minimal ranks to possible worlds. As the investigations by
Beierle et al.l}] show, there is no unique minimal c-representation in
general. Hence, the existence of such a unique minimal element in the
subclass of core c-representations has to be proven explicitly. We
choose a constructive approach here.

The construction of the minimal core c-representation is based on a
specific generalized tolerance partition which we call canonical gener-
alized tolerance partition.

Definition 10 (Canonical Generalized Tolerance Partition w.r.t. 7j).
Let A be a consistent belief base, and let I(
tion of A. Then, the canonical generahzed tolerance partition
Qi(A) = (Ay,...,Ay) of A w.rt. 7j is defined as follows. For k € [m]
and §; € AS; € A, we have 6; € Ay if and only if

¢ be a core c-representa-

k=1 k-1
s e argmin(g) @) 16 e A\ JA;: A5 e Vst s Ja) D
7
=1 =1
Qy(A) is a generalized tolerance partition of A because it includes ¢;
into Ay only if there is S € V; with S < ({2} A;,
follows from the consistency of A. In contrast to the Z-partition from

and its existence
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System Z, Q3(A) does not include all conditionals in the next partition-
ing set A; which are (weakly) tolerated by U;-'LkAj but only those
which contribute to a minimal rank, i.e., a minimal sum of impact
factors. In case of Ay, this still coincides with adding all weakly tole-
rated conditionals from A, i.e.,

Ay =1{6; € A|V; = {0}).

Then, if we assign the minimal impact value 7; =1 to all weakly
tolerated conditionals §; € Aj, in A, we find all remaining condi-
tionals which falsify a minimal number of conditionals from A;. More
precisely,

Ay = (6 € A\A;|3S € ViN2% V5, € A\A VS” € V;Nn2% IS < ISV}

Since conditionals in A; and upwards can falsify conditionals from
lower partitioning sets with different impact factors assigned, decid-
ing whether a conditional is in the next partitioning set or not is no
longer just a counting problem but requires taking the impact factors
into account. Note that this also holds for A, already if the impact

factors of the conditionals in A; are not assigned minimally.
Example 7. We recall the belief base Aoy = {01,...,05} with

61 =(bla), &, =@h), 63=(@bVc), & =(albc), J5=(clab),
from Example 2 and the fact that if = (2,1,1,3,1) is the impact vector of
a core c-representation of Ay (cf- Example 6). Because 65, 63, and s
are all the weakly tolerated conditionals in Aex, one has ¢Z‘( Aex)(éi) =0
Jori=2,3,5, and the first partitioning set in Qy(Aex) is Ay = {02,03,05}.
Now, both remaining conditionals 6, and 64 are weakly tolerated and
could principally be included in A, to obtain a generalized tolerance
partition of Aex as it is done in T (Aey) in Example 6. However, this
would not lead to the canonical generalized tolerance partition because
only 8, satisfies the minimization criterion in (11):

Oy 00O =13 = 1 <2= 13415 = 6 s (60).

Thus, Ay ={0,} and eventually Az ={04} are the remaining parti-
tioning sets in Qy(Aex) which distinguishes Qj(Aey) from T (Aey).

Note that while a canonical generalized tolerance partition is based
on an impact vector 7j, we can use Definition 10 in a constructive way
to build up core c-representations layer by layer, basically because A;
is independent of 7j, as we will see next.

By using Q3(A), we can show the reverse direction of Proposition 6,
i.e., we can show that for every core c-representation Kz’” of A there is
a generalized tolerance partition 7 (A) of A such that r; > ¢'77,( A)(6,-) for
i € [n] holds, which is a consequence of the next proposition.

Proposition 9. Let A be a consistent belief base, let n = |A|, let KZ’C
be a core c-representation of A, and let Q(A) be the canonical gener-
alized tolerance partition of A w.r.t. ij. Then,

O (®) = minl 31,1 € Vi)

9;€S

i€[n],

i.e., the canonical generalized tolerance partition is able to capture all
relevant information for computing n; according to (7) from previous
layers.
Proof. The essence of the proof is to show for i € [1] that there is no
’ y : ki—
S’ eV, with §’ ¢ Uj:ll A; such that

DIRIETPNCY

o;€8’

(12)

holds, where k; is the index of the partitioning set Ay, € Qz(A) with
0; € Aki . Then,
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Oy, (®) = minl 3 1,1 € Vi),

0;€S

i€[n],

immediately follows. Hence, we assume that there is i € [n] with S’ € V;
and S’ ¢ U'j‘.’:ll A; such that (12) applies and bring it to a contradiction.
W.lo.g., we assume that S’ is a set from {S e V;|S ¢ UI;’: A;} with
minimal sum ZéjES’nj among them. Note that, in particular, for all
0,€S’,

m< Y mj=min{ ) ;1S €V} <n (13)

dj€8’ 6;€S
holds then. Further, there is 6, € S’ with ¢, ¢ Uﬁ.‘: A; by definition of
S’. Consequently, one of the following two cases must apply because ¢,
does not occur in a partitioning set with lower index than k; (cf. (11)):
Case 1 : Thereis § € V; with § € "' A;. Then,

ki-1
N <min{ Y ;15 €V s | Jay)
= j=1

(14

must hold, too, in order that ¢; is in A,. Otherwise, 6; would not be in
the set described by the arguments of the minima in (11).

Case 2 : Thereisno S € V, with S ¢ U];.":_ll A;.

In Case 1, because of (13), (12), and (14) (in this order), we have

ki1
ms Y n < @) <minl Y n1seviscl Jan  as)
s;e8" = =1

and, hence, there must be $” € V; with S ¢ Ulj‘f;l] A such that

Zﬂj<771

5;€S”

(16)

holds. Otherwise, condition (7) would not hold for ¢; and KZ"' would not
be a core c-representation of A. In Case 2, the existence of such a set
S” eV, with §” ¢ U];i:_ll A; follows directly (note that ¥, is non-empty
when A is consistent).

