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Abstract

We investigate the generalization of causal models to the case of indeterministic causal laws that was suggested in Halpern (2000). We give an overview of what
differences in modeling are enforced by this more general perspective, and propose an implementation of generalized models in the style of the causal team
semantics of Barbero & Sandu (2021). In these models, the laws are not represented by functions (as in the deterministic case), but more generally by relations.
We point out significant differences in the indeterministic vs. the deterministic case, both for what concerns the axiomatization of counterfactuals and the
definability of causal notions in terms of them. We notice, for instance, that the notions of parenthood and direct cause, differently from the deterministic case,
come apart. We provide two main strongly complete axiomatizations, one for the class of indeterministic causal models and one for their team generalizations,
which can also represent uncertainty about the state of the system. Then, we also identify axioms that allow specializing the axiomatizations to a number of
significant subclasses, characterized by properties such as acyclicity, totality and determinism of the causal laws.We also see that a minor change in the notion of
signature of the models has a dramatic impact; in particular, it makes so that the deterministic subclass of models become undefinable in the usual Halpern-style
counterfactual language. We see that the definability of determinism can be recovered either by a restriction of the class of models, by allowing right-nested

counterfactuals, or by introducing an operator for information update.
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1 Introduction

When the existence of causal laws is considered at all, the discus-
sion of causality in the philosophy of science tends to focus on deter-
ministic causal mechanisms, which uniquely determine an effect given
full knowledge of the causes. The restriction to deterministic laws is,
in some cases, a deliberate choice to avoid technical complications
(see, e.g., Paul et al.[l; section 4.3), as many important and sometimes
puzzling aspects of causation already emerge at this level. However,
often, the laws considered in applied sciences are not of this kind. A
physical law may allow us to predict, for example, that

A cannonball shot at a certain angle will fall within a certain range.

In contrast to more idealized laws of mechanics, this kind of law
tells us that, even without taking into account some factor that is not
mentioned by the law (such as the direction or intensity of the wind),
we can predict that the effect will (quite literally) fall within a certain
range of possible values. These kinds of causal dependencies are
discussed at length, e.g., in Bohm's book Causality and chance in
modern physics'?), chapter 1.7, under the name of one-to-many causal
relationships.

Note that in the cannonball example, the law is indeterministic due
to the impossibility of taking into account all factors, i.e., it accounts
for epistemic limitations; the indeterministic law might, e.g., just be a
rough approximation of an underlying deterministic law. On the other
hand, many physicists would think that the following statement
expresses an irreducibly indeterministic law about the behaviour of a
particle:

If an atom of silver passes through a Stern-Gerlach apparatus, it will
be detected in either of two specific areas of the screen.

In other words, a physical law may tell us that the specifics of the
outcome of a certain experiment are unpredictable in principle, even if
we had a complete knowledge of the initial conditions of a physical
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system. In this case, an indeterministic law tells us that the particle will
be detected somewhere within two areas, but nothing more. Indeter-
ministic laws do not just arise within scientific theories, but also
justify everyday statements such as

If I toss the coin, it will land on heads or tails.

Far from being a platitude, such a statement implicitly assumes an
indeterministic causal law, which allows two values for the future state
of the coin, while excluding other alternatives (such as "the coin stay-
ing in my pocket" or "the coin breaking into pieces"). Notice also that
all these examples do not require probabilities for their formulation
and justification. We might not know what probabilistic distributions
are involved, or, in some context, it might even be mathematically
impossible to associate a probability distribution to a given pheno-
menon (see e.g., Wysocki's workB3! for some examples of this kind).
Thus, probabilistic laws are only a special case of indeterministic laws.

In the last decades, causal reasoning has been mathematically
formalized in the fields of statistics and computer science known as
causal discoveryl*] and causal inferencel®], which have found applica-
tions, e.g., in machine learningl®’], epidemiology!®], econometricsll,
and social sciences[!?]. Do indeterministic laws feature in these
approaches? There are two main types of models considered in this
context. The first are the Bayesian networks; these consist of proba-
bilistic distributions paired with graphs, and are intrinsically indeter-
ministic models; but laws or mechanisms are not specified in any way
by such models. Instead, structural equation models (or causal
models), use systems of equations to encode the causal laws that link
together the relevant variables of the scenario under examination. The
equations take the form:

Y:= f(Xl,‘-an)

where the term f(Xi,...,X,) stands for a function of the variables
Xi,...,X,. The equations, together with some information about the state
of the variables, allow one to formulate and often answer queries about
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the deterministic and probabilistic behaviour of the variables. A
significant example of such a query is establishing the truth or falsity of
an interventionist counterfactuall''l:

If variables Zi,...Z, were set to values zj,...z,, then condition
would hold.