Now, by combining (15) and (16), we obtain the same situation for
o; as for ¢;, namely that there must be §” € V, with S$” ¢ U’;’:_ll Aj
such that

ki—1
>omj<min{y ;1S eV sc| Jay
568" §jes =
holds. With the same argumentation as for 7;, we can find n, with
n > 1 (like n; > n; holds), and so on. This defines a descending chain of
impact factors which has to become cyclic because A is finite.
Consequently, we have n; > 1; > 1, > ... > n; which is a contradiction. O
Corollary 1. Let A be a consistent belief base, let n = |A|, let KX’C be
a core c-representation of A, and let Qz(A) be the canonical general-
ized tolerance partition of A w.r.t. ij. Then,

mi> G (6. i€lnl

Proof. According to (7) and Proposition 9, we have
; 0y — 41
mi> mm{ﬁ,zes 018 € Vi) = 6 (6

for i € [n]. O

With regard to Proposition 8, also the following proposition holds.

Proposition 10. Let A be a belief base. Then, A is consistent if and
only if there is a generalized tolerance partition of A.

Proof. Let A be consistent. According to Proposition 8, there is a
core c-representation K’A’C of A and, thus, the canonical generalized
tolerance partition Q(A) exists. The other way round, if there is a
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generalized tolerance partition of A, then with Proposition 6 there is a
core c-representation of A and with Proposition 8 the consistency of A
follows. mi

An important consequence of Proposition 9 is that the computation
of an impact factor 7; depends on the impact factors n; w.r.t. condi-
tionals in previous layers of @;(A) only. Note that this holds for all
core c-representations and, thus, allows for simplification and mini-
mization in a natural way, so that we are now ready to define the mini-
mal core c-representation of A.

Definition 11 (Minimal Core c-Representation). Let A be a consis-
tent belief base, and let n=1Al. We call i{(w)= ¥ s.cta1,w) s
w € QX), where i\ =(p,....n,) Is defined w.r.t. the canonical
generalized tolerance partition Q" (A) = Qﬁgur (A) by

ijme

= G @)+ 1. i€l

e

Qre(a)
The canonical generalized tolerance partition @"(A) and the impact

vector 77y in Definition 11 can be determined in alternation, begin-

ning with the lowest partitioning set in @"“(A). For k=1, (11) reduces

to the claim that ¢; is weakly tolerated by A, thus 7; = 1 follows. Note

ime

that this can be done independently of evaluating ¢Q,m ) because

the minimal core c-representation of A. We abbreviate ¢} = ¢,

UFIA ;=0 in any case, yielding a proper starting point for the
construction. Afterwards, the conditionals &; in the second lowest
partitioning set (k = 2) can be determined because ¢3“(d;) solely
depends on the impact factors assigned to the conditionals in A, and
so on. The basic idea is to include into the next partitioning set those
of the remaining conditionals which are weakly tolerated by the others
and for which the base function makes the weakest possible restriction.
Then, the impact factors of the included conditionals are specified in a
minimal way among all core c-representations. The whole procedure is
formalized in pseudocode in Algorithm 1.

Example 8. We recall Aoy from Example 2. The minimal core c-
representation K of Aex can be computed as follows: First, the
weakly tolerated condltlonals in Aoy are determined which are 6,, 63,
and 8s. Hence, Ay = {6,,83,85)} is the first partitioning set in @™ (Aeyx).-
The impact values of the conditionals in Ay are minimally chosen to
n =13 =ns = 1 by default. Now, both 6| and 64 are weakly tolerated
in Aex \ A1 but with ’K:x provoking a weaker constraint on the impact
value of 61 (1 >n3=1) than on 64 (s >n3+ns=2). This can be
decided at this point without knowing the complete impact vector ﬁ’g‘:x
because only impact values of conditionals from A, are relevant.
Hence, Ay ={6} and the impact value of 6, is minimally chosen to

=2. Eventually, we obtain Az =1{04}, and ns=3. Thus, the
complete impact vector of the minimal core c-representation of Aey is
e =(2,1,1,3,1) (cf- Example 6). Although the merging of Ay and
A3, which distinguishes the canonical generalized tolerance parti-
tion Q" (Aey) from the generalized tolerance partition T (Aex) in
Example 6, would not make a difference to the impact factor assign-
ments here, there are examples in which it is necessary to take the
minimization in (11), which characterizes canonical generalized
tolerance partitions, into account (cf.- Example 9).

The core c-representation «“ as given in Definition 11 is indeed the
unique minimal core c-representation of A.

Proposition 11. Let A be a consistent belief base, and let n =|A|.

Then the core c-representation K\ induced by the impact vector

Page 10 of 17
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Algorithm 1. Computation of the canonical generalized tolerance partition
Q"“(A), and the impact vector 77, of a (non-empty) consistent belief base A.

Input: (Non-empty) consistent belief base A, constraint satisfaction problem
CSP*(A)

Output: Canonical generalized tolerance partition @"“(A), impact vector 77}

1 m=1

2 WHILE A # 0:

3 Mmin =0

4 N=0

5 FOR §; € A:

6 IF there is § € V; with § C U;ﬂzl A
7 i =min{}; 57| S eV s cUL a1+1
8 IF min =0:

9 NMmin < i

10 A — AN U{6;}

11 ELSE IF 7); = Nmin:

12 N «— AN U6}

13 ELSE IF 7 < fmin:

14 Mmin < 1i

15 A" {6}

16 A, — N

17 A — A\A,

18 mem+1

19 RETURN Q"(A) = (Ar,...,Ay) and 77 = (1. )

—*mL

.,1n) from Definition 11 is the unique mzmmal core c-

“of A,

=(m,-..
representatlon of A. That is, for all core c-representations KA

we have n; <. for i € [n].

Proof. Let Ki/’” be a core c-representation of A. Then, there is a
pareto-minimal solution 77" € N" of CSP*(A) such that 5 <n. for
i € [n] holds according to the definition of pareto-minimality. Hence, it
suffices to show that for all pareto-minimal solutions 77" of CSP*(A),
n;<n! for ie€[n] holds. Because of Proposition 9, the canonical
generalized tolerance partition Q;/(A) of A w.r.t. 7j” exists and it is

> ‘7522;// ) A)(6,«) for i € [n]. According to Proposition 6,

¢Qﬂ” @ ienl, (17)

follows. Otherwise, 77 " would not be pareto-minimal.

Now, we prove by induction over the index k of the partitioning sets
in @~ (A) that Q;»(A) = Q"(A) holds. Then, by the definition of 77}
and because of (17), n; =75} for i € [n] follows. As this holds for all
pareto-minimal solutions 77" of CSP*(A), all these solutions coincide
and 7jy is the unique pareto-minimal solution of CSP*(A). Conse-
quently, K¢ is the unique minimal core c-representation of A.

For the induction, we denote the canonical generalized tolerance
partition of A w.rt. 77”7 by @z (A) = (A,...,A) and w.r.t. ij by
Q™(A) = (Ay,...,A,). Let k = 1. By definition,

Al ={6; e Al Vi={0}) = Ay
As a consequence, 7 = 1 =1; for §; € A holds (cf., in particular,
(17)). Now, we assume that A =A; for i€ [k—1] and ! =n; for
0; € U’j‘;} Aj hold. Therewith, we have (cf. (11)),
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& §; € argmin q)Q
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)(51)|516A\UA” s e Vst SCUA”

. k-1
& 6; € argmin{min{ ) n}’lSEV,-: ScC UA’f |61€A\UA’1: A5 eV;st. S C UA’.’}
sjes j=1

. k-1
& §;eargmin{min{ )} n;|S€V;:SCUAj)
sjes =

& 0; € argmin{
54 (5,' € Ak.

Hence, A}’ = A, which finishes the proof. m]

From the uniqueness of the minimal core c-representation it follows
that essentially the same belief bases have the same minimal core c-
representation. With 'essentially the same', we mean that the belief
bases are pairwise equivalent.

Definition 12 (Pairwise Equivalent Belief Bases). Two belief bases
A and N are pairwise equivalent if there is a bijection B: A — N
such that B(6) = 6 for all § € A.

Recall that in this article we assume that a belief base does not
contain equivalent duplicates of conditionals, avoiding that A contains,
e.g., both (B|A), and also (BJAV A) or (AB|A).

Proposition 12. Let A and A" be pairwise equivalent consistent
belief bases. Then,

KA (w) = K4 (w)
forall w e QUX).

Proof. Because A and A’ are pairwise equivalent, there is a bijec-
tion B8: A — A’ such that B(§)=4§ for all 6 € A. As a direct conse-
quence, ver(B(5)) = ver(s) for all 6 € A and also fal(B(5)) = fal(d).
The latter holds because (BJA) = (D|C), and therewith A=C and
AB=CD, also implies AB=CD. Then, CSP(A) =CSP(A’) (up to a
reindexing of the conditionals) from which the validity of the proposi-
tion follows because of the uniqueness of the minimal core c-represen-
tation. mi

The next example shows that the minimal core c-representation is
different from the Z-c-representation in general.

Example 9. We consider the belief base Aeyy = {01,...,05} with

81 = (cla), 6> = (abclabe vV abeVabe), 65 = (albc), 64 = (albe), 85 = (bla).
The sets very,,(w) and fala,,(w) are shown in Table 3.
CSP*(Aexa) consists of the constraints

n >min{0}, 72,m3 > min{y}, ng>min{pe},  ns > min{n +13,74)

While the Z-partition of Aexy is
Z(Aex2) = ({61},162,63},{64,05})

and, hence, the impact vector of the Z-c-representation of Aex
tsﬁi‘ =(1,2,2,3,5), we have

Q" (Aex2) = (101}, {02, 63}, {54} {05},
and the minimal core c-representation K 2 of Aex2 is given by
e =(1,2,2,3,4). The difference here is that the Z-c-representation
asszgns the impact factors to 84 and s in the same step because they
occur in the same partitioning set in Z(Aex2). This means that we have to

Table 3. Verified and falsified conditionals from Aex> in Example 9.

w verp,,(w) falp ,(w) w vera,,(w) falp ,(w)
abc {01} 0 abc 0 {05}
abc {02} {01} abc 0 {05}
abc (01,04} {02} abc {05} {04}
abc {03} {01} abe {05} (02,03}

Wilhelm et al. The Knowledge Engineering Review 2026, 41: €002
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specify ns in a way that ns >mny+n3 holds in order to satisfy the
constraint 15 > minf{n, +n3,n4} because 14 is not known when ns is
specified. The minimal core c-representation assigns an impact factor to
é4 before s instead, because ny is (potentially) smaller than ns, so that
it suffices for ns to satisfy ns > ng which leads to a smaller value of 15 in
this case. For comparison, the System Z ranking model of Aexy is given
by (Z(61),...,Z(65)) = (1,2,2,3,3) and assigns even lower ranks than
KZ’:‘xZ but it is not a c-representation.

Eventually, we note that Q"(A) orders the conditionals from A
w.r.t. their impact factors that refer to the minimal core c-representa-
tion of A.