These kinds of expressions can be studied with the methods of
logic. The classic work of Halpern[!%13] provided a wealth of complete
deduction systems for classes of causal models, and the idea has since
been extended in various directions!!*24, Now, the very fact that
causal laws are represented by functions amounts to a restriction to
deterministic laws. The natural way to extend these kinds of models to
the indeterministic case is to replace these functional constraints with
relational constraints. If we write Ry for the causal law describing the
behaviour of variable Y, we shall interpret the statement that
(x1,...,X,,Y) € Ry as expressing the fact that, if variables Xj,..., X, are
set to values xy,...,x,, then Y might take the value y (but it might also
take any other value y’ such that (xy,...,x,,Y") € Ry). Equivalently,
we can recover the equational form by encoding the causal law as a
multivalued function Fy that associates to each tuple of values for
Xi,... X, aset of possible values for Y.

The possibility of such an extension is hinted at by Halpern in
the conclusions of his paper on the axiomatization of interventionist
counterfactuals:

(...) a more general approach to modeling causality would allow
there to be more than one value of X once we have set all other vari-
ables. This would be appropriate if we model things at a somewhat
coarser level of granularity, where the values of all the variables other
than X do not suffice to completely determine the value of X. I believe
the results of this paper can be extended in a straightforward way to
deal with this generalization, although [ have not checked the
details!2),

Perhaps stating that this generalization is "straightforward" discour-
aged researchers from pursuing this direction: or was it the discovery
that, after all, the details are not so straightforward? To the best of our
knowledge, the idea has been taken up again only in 2021, when
Peters and Halpern[!7-23] introduced the more complex framework of
generalized structural equation models (GSEMs). In that context,
causal laws are not mentioned at all, but it is evident that indeterminis-
tic causal laws can be modeled in a GSEM as a special case. More
recently, a simpler framework, closer to Halpern's original idea for
extending causal models, was considered by Wysockil’l, who provided
a cursory examination of the differences between deterministic and
indeterministic counterfactuals”. The purpose of the present paper is
to sharpen the understanding of the logic of interventionist counterfac-
tuals in the indeterministic (but not probabilistic) context and ulti-
mately provide complete axiomatizations for significant classes of
indeterministic causal models. The models we use (relational causal
teams) are a generalization of the causal teams proposed in Barbero &
Sandul?!! and are somewhat more general than those of Wysocki (one
key difference being that our models—Ilike structural equation
models—do not necessarily obey the Markov condition®). In section
2, we will describe, in general terms, some key differences between
deterministic and indeterministic frameworks, and how they will affect
our modeling choices. We then use the insights just gained to provide
(section 3.1) a precise definition of indeterministic models. We then
introduce (section 3.2) a language H similar to those considered in
Halpern's workl!2], and its extension H* that also allows right-nesting
of counterfactuals. In section 4, we provide a strongly complete
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axiomatization of language H over the class of all singleton models
(of a given signature); this allows us to make a direct comparison with
the usual case of deterministic causal models. Later, section 6 provides
an axiomatization of H™* over the class of all models; section 5 lays
down some necessary technical tools for the proof, by clarifying which
models are indistinguishable using H or H*, and explaining to what
extent the causal laws can be described in these languages. In section
7, we analyze notions such as parenthood, direct cause, and (non-)
dummy arguments, we see that (differently from the deterministic
case) they come apart, and investigate their mutual relationships. Some
of these insights help us produce complete axiomatizations for models
where cyclic causal relationships are forbidden (section 8); more
precisely, we axiomatize two classes of models that we call, respec-
tively, strictly recursive and visibly recursive. In section 9, we axioma-
tize two other interesting subclasses, that of deterministic models
(those in which the causal laws associate at most one output to each
input value for the parents) and that of fotal models (where the causal
laws associate at least one possible effect to each input value for the
parents). We also see that the recursive class of models, which forbids
cycles of direct causation, can be axiomatized relatively to the class of
total models. Combining all these results, we obtain an alternative
axiomatization for the (usual, deterministic) recursive causal models.
In section 10, we consider a slight variation of the framework, which
adopts a notion of signature closer to that which is often used in the
philosophical literature. Such simplified signatures only fix a variable
domain and the allowed value ranges for the variables; they do not
decide which variables are going to be associated with a causal law.
While the use of such signatures is tempting, as it can potentially lead
to more general completeness results, we see (section 10.1) that, in the
indeterministic context, it leads to a barrage of undefinability results
(which, among other things, prevent us from extending the axiomatiza-
tion strategies used in the rest of the paper). Some of these
results—e.g., the undefinability of direct cause—extend to full signa-
tures. Others, like the undefinability of the deterministic class of
models, affect H only if simplified signatures are adopted. We show
three different strategies for recovering the definability of determin-
ism while keeping the simplified signatures: First, we see it is again
definable if we restrict attention to singleton models (section 10.2).
Second, we see the definability is regained if one allows for right-
nested counterfactuals (section 10.3). Third, the same is achieved by
extending H with a second conditional operator which describes
learning or information updates (section 10.4); we analyze the poten-
tial axioms and rules for this language extension. Lastly, in section 11,
we compare our approach and results to the recent literature on inde-
terministic counterfactuals.