Proposition 13. Let A be a consistent belief base, let n = |A|, and let
K¢ be the minimal core c-representation of A with if\ = (11,...,1,).
Further suppose Q"(A) = (Ay,...,Ay), and let 6; € Ay and §;€ A
where k,l € [m]. If k=1, then n; = nj, and if k <1, then n; <n;.

Proof. Let k=1. Then, 5; =5, follows directly from the definition
of minimal core c-representations, and because of (11). Now, let
I=k+1. Because n;€ Ay in this case, there is S’ e \7/» with
S’ c \Uk_, Ay such that (cf. Proposition 9)

D m=min{ Y m1S € V).
Spes’ SpEeS

If §'c U Ah, then ¢7“(6;) < Xg,es- 7 must hold. Otherwise, §;

would be in Ak Consequently,
=ghO)+1< Y m=min{ ) mi| S € V)<
opeS’ opeS

in this case. If §* ¢ Uz;i Ay, then there is 6, € S"N Ay and
=g < Z nh=min{2nh|S eV <n;.

S’ opeS
Hence, in both cases 7; < ;. Finally, let k <[. Then, there is s € N
with / =k+ s and for all p€{0,1,...,s} we can find Oty € Diap- With
the arguments above,

Ni = NMigyg < Mgyy < oo <Ny =70
follows. o
In the next section we use the minimal core c-representation to
define a novel inductive inference operation which we call c-core
closure.

5 c-Core closure inference

We define an inference operator which selects for each consistent
belief base A its unique minimal core c-representation «3.

Definition 13 (c-Core Closure). Let A be a consistent belief base,
and let A,B e L(X) be formulas. We define the c-core closure infer-
ence operator I"¢: A ¢ by ARMB ifA|~K;AncB (cf (5)) where K}*
is the minimal core c-representation of A.

c-Core closure inherits several inference properties that hold for
arbitrary ranking models, such as the satisfaction of System P and
(RM). Moreover, like skeptical c-inference, c-core closure fully
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complies with syntax splitting['®], and also with conditional syntax
splitting[28], and thus does not suffer from the drowning probleml(?7],
We prove this by showing that selecting minimal core c-representa-
tions for drawing inferences yields a so-called impact preserving
selection strategy.

Definition 14 (Selection Strategy for c-Representations!!$). 4 selec-
tion strategy is a mapping o A+ ij which assigns a vector ij € Nj to
each consistent belief base A such that ij is a non-negative integer
solution of CSP(A).

In general, selection strategies can assign impact vectors 7j to differ-
ent belief bases independently. The impact preserving property real-
izes the idea that these assignments should follow an overarching strat-
egy. This ensures that impact vectors of (specific) subbases can be
reused when computing the impact vector of the whole belief base A.

Definition 15 (Impact Preserving Selection Strategy(?8]). 4 selec-
tion strategy o is impact preserving w.r.t. safe splittings if and only if
for every consistent belief base A, and for every safe splitting
A Ugl,zz Ay | 23 of A it holds that o(A;) = o(A)la, for i € {1,2}.

We say that an inductive inference operator 7 : A Pvi is impact
preserving w.r.t. safe splittings if there is a selection strategy o that is

impact preserving w.r.t. safe splittings such that |~£: P @ for all

consistent belief bases A, where KZ(A)

is the c—representﬁtion of A
induced by o(A). According to Beierle et al.[28], every selection strat-
egy that is impact preserving w.r.t. safe splittings satisfies (CSynSplit)
and, therewith, also (SynSplit).

Proposition 14. The inductive inference operator 1™ is impact
preserving w.r.t. safe splittings, thus, satisfies (CSynSplit) and there-
with also (SynSplit).

Proof. Let A be a consistent belief base, and let A; U§1,22 Ay | Z5 be
a safe splitting of A. First, we prove o(A;) = 0(A)|s, where o is the
selection strategy which selects for every consistent belief base A’ the
impact vector 77, of the minimal core c-representation of A”.

For conditionals 6; € Ay, let V; and F; denote the constraint induc-
ing sets of 6; w.r.t. A, and let {7, and f, denote the constraint inducing
sets of §; w.r.t. A;. In a first step, we show V; = \Q/, Because of the
safeness property (6), for every S € V; there is S’ € V; with S’ € § and
S’NA; =0. This holds because for every S € V; there is w € Q(X)
with w € ver(§;) and fals(w) =S . The marginalization

wlz,nz; = /\ an /\ a
a€X| N3 : wka aeX| N3 : wha
of w on £; NZX; also verifies ¢; because this can be decided based on the
evaluation of the atoms in X, NX3; and, according to the safeness
property, wlz,nz, ca be extended to w’ € Q(X) with w’ | wls,nx, such
that fala,(w’) = 0. Hence, there is w’ € Q(X) with ' € ver(s;) and
fala(w’) € A; which implies the existence of S”.

Analogously, for every S € F; there is S’ € F; with S’ CS and
S’NA; =0. Hence, we can apply the transformation rules R1 and R2
to V; and F;, respectively, in order to remove all sets S € V; (resp.
S € F;) from V; (resp. F;) with S N A, # 0. By doing so, we obtain

Vi={S eV;|S CA}, Fi={S €F;|S CA}.
Because the result of the exhaustive application of R1-R6 to the sets

V; and F; for all §; € A results in V; and F; independently of the order
in which the rules are applied, we have

ﬁfzﬁ,’

V=V i
for all 6; € A;. Now, showing V/ = V; and F I= F; will finish the proof
of V; =V, because the transformation rules R1-R6 are applied to the
same constrained inducing sets then. The identities V; = V; and F ! = F;

are direct consequences of the safeness property (6), though. This is
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because every possible world w € Q(X) which leads to a set S € V; can
be marginalized to X, N X3, while maintaining the verification of §;, and
extended to a possible world that does not falsify a conditional from A,
such that . ¢ 48 And VL’ C V; holds by construction of V!. Analogous
arguments apply to F! = F;.