The reader who is interested in the conceptual aspects of indeter-
ministic causation and counterfactuals but not in the technicalities of
proving the completeness results can pick the following shorter route:
reading sections 2, 3, the first two pages of 4, sections 7, 8, 10, and 11.

2 Differences with the deterministic case

We describe here a few differences and challenges that arise when
trying to describe models that are not limited to deterministic causal
laws.

We need to introduce some notational conventions, for which we
follow uesage from the field of causal inference. We adopt capital

(D There is also recent work by Beckers!”>*"] inspired by the conference version of this paper. We will discuss it in section 11.
(@ Which, in the context of non-probabilistic models, amounts to the fact that there may be data dependencies among exogenous variables.
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letters X,Y,... to denote variables, which are used e.g. to represent
magnitudes such as pressure, temperature, etc.; binary variables may
also be used to represent whether an event occurs or not. The values
that a variable X may take will be denoted by small letters such as
x,x’,x"". We use atomic formulas of the form X = x to assert that (in a
given context) X takes the value x; the set of atomic formulas of
signature o will be denoted by Atom,. We assume that the variables
come from two disjoint finite sets & (external variables) and 7 (inter-
nal variables); we write Dom for &U 7. Intuitively, the internal vari-
ables are those whose causal laws will be described by the models,
while the external variables are those whose causes are not further
analyzed.?’ Furthermore, we assume the existence of a function Ran
that associates to each variable X a finite set Ran(X) of possible
values. The triple (&,7,Ran) is called a signature. An assignment of
signature o = (&,7,Ran) is a function that assigns to each variable an
allowed value (i.e., a function f:Dom — |Jyepom Ran(V) such that,
for all VeDom, s(V)eRan(V)). We call A, the set of all such
assignments.

Boldface letters such as X, x denote (depending on the context)
either finite sets or finite tuples of variables, resp. of values. If
X =(Xy,...,X,), then Ran(X) abbreviates Ran(X;) x---xRan(X,,). If
furthermore x = (x,...,x,), we abbreviate as X = x either a multiset
of atomic formulas X; = xy,...,X, = x, or their conjunction. When X
is a nonempty tuple of variables and s is an assignment, s(X) denotes
the tuple of values that s associates to the variables in X.

We use W, resp. Wy, Wyy to denote tuples listing without repeti-
tions the variables in Dom, resp. Dom \ {X},Dom \ {X, Y}.

2.1 Uncertainty

While working with deterministic causal laws, it has been custom-
ary to describe a scenario by means of an assignment of values to the
variables of the system.? This may be appropriate, in some cases, also
in the presence of indeterministic laws. Consider the scenario "Alice
tosses a coin, and it comes out heads"; we would model it by one
causal law (saying that the coin tossing will lead either to a "heads" or
to a "tails" outcome) together with the following assignment:
A 3 C
1 ‘ heads
where the Boolean variable A tells us whether Alice tossed the coin
(A =1) ornot (A=0), and C records the outcome of the toss; we drew
the symbol 3 to emphasize that A is an indeterministic cause of C.
However, one might also want to model the scenario "Alice tossed a
coin". The indeterministic law does not allow us to infer the outcome of
the toss; thus, to represent this kind of scenario, we need two
assignments, describing the two alternative situations that are not
excluded by the description of the scenario:

A 3 C
1 heads
1 tails

These kinds of considerations lead us to shift attention away from
causal models to the more general causal teams!?8), models which
allow sets ("teams") of variable assignments compatible with the
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causal laws. This perspective is not alien to the previous literature on
causal inference: it is implicit, e.g., in the treatment of interventions in
the presence of cyclic causal laws. Even when considering a full
description of a scenario (i.e., a single assignment), such an interven-
tion may produce a multiplicity of possible new scenarios!!!-12],

In the presence of indeterministic causal laws, the need for teams
also emerges when asking counterfactual queries about a fully
described scenario, e.g., "Alice did not toss and the coin is still in her
pocket". If we want to know what would have happened if Alice had
tossed the coin, we will need to consider an intervention that sets A to
1 (do(A = 1)), which produces the same 2-assignment model that we
considered in the second scenario.” We thus see that the class of
causal models is not closed under interventions: intervening on an
(indeterministic) causal model produces an (indeterministic) causal
team. Our definitions will ensure that the class of indeterministic
causal teams is closed under interventions.

2.2 Specifying the causal laws

In the deterministic case, the causal laws can be specified in at least
two different ways, which are, for most purposes, equivalent:

1. First, pick out some variables, which will be considered endoge-
nous. For each endogenous variable V, we specify which other vari-
ables are direct causes or parents of V; call this set PAy. We then,
specify the law for V as a function ¥y : Ran(PAy) — Ran(V).

2. Assign to each variable V a function ¥y : Ran(Wy) — Ran(V).
Obser that some of the variables of Wy are dummy arguments of ¥y ;
define PAy as the set of variables of Wy that are not dummy for Fy.
Define the set of endogenous variables as those whose parent set is
nonempty.

The first approach is more natural and direct, but it has technical
disadvantages: prominently, the fact that it allows a proliferation of
essentially equivalent® models (for example, we might have two
models that differ only in that, in the former, variable Z is generated
by the law Fz(X,Y)=X+Y, while in the latter, the law is
Fz(X,Y, U V,W)=X+Y, ie., the same function with three dummy
arguments). For this reason, in technical papers the second approach is
usually preferred.

Analogously, in the indeterministic case, we might want to encode
the laws as relations in Ran(PAy)xRan(V) or, instead, in
Ran(Wy)xRan(V). Unfortunately, in the indeterministic case,
Approach 2 seems not to be viable. We consider two examples that
raise problems for this approach.

Example 2.1 (Jumpin' Alice). In this scenario, we have Boolean
variables A (whether Alice jumps), B (whether Bob tosses a coin), and
C representing three possible states of the coin (whether it is on
heads, tails, or stays in Bob's pocket). Suppose we represent the causal
law  determining the state of the coin by the relation
Fc € Ran(A) xRan(B) xRan(C), F¢ = {(0, 0, in-pocket), (1, O, in-
pocket), (0, 1, heads), (0, 1, tails), (1, 1, heads), (1, 1, tails)} . Suppose
also that we know that Alice did not jump, B tossed the coin and it
came heads:

A B C
0 ‘ 1 ‘ heads

(3 The more common terminology, distinguishing between exogenous and endogenous variables, will be (re)defined later.

@ At least, this has been most common in the philosophical literature; but also e.g., Halpern's work['], section 2.7 follows this convention.

(6 We will assume that the same team is produced by the intervention do(A = 1) when applied to our initial scenario "Alice tossed the coin and it came heads." i.e., when
considering a subjunctive conditional with a #ue antecedent, we will also use non-actual worlds in the evaluation of the statement. This move seems justified because, in
any case, the "actual world" cannot really be obtained via the intervention do(A = 1); rather, we obtain (one of the) worlds in which Alice's toss is dictated by an external
intervention and not by its natural causes. As observed in Briggs's work!'¥], causal models do not even satisfy weak centering.

(© In the sense that two such models are not distinguishable by any reasonable formal language of interventionist counterfactuals.
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Suppose we intervene on the system by forcing Alice to jump.
According to Halpern's definition of intervention!’3], the possible
scenarios after such an intervention are those that agree 1) with the
law, 2) with the condition A =1, or 3) with the current state of the
exogenous variables”® (different from A), i.e., B=1, There are two
assignments consistent with these conditions, namely:

A B C
1 1 heads
1 1 tails

In other words, forcing Alice to jump—or imagining her to counter-
factually jump—makes us to lose information about the outcome of a
coin toss. This may be unwanted, for example, if Alice's and Bob's
feats take place, simultaneously, on distant planets.

There seems to be a straightforward way to address this problem. If
Alice's and Bob's deeds are obviously unrelated in the scenario we
wish to model, then A should not be treated as a direct cause of B
(nor, more generally, there should there be a path of direct causes from
A to B). This can be guaranteed using the Approach 1 outlined at the
beginning of the section. Now, it seems reasonable that an interven-
tion on a variable A should only affect variables that are (directly or
indirectly) causally dependent on A. Then, we should reject the second
assignment in the table, which modifies the value of C, a non-descen-
dant of A. To this end, we will adopt a definition of intervention in the
style of Barbero & Gallianil3%], which, differently from Halpern's, does
not violate this constraint on cyclic models.