If we denote the constraint inducing sets of §; € A, with \7} and F,
and apply the same techniques to &; as well, we obtain V; = V; for all
d; € A, t00. As a side note,

CSP*(A) = CSP*(A;)UCSP*(Ay)
follows, where the constraints from CSP*(A;) do not mention impact
factors of conditionals from A, and vice versa.

Now, for §; € A, let n; be the impact factor of the minimal core c-
representation of A and, for ¢; € Ay, let #; be the impact factor of the
minimal core c-representation of A;. It remains to show n; =7j;.
According to Definition 11 and Proposition 9, we have

M = Gagnepy (0 + 1 =min{ 3 ;1S € Vij+1
o;€S )

. 2 U ~
=min{ 3 7;1S € Vi) +1 =gy 0 +1 =7
6;€S

Thus, o(A)la, = 0(A1) holds. For reasons of symmetry, the deriva-
tions above also hold when replacing A; with A, implying
0(Az) = 0(A)|a, and thus completing the proof. m]

In contrast to c-core closure and skeptical c-inference, System P and
System Z inference do not satisfy (CSynSplit) but only (CRel).

Proposition 15. The inductive inference operators I¥ and I?
satisfy (CRel) but not (CInd), and therefore not (CSynSplit).

Proof. Because I¥ and 77 do not satisfy (Ind), they neither satisfy
(CInd) nor (CsynSplit).

The proof that 77 satisfies (CRel) is analogous to the proof that 77
satisfies (Rel) in Kern-Isberner et al.['8]. Suppose A, U>s21,22 Ay |Z3isa
safe splitting of A. First, we show that A is consistent if and only if A}
and A, are consistent. The only if-direction is clear because A would
be inconsistent if A; or A, is inconsistent as supersets of inconsistent
belief bases are inconsistent. Now, assume that A; and A, are consis-
tent. Then, A| = A;\ Ay, A} = Az \ Ay, and A} = A; N A, are consistent
as well, and, according to Proposition 20 in the study by Beierle et

al.28] if N B
bl A/l b

i3 ;
I and KA’3 are c-representations of A{, A}, and A},

respectively, then « ) (up to a reindexing of conditionals) is a c-

(1.2
A
representation of A. Now, let ie{1,2}, let A,Be L(X;), and let
w € Q(Z3). Then Aw|~§B is equivalent to AU {((BlAw)} being inconsis-
tent (cf.[131), which again is equivalent to A; U {(B|Aw)} being inconsis-
tent because (BJAw) cannot be inconsistent with Aj, jel{l,2}, j#1,
due to the safeness property (6). Thus, Aw|~§B is equivalent to
Aa)|~£_B .

Also the proof that 77 satisfies (CRel) is analogous to the proof that
T7 satisfies (Rel) reported in the study by Kern-Isberner et al.l!8]. The
crucial point is that a conditional ¢ € A;, i €{1,2}, is tolerated by a
subbase A’ of A if and only if it is tolerated by the intersection A’ N A;
because each possible world w; € Q(2(A;)) can be extended to a possi-
ble world w € Q(X) such that no conditional from A"\ A; is falsified
which is due to the safeness property (6). This implies that the parti-
tioning sets of the Z-partition of A are unions of the partitioning sets of
the Z-partitions of the subbases A; and A, (note that due to the safe-
ness property (6) all conditionals § € AjNA; are tolerated by A and,
hence, are tolerated in the lowest partitioning set of both the Z-parti-
tion of A as well as the Z-partition of A,). Therefore, for ¢ € A;, we
have Zx(6) = Za,(6), i €{1,2}, and it is straightforward to check that
Kii = KiIE, ]
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Like System Z and skeptical c-inference, c-core closure violates
(SM) (cf. Example 10). With weak semi-monotony (wSM), we propose
a novel variant of (SM) which coincides with (SM) for the special case
A = T and which is satisfied by c-core closure:

(WSM) T|~‘A—B and A € A" implies T|~£,B

Proposition 16. Like System P, System Z, and skeptical c-inference,
c-core closure satisfies both (CP) (cf. Section 2), and (wSM).

Proof. (CP): In case of System P, the proposition becomes trivial.
Now, let T be either 72, 7¢, or ™. For a ranking model « of A, we
have A, L if and only if (L) <«(A) or k(A) =co by definition.
Because oo =«k(L) <k(A) is always false, Al~,L if and only if
k(A) = co follows. Further, because c-representations as well as the
System Z ranking model assign finite ranks to formulas A that are
satisfiable, A = L must hold. Hence, if A|~’A( 1 for X € {Z,c,mc}, then
A =1.Because L~ L for all ranking models « of A due to (L) = oo,
LB L (resp. ARE 1) follows. The other way around, from AR® L it
follows that L|~, A for all ranking models k of A and, thus, also for all
c-representations and the System Z ranking model of A from which
A|~’A( for X € {Z,c,mc} follows.