There is more. As the following example shows, and contrarily to
what happens in the deterministic case, identifying the dummy argu-
ments of the relational laws is not sufficient for identifying the direct
causes and parents of a variable.

Example 2.2 (Two-coin Bob). In this scenario, Bob has two coins,
say coin 1 and coin 2, and may toss one of the two (B=1 or B=2).
Variable O represents the outcome of the toss (heads or tails), and
its behaviour is described by the relational law Fo ={(1,heads),
(1,tails), (2,heads), (2,tails)}. Furthermore, we know that Bob has
tossed coin 1 and got heads:

B o

1 heads

Now, B is a dummy argument of the law Fo. changing the value of
B does not change the range of values that O may attain
(Fo(l) = Fo(2) = {heads, tails}). Seen as a multivalued function, Fo is
a constant-valued law. But our intuition about the real world seems to
disagree with the idea that B is not a cause of O, and that O should be
considered external (uncaused) in this context. Indeed, we presume
that, if we force Bob to make another toss, the outcome may change.
And we usually take the future behaviour of a mechanism to be a reli-
able indicator of its counterfactual behaviour. Thus, B should be
considered a direct cause of O, even if it is a dummy argument of Fo.
Our definition of intervention will ensure that the intervention do(B = 1),
forcing Bob to repeat the toss, will produce two alternative scenarios:

B (0]
1 heads
1 tails

where, the range of possible values for O has changed from {heads} to
{heads, tails}.

This second example should clarify that a relational causal law Fy,
by itself, determines the set of its own non-dummy arguments, but
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does not determine the (possibly larger) set of direct causes of V.
Learning the set of direct causes is possible once we have a notion of
intervention—we may then check whether intervening on a given
argument Z may change the range of allowed values for V in some
model (when everything else is held fixed). But on the other hand, to
know whether intervening on Z may affect V, we need to know
whether Z is a causal descendant of V. We can escape this vicious
circle by declaring explicitly the set of parents of a variable as part of a
specification of the model, i.e., by following the Approach 1 delin-
eated at the beginning of this section (the set of direct causes of ¥ will
then be a subset of PAy).

We remark that the problems raised by the two examples in this
section are not artificially induced by switching from causal models to
causal teams. The issue from Example 2.1 only concerns how an inde-
terministic causal law is modeled—this only concerns the function
component of a model. Example 2.2 concerns a single-assignment
model, which is the straightforward generalization to the indeterminis-
tic case of the causal models from the literature, for example in
Halpern's book!!3! and in Briggs(!4l. It will not arise by following the
perspective of Halpern's original paperl'2], accoording to which all
statements essentially concern the special case of teams that feature a
single tuple of values for the exogenous variables and al// compatible
tuples of values for the endogenous ones. We just take this to signal a
limit to the expressiveness of the said frameworks.?

3 Formal framework

3.1 Models: relational causal teams

The considerations from the previous section lead us to the follow-
ing definition of a model. A team of signature o is a set of assign-
ments of signature o.

Definition 3.1. A relational causal
o =(E,1,Ran)) is a pair T = (T, F), where:

e T~ is a team of signature o (feam component)

® 7 (law component) is a function that associates to each V € I:

- a set of variables PAy C Dom \ {V} (parents of V)

- arelation Fy C Ran(PAy) x Ran(V) (V-generating law)

e Forall VeI, and forall seT~, (s(PAy),s(V)) € Fv (compatibil-
ity constraint).

For brevity, we will often simply call it a model. The last condition
(the compatibility constraint) can be thought of as admitting in the
team only "solutions" of the system of causal laws. When dealing with
a model T, we will often bypass mention of the signature by denoting
its set of internal variables as Int(7").

We remark that the causal law for an internal variable V can also
be, equivalently, represented by showing what set of values is associ-
ated by Fy to each tuple pa in PAy; we may denote such a set as
Fv(pa), thus treating the relation 7y as a multivalued function. Note
that we make an exception to our earlier conventions and denote a
tuple of values for the parents of a given variable by pa, pa’, and so
on.

We will say that a relational causal team is total if all causal laws
are total multivalued functions, i.e., for each V € Int(T') and for each
pa € Ran(PAy), Fy(pa) #0. We will say it is deterministic if, for
each V € Int(T) and for each pa € Ran(PAy), |Fv(pa)| < 1. The total

team (of signature

(D Roughly speaking, a variable is exogenous if causally unaffected by any other variable in the model. Later we will have a formal definition.

(® Applying Halpern's rule here is an extrapolation, since Halpern usually only considers interventions on endogenous variables. The reader who is troubled by this may
extend the example with an additional variable U representing the factors that determine Alice's decision, so that A becomes an internal variable.

© In any case, Halpern asserts (personal communication) that his intended semantics is that given in Halpern!'*] and not the earlier one from Halpernl'?.
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deterministic models essentially coincide with the causal teams intro-
duced in Barbero & Sandul?8l. If we add the constraint that the team
component must contain exactly one assignment, then what we obtain
are essentially the usual causal models.” In general, a model with
exactly one assignment will be called a singleton model; singleton
models are the most straightforward generalization of causal models to
the indeterministic case (we might also call them indeterministic
causal models), and for some time they will be our main concern, in
section 4. We will also say that a model is empty if such is its team
component. We remark that empty models are not uninteresting: as we
shall see, interventions on empty models may produce nonempty
models.

We define the parenthood graph of 7 to be the graph whose
vertices are the variables of the system, and where an arrow (directed
edge) connects X to Y if and only if X is a parent of Y. The parent-
hood graph allows us to apply some graph theoretic terminology to the
variables; for example, we will say that Y is a descendant of X if
either Y and X are the same variable, or there is a path
X—>Z—---—>Z,—Y in the parenthood graph; otherwise, Y is a
nondescendant of X. If the parenthood graph is acyclic, we will say
that the model is strictly recursive. We will see later (section 7) how
to define a notion of causal graph closer to that used for the determin-
istic case (and related notions of endogeneity, exogeneity, and recur-
sivity).

Interventions can be defined similarly as in the deterministic case,
using the parenthood graph as a guide. It was, however, argued in
Barbero & Gallianil®%] that Halpern's general defining clause from
Halpernl['2] leads to paradoxical outcomes: if the causal graph has
cycles, intervening on a variable X may affect a variable Y that is not
its descendant. We then adopt the modifications suggested in Barbero
& GallianiB39.® We will need some additional notational conventions.
If T~ is a team, and Y a nonempty set of variables in its domain, we
T7(Y):={yeRan(Y)|forsome seT7,s(Y)=y} be the set of
(tuples of) values for Y that occur in 7. Given a finite multiset of
atomic formulas, say X; = xi,...X, = x,, we say it is consistent if,
whenever X; and X; are the same variable, then x; and x; also coin-
cide. Given a consistent X=x, and a relational causal team
T =(T",F) of signature (&,7,Ran), the effect of an intervention
do(X =x) on T is to produce a new model Tx—x = (Tx=x)",Fx=x) of
signature (56U X, 7 \ X,Ran), with components:

® Fx=x = Fmyr)x (the restriction of F to Int(T") \ X)

o (Tx—x) :={se€ A, compatible with Fx_y | s(X) = x and s(Nx) €
T~ (Nx)}
where Nx is the set of nondescendants of X in the parenthood graph (in
the special case where Nx =@, we conventionally take the condition
s(0) € T~(0) to be "trivially true"). Note also that the parenthood graph
G of T is replaced with its subgraph Gx that omits all arrows going into
X (i.e., (V,Z) is an arrow of Gx iff it is an arrow of G and Z ¢ X). The
definition above includes as a special case the empty intervention do()
corresponding to the empty multiset of atomic formulas. Such an
intervention leaves both components of the causal team unchanged.”

It is easy to prove from the definitions that the team component of
intervened nonempty teams can be presented more concretely as the
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union (Tx—yx)™ = Uer- s;X, where each s;X is the outcome of the
intervention applied to the single assignment s, which can be
described as follows:

sh_ ={te A, VX eX:t(X)=x
YV eNx : (V)= s(V)
YV e Int(T) \ (XUNx) : (1(PAy), (V) € Fv).

In the case of strictly recursive models, this presentation can be used
to generate intervened models via a recursive procedure (analogously
to the case of the usual recursive causal models). Indeed, one can
define the "distance" of a variable Y from a tuple X as follows:

dX,Y)=0 if YeXUNx
{ d(X,Y)=max{d(X,Z)|Z € PAy}+1 otherwise.