(WwSM) : In case of System P, (wSM) directly follows from the fact
that System P satisfies the stronger postulate (SM). Now, let 7 be
either 7%, 7¢, or 7. For a ranking model « of A, we have TjB if
and only if k(B) < k(B) which implies 0 < x(B). That is, all models w
of B falsify at least one conditional in A, say 0;, - This remains true if
A is enlarged to A’. Then in case of System Z,

K ()= max Zn(8)=Zy(6;,) 2 1,
sefaly (w)

and in case of c-core closure,

Knr (w) = Z nizn, =1
siefaly (w)

Hence, in both cases KX (B)>0 (X e€{Zmc)) and, necessarily,
k%,(B) =0 so that T~ B follows The argumentation for skeptical c-
inference is a bit more sophisticated because we have to show that for
general c-representations 7;,, > 0 holds. Assume that for all w € Q(X)
with wE B and for all §; € faly (w), n; =0 would be true. Then,
because of (3), necessarily

min{ )" 7;18 € F;} > min{ )" n;|$ € Vi)
o;€S 0j€S

However, there is S = fala (w)\{d;} in F; for which Zf’/ES nj=0

holds by assumption. Therewith, min{zéfes n;i|S € Fi} =0 follows.
Consequently, '
0>min{Z njlS €Viy=0,
6;€S
which is a contradiction. Thus, T|~¢, B also holds. m]

Proposition 16 states, among others that the System Z ranking
model and c-representations maintain most plausible beliefs when A is
extended. That is, in terms of the minimal core c-representation, if
A C A, then Bel(x) C Bel(x}y).

Example 10. We consider the belief bases A¢xz ={61,62} and

A = Aex3 U{03} with

ex3
61 = (bla),
Then (cf. Table 4),
CSP+(Aex3) = {77] > O, m > O}:
CSP*(AL,5) = {m > min{n2,m3}, 72 > 0, 13 > min{;,72}},

6y =(clb), b3 =(cla),

so that the minimal core c-representations are given by the impact
ine, = (L) and e =(2.1.2),
representatlons themselves are shown in Table 4. While a|~’"‘

vectors respectively. The c-

¢ holds
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(ac) =0<1= ch (aE) we have @ %XVC ¢ because of

KyY (ac) 2> 1 = K”’C (ac) (even a|~’"“ ¢ holds) which proves that

because of K’”C

I e does not satisfy (SM) in general. However for the most plausible
beliefs, we have

Bel(Kye,,) = Cn(abe va(bV ) € Cn(@(b Vv c)) = Bel(ky ),

where, Cn(A) is the deductive closure of A € L(X), which is in com-
pliance with (WSM).

Eventually, we note that c-core closure satisfies weak rational
monotony (WRM), and also rational monotony (RM) (cf.[2)). This is
worth mentioning because it distinguishes c-core closure from skepti-
cal c-inference which satisfies (WRM) but violates (RM).

Proposition 17. c-Core closure satisfies rational monotony (RM)
and, therewith, also weak rational monotony (WRM).

Proof. Because each ranking model satisfies (RM)U4], this also
holds for «}¢ from which the satisfaction of (RM) and also of (WRM)
for 7" follows. mi

Note that System P inference does not satisfy (WRM) as the next
example shows.

Example 11. Let Ao,y = {(b|T)}. Then, T}wim
and the ranking model k of Aexs With

b holds due to (DI),

«(ab) =2,
holds because of the

kaby=1,  «@b)=1,
holds, too. However, a %ZM

k(ab) =0,
proves that T %im a
model K of Aexa With
K(@b)=1,  K(ab)=

K(ab)=2,  K(ab)=1,

for instance.

Table 5 gives an overview of the inference properties which are
satisfied or violated by the inference formalisms mentioned in this arti-
cle. It shows that c-core closure differs from all the other inference
formalisms w.r.t. its properties. We demonstrate this by revisiting the

Table 4. Minimal core c-representations of Agyx3 and A; 3 from Example 10.

w very . (w) faly (@) K’A";s (w) A, . (w)

abc {61,02} {03} 0

abc {01,03} {02} 1 1
GBC 0 {61 5 63} 1 4
abe {03} {61} 1 2
abc {62} 0 0 0
abc 0 {02} 1 1
abc 0 0 0 0
abc 0 0 0 0

Table 5. Inference properties which are satisfied (v') or violated (—) by the
inductive inference operators mentioned in this paper (System P inference 77,
System Z inference IZ, skeptical c-inference 7€, and c-core closure 7).

IP IZ Jc Jme
System P v v v v
(WSM) v v v v
(SM) v - - -
(Rel) v Ve v v
(Ind) - - v v
(SynSplit) — - V4 v
(CRel) v v v v
(CInd) - - V4 v
(CSynSplit) - - V4 v
(CP) v Ve v v
(WRM) - v v v
(RM) v - v
Page 13 of 17
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Tweety example from the beginning.

Example 12. We extend the Tweety example from Example 1 by the
conditional 64 = (e|b) ('birds usually have beaks'), and consider the
belief base Avspe = {01,...,04} with

Si=@®lp), &=, &=(flp.  Si=(elb)

over the signature X ={b, f, p,e}. Table 6 shows which conditionals are
verified and falsified in the possible worlds in Q(X) from which the
(reduced) constraint inducing sets of Aptpe are derived (Table 7). The Z-
partition of Avepe iS Z(Apspe) = (A1, A2) with Ay =1{62,04} (mentioning
the general beliefs about birds) and Ay = {6,,03} (mentioning the more
specific beliefs about penguins). Hence, according to our definition, the
Z-ranks of the conditionals in Avspe are (Z(61),...,2(64)) = (2,1,2,1),
and the corresponding System Z ranking model Kibfpe of Agpe is shown
in Table 6. Further, in this example, the canonical generalized tolerance
partition of Avepe coincides with the Z-partition and the impact vector of
the minimal core c-representation is also ﬁg";fpe =(2,1,2,1). (The
constraint satisfaction problem CSP(Apgpe) equals CSP(Apgpe) and is
given by n; > minfn,,n3} and 1, > 0 and 3 > min{r;,7,} and 14 > 0.)
However, the minimal core c-representation K’A”sfpe of Avspe differs fiom
the System Z ranking model as the impact values are processed
differently from the Z-ranks (they are summed up instead of maximized;
¢f. Table 6). Table 6 further shows another c-representation bifpe of
Avgpe Which is induced by 77 = (2,1,2,4).

Because Kibfpe (pe)=1+¢1= Kibfpe(pz), one has Apge I (e|p)
which proves that System Z suffers from the drowning problem (birds
do not inherit having beaks to penguins because penguins are excep-
tional birds). An immediate consequence is that also in System P the
conditional (elp) cannot be inferred from Apspe and the drowning
problem is present there, too. In contrast, K" (pe) =1<2 =«"(pe)
and Avspe" (elp). illustrating that c-core closure does not suffer
from the drowning problem. The same can be shown for skeptical
c-inference. Nevertheless, c-core closure differs also from skeptical
c-inference. For instance, Avgpel"" (bI(bV p)fe) ('if an individual is a
bird or a penguin, can fly, and has no beak, then it is usually a bird’)
because f’””(bj?) =1<4 = /i”‘c(bfpé), but Apfpe (0| (bV p) f2)
because K'(bfe)=4«4=«1(bfpe) wrt 17=2,1,2,4), and the in-
ference has to hold for all c-representations to ensure skeptical c-
inference.

At this point, it is worth noting that the satisfaction of inference
properties is not inherently desirable; rather, their value depends on the
application. For example, semi-monotony can be seen as a very strong
property of a nonmonotonic inference operator that may be advanta-
geous in some contexts, but undesirable in others.

In the study by Casini et al.[?%], inference relations which satisfy
System P, (RM), and (CP) are called basic defeasible entailment rela-
tions. Therefore, c-core closure can be classified as a basic defeasible
entailment operator. In summary, c-core closure benefits from the
simple structure of the minimal core c-representations which are strati-
fied like System Z while it inherits beneficial properties from the more
complex framework of general c-reasoning.

6 Discussion and related work

In the light of minimal core c-representations, the transformation
rules R1-R6, which help simplify the constraint satisfaction problems
induced by c-representations, appear to be relevant even from a struc-
tural point of view. First, rules R3-R5 remove irrelevant dependen-
cies among the conditionals before pruning the F;-part of the
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Table 6. Verified and falsified conditionals from Apspe as well as the System Z

ranking model Ki , the minimal core c-representation KN, and the c-
bfpe bfpe

representation bif induced by 7 = (2, 1,2,4) (cf. Example 12).
pe

w  verp, (W) fala, (W)

e @ K@) (@)

Avs, Abtpe Abspe
bfpe  {61,62,04} {03} 2 2 2
bfpe {61,062} {63,064} 2 3 6
bfpe {62,064} 0 0 0 0
bfpe {62} {64} 1 1 4
bfpe  {61,63,64} {62} 1 1 1
bfpe {01,03} {02,04} 1 2 5
bf pe {04} {62} 1 1 1
bfpe 0 {62,064} 1 2 5
bfpe 0 {61,065} 2 4 4
bfpe 0 {61,063} 2 4 4
bfpe 0 0 0 0 0
bfpe 0 0 0 0 0
bfpe {63} {61} 2 2 2
bfpe {63} {61} 2 2 2
bfpe 0 0 0 0
bfpe 0 0 0 0 0

Table 7. (Reduced) constraint inducing sets of the conditionals in Apgpe (cf.
Example 12).

5,‘ V,' Fi ‘A/i ﬁ,‘
01 =(lp) {{62}.{02,04},{051,103,04}  (0,{c5}} {2}, {63}} {0}
02=(f1b)  {0,{03},{63,04},{04}} {0.{64}} {0 {0
83 = (flp) {{61},{02},{02,64}} {0,{61},{04}} {{o1).{62}} {0}
04 = (elb) {0,{62},{03}) {0,{62},{63}} {0} {0}

constraints for defining core c-representations (see Example 5 and the
remarks afterwards). Note that R2 is also indirectly relevant here
because it may remove irrelevant information from the F;-part of the
constraint satisfaction problems before applying the other rules.
Second, rules R1 and R6 anticipate the aim of minimizing ¢ZQ ( A)((5,) in
(11) when constructing the canonical generalized tolerance ”partition.
This means that the minimization process in (11) can be considered as
a general extension of R1 and R6 that is able to take also numerical
(not only structural, like R1 and R6) peculiarities of the minimization
process into account. In summary, after applying R1-R6 exhaustively,
the information contained in the reduced constraint inducing sets V;
and F; can be considered to be particularly relevant for constructing
(core) c-representations.

Core c-representations KZ’C are positive in the sense that 7; > 0 for
i € [n] holds (cf. Proposition 3). This means that every conditional in
A has a significant impact on KZ””. However, there might be cases in
which impact factors 7; = 0 are reasonable. This is the case when there
are 'redundant' conditionals in A where it appears to be debatable if
they should increase implausibility ranks additionally, like in the next
example.

Example 13. We consider the belief base
Aexs = {(cla), (clab),(clag)}. Then, CSP(Aeys) consists of the constraints

m > —min{n,,n3}, m>-n, M3 > N,
and has the pareto-minimal solutions (1,0,0) and (0,1,1) (cf Table §),
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yielding the same c-representation k. If we look at Table 8, then we
see that only the possible worlds abc and abc are penalized, either by
m +n2 or by ni+n3. This and the fact that (0,1,1) is a non-negative
integer solution of CSP(Aeys) can be interpreted as 6, being redundant
because the penalization by 1, can be mimicked by the impact factors n,
and n3, so that 6, could be removed from Aeys without altering the set of
c-representations. The minimal core c-representation of Aexs is
characterized by ﬁgl:xs = (1,1, 1) which penalizes abc and abe seemingly
unnecessarily twice, though.