If T =(T",%) is strictly recursive (and the set of variables is finite),
then clearly each variable has a finite distance from X, and there is a
maximum distance attained; furthermore, if Ze€ PAy, then
d(X,Z) <d(X,Y). The team Tg_, can then be produced by starting
(step 0) from the set T, of all assignments ¢ (over X UNx) such that
#(X) =x and f(Nx) € T~ (Nx). Supposing a team 7, has been defined
(over all variables Y with d(X,Y) <n), one then produces T,.; by
adding to each assignment of T, all values of the n+ 1-distance vari-
ables that are compatible with . That is, if we write Z = (Z,...,7Z;)
for a list of the variables at distance n+1 from X, we may let
Tyt ={z/Z) |t € T,z € Fz,(1(PAZ)) X...F7,(t(PAy))}. Since our
assumptions entail the existence of a maximum distance #, this proce-
dure ends, and we may let Ty_ := T;. We illustrate this construc-
tion in a simple case.

Example 3.1. Consider the following game. I can toss, or not, a
coin with my left hand (L = 0 or 1); the outcome is recorded by a vari-
able Cy, with 3 possible values: heads (h), tails (t) or none (n) in case
I do not toss. If I toss and get heads, then I will toss the coin that 1
hold in my right hand (R=1), whose outcome is recorded analo-
gously in Cg. The parent sets and causal laws are then as follows:
PAc, ={L}, PAr={CL}, PAcy, ={R}, Fc, =Fcy=1{0,n),(1,h),
(1,0}, Fr=1{(n,0),(h,1),(t,0)}. The current situation is that neither
coin has been tossed, which can be represented by a single assign-
ment s:

L 3C,— R3Cp
0 ‘ n ‘ 0 ‘ n

(the arrow — emphasizes that the law for R is deterministic). Let
T = ({s},F). To see what would have happened had I decided to toss
with my left hand (intervention do(L =1)), we need to update all
columns (since all variables are descendants of L):

L3C, - R 3 Cx L=3C = R = G

1 l ‘ l ~ 1 h

i ;
L 30, 5>R3Ch L 3C,—> R 3Cy
1 h 1 h

~ 1 h 1 ~ Ti-1:

7 ; 0 1 h 1 t
1 t 0 n

(0 However, as we shall see, our official definition of intervention will diverge from that used in Barbero & Sandu*! and Halpern!'3] when causal cycles are

allowed—even in the deterministic case.

@ Judea Pearl seems to have been aware of this problem, as he adopts in Pearll*'! a definition of intervention close to ours.
(@ This is in contrast with Halpern's semantics, according to which new assignments may appear after an empty intervention (see Barbero & Gallianil*”}). In our case, this
does not happen because our interventions leave unchanged the values of all nondescendants of the intervened variables, and in the case of empty interventions, this set of

variables is the whole variable domain.

@ To see that nonemptyness is a necessary requirement, consider an arbitrary empty model 7', say with variables W. Now, Tw-y is a singleton model (it contains the

assignment s(W) = w), while [ er- S@Zw, being the union of an empty family of sets, is empty.

If some of the causal laws are not total, the procedure might also end before this stage, producing an empty model.
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From the modified model, we see, among other things, that if I had
tossed the coin in my left hand, then all outcomes for the right-hand
coin would have been possible, while outcome n would have been
impossible for the left-hand coin.

It must be remarked that, while in Barbero & Galliani[3/! it could be
proved that our definition of intervention coincides with that of
Halpern in the recursive deterministic case, the same does not hold in
the (strictly) recursive indeterministic case.®

Example 3.2. Consider a model T with four binary variables
X, Y,A,B, PAy =X, PAgp=A, laws Fy(x)={x} (for all x € Ran(X))
and Fp(a) ={0,1} (for all aeRan(A)), and the following team
component, with a single assignment s:

X->Y A3B
lofololfo

Note that the parenthood graph, sketched above the table, is acyclic.
It is easy to see that, with our definitions, Tx—¢9 = T'. This is due to our
requirement that only assignments that agree with s on nondescen-
dants of X be included. If we had just required (in the style of
Halpern[!2]) agreement over the non-intervened exogenous variable
(A), we would have obtained a larger team:

X-Y A3 B
0 0 0 0
0 0 0 1

3.2 Formal languages

We consider a family of languages that is close to the language in
Halpernl!'2l. Given a consistent multiset X = x, we call the expression
[X=x] a modal operator.® We also allow the empty multiset, in
which case the operator will be written as O. For any given signature
o =(8,7,Ran), we define a corresponding language H,,. The suffix o
will be omitted when the signature is clear.