Example 13 suggests to remove redundant conditionals from belief
bases before performing core c-reasoning. However, clarifying what
'redundant' means, besides the semantical equivalent conditionals
which we already excluded in this paper, is a hard problem in general.
For instance, in Example 13, it is not easy to decide which of the
conditionals are in fact redundant. For building up the c-representa-
s> DOth {(cla)} and {(clab), (clab)} would be enough. {(cla)}
could be preferred if one is interested primarily in general, abstract
beliefs, while {(clab), (clab)} expresses more detailed beliefs. If beliefs
have to be changed, differences become even more apparent. Assume
that in Example 13, the agent wants to change her beliefs by adopting
the conditional (clab). For the belief base {(cla)}, integrating this
exception is easily done, a classical case of nonmonotonic reasoning.
However, the belief base {(clab),(clab} faces a plain contradiction
between (clab) and (clab) if explicit beliefs are considered. This might
require deeper contemplations how exactly this revision should be
done. For more intense discussions and technical approaches for
handling such cases, cf.[32].

As an alternative, in the study by Goldszmidt et al.’3] the authors
define a subclass of belief bases, the so-called minimal core sets,
which exclude belief bases A where n; =0 for conditionals §; € A is
possible.

Definition 16 (Minimal Core Setl*3)). 4 consistent belief base A is a
minimal core set if for every conditional (BJA) € A its negation (BlA)
is tolerated by A\{(B|A)} or, equivalently, if for every (B|A)eA
there is a possible world which falsifies (B|A) but no other
conditional from A.

In other words, A is a minimal core set if and only if @ € F; for
i €[n]. An example of a minimal core set is the belief base Apspe in
Example 12. For minimal core sets, (4) coincides with (7) and we have
the following proposition.

tion K

i
A

sentation of A if and only if'it is a core c-representation of A. Conse-
quently, A has a unique minimal c-representation, namely the mini-
mal core c-representation K.

Proof. Because for minimal core sets A (4) coincides with (7), a
ranking model of A is a c-representation of A if and only if it is a core
c-representation of A. As «} is minimal among all core c-representa-
tions of A it directly follows that «}¢ is also minimal among all c-
representations of A in this case. mi

Minimal core sets do not precisely characterize the belief bases
which enforce the impact factors to be positive, though, and,
conversely, not all belief bases which allow for non-positive impact

Proposition 18. Let A be a minimal core set. Then k| is a c-repre-

Table 8. Verified and falsified conditionals from Agys5 in Example 13.

w very (w) faly ,(w) w very (w) faly ,(w)
abc {01,02} 0 abc 0 0
abc 0 {01,02} abc 0 0
al_)c {01,03} (0] ﬁzc 0 0
abc 0 {61,063} abc 0 0
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factors automatically involve 'redundant' conditionals (cf. Example 5
in the study by Goldszmidt et al.[’3]). Thus, a thorough investigation of
this issue remains for future work.

The main topic of the study by Goldszmidt et al.[33] is the deriva-
tion of a ranking model «* of a consistent belief base A from the e-
semanticst3* of conditionals, and the principle of maximum entropy[*3]
from probability theory. The basic idea is to consider a set of parame-
terized probability distributions {£7} over Q(X) with parameter € >0
where each distribution $ is an e-model of A, ie., it satisfies
P:(BilA)>1-€¢ for i€[n], and maximizes the entropy
HPe) = = Y wear) Pe(w) - logP(w) among all e-models P of A.
Then, «* is the ranking model of A which satisfies Aj~,+B if and only
if lim._,oP%(BJA) = 1. Goldszmidt et al.33] study this ranking model,
especially for minimal core sets A, and it turns out that «* is given by
K'(W) = Vg etar ) Z (0:), where Z*(6;) = min,eyver(s;) K (w) + 1 in this
case (cf. (18) and (19) in Goldszmidt et al.33]). This coincides with the
definition of minimal core c-representations provided that no
constraint reduction is applied (cf. Definition 11). This is not by coin-
cidence. Actually, both maximum entropy distributions and c-repre-
sentations rely crucially on the principle of conditional preservation(?]
that determines their structure. While «* in the study by Goldszmidt et
al.33] originates from considering limits in probability theory, c-repre-
sentations make a shortcut here by building upon the principle of
conditional preservation for ranking functions directly. Hence, c-repre-
sentations in general and minimal core c-representations in particular
generalize the ranking model «* from the study by Goldszmidt et al.33]
to arbitrary consistent belief bases and fully embed it into the theory of
c-representations so that we provide a more convenient access to «*
without the need to consider its probabilistic background.

7 Conclusions

With core c-representations we identified a subclass of c-representa-
tions which constitute a family of ranking models of symbolic condi-
tional belief bases with particularly good inference behavior. Core c-
representations are easier to compute than general c-representations as
the underlying constraint satisfaction problem is stratified while the
constraint satisfaction problems of general c-representations may
involve cyclic dependencies. As a consequence, core c-representations
provide a unique minimal ranking model of a conditional belief base,
which makes it possible to define a novel, model-based inference oper-
ator that selects for each consistent belief base its minimal core c-
representation. We prove that this c-core closure inference operation
constitutes a basic defeasible entailment operator according to the
study by Casini et al.?’], and differs from System P inference,
System Z inference, as well as skeptical c-inference. c-Core closure
inference synergizes all good properties of c-representations, complies
with conditional syntax splitting, and avoids the drowning problem,
while also satisfying rational monotony (RM) and implementing the
idea of minimality, i.e., maximal plausibility, in a unique way, for the
first time.

In future work, we want to investigate to what extent ideas from the
construction of the minimal core c-representation can be transferred to
the computation of general c-representations. We would also like to
investigate complexity issues, and the question whether there is an
axiomatization of c-core closure. A further research direction is to
analyze how core c-representations behave under belief change, espe-
cially (iterated) belief revision, and we are also interested in a compar-
ison of c-core closure with other inference formalisms that have
proven to be inferentially strong such as lexicographic
entailment3937), and System W138.39],
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