Language H,: X=x|~y|y&y|[X=x]y
where, XU{X}CDom, xeRan(X), xeRan(X), and n has no
occurrences of modal operators (i.e., it is a Boolean combination of atoms
like X = x). For simplicity, and without loss of generality, we assume that
X =x is nonredundant (each variable appears in it at most once); it is
then, a fortiori, consistent.

Language H differs from Halpern's in some minor respects: 1) we
allow for atomic formulas not prefixed by modal operators,? 2) we
allow arbitrary variables in atomic formulas and inside the modal
operators.” This alternative set of conventions is often followed in the
philosophical literature, e.g., in Briggs's work!!4],

The restriction on 7, which forbids the right-nesting of counterfac-
tuals, comes from the original paper!'!l, and has been preserved in
large parts of the literature on causal inference. The reasons behind
this self-imposed limitation can only be guessed; on one hand, interest-
ingly, in the recursive deterministic case, it is easy to show that any
nested counterfactual is equivalent to an unnested one, see Briggs!'4l
and Barbero & Sandul?8]; thus, nested counterfactuals may appear as

(@5 We thank Sander Beckers for this insight.
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superfluous. On the other hand, this reduction is not straightforward if
the recursivity constraint is removed, and in that case, the axiomatiza-
tion of right-nested counterfactuals is a considerably more difficult
task than the unnested case.’” We will tackle this issue and consider,
starting from section 5, the language ;! that is obtained by allowing
right-nesting of the modal operators. In other words, H} has the same
formal definition as H,, with the exception that no restriction is
put on 5. Thus, for example, formulas [X=x][Y=y]W=w and
X=x]Z=z&[Y=y]W=w) are H formulas but not H, formu-
las. This type of language is frequently used in the philosophical litera-
ture (e.g., Briggs's work[14]),

The semantics for languages H,- and H! is given by the following
clauses:

e TEX=xiff s(X)=xforeach seT".

o T E~yiff THy.

o TEY&yiff TEy and T E x.

o TE[X=x]yiffforall se Ty__, ({s}L,F)EW.

Formulas of the form [X=x]y will be called counterfactuals,
formulas without occurrences of modal operators are said to be modal-
free. We can also define the might-counterfactual (X =x)y as an
abbreviation for ~[X = x]~y; it is easy then to see that the semantics
of such formulas is:

o T E (X =x)y iff there is an s € Tx__ such that ({s}, %) E .

As a special case, we write & for ~O~. Our definition of interven-
tion yields the following derived semantic clauses:

o T Enoyiffforall se T, ({s},F) Ev.

o T = Oy iff forsome s T~, ({s},F)E .

We can then define a few additional operators:

® YLy as ~(~y¥ & ~y) e lasX=x&~X=xP

® y— yas~ylUy ® Tas~1

syoyasW-o)&(x—y) eX#xas~X=x

Note that X # x is just the classical negation of X = x, asserting that
at least one assignment does not assign x to X.?

We will use index sets for iterated conjunctions and disjunctions;
conventionally, if I =0, &;c;¢; stands for T and Llier¥i stands for L.

4 An axiomatization for singleton
models

We will see that the general class of singleton models (which also
allow for cyclic causation) obeys a set of axioms that is quite similar to
that given by Halpern for the general class of deterministic causal
modelsl'?]. There is a significant omission: Halpern had an axiom
stating that, if you intervene on all (endogenous) variables except one,
say Y, then Y will take a single value in the resulting model. This is
false in our context, even restricting attention to singleton models,
because if Y is internal, an indeterministic law for ¥ may produce
multiple or no values upon intervention.?” On the other hand, we have
aprinciplethatdescribes the factthatthe external variables are not affected
by interventions on all other variables. It does so by saying that

Inside modal operators, we identify strings of symbols that represent the same multiset. This saves us the somewhat trivial issue of axiomatizing this form of
equivalence. See Barbero & Sandul*®! for a complete list of axioms for the antecedents of counterfactuals.

@ In Halpern!'?], atomic formulas Y = y are treated as abbreviations for Y = y.

In Halpern!'), only endogenous variables play an active role in the formal languages.

This is illustrated by sections 5 and 6.

The reader used to team semantics must be warned that, with the present definition, L is not satisfied by empty causal teams. It is satisfied by no model at all.

@D This is in contrast with other papers involving causal team semantics.

@) If we look at causal teams in general, external variables also disagree with Halpern's axiom. If ¥ is external, a causal team may record more than one value for it, in

distinct assignments; and many interventions do not make such values disappear.
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the available values for Y are the same either before or after such an
intervention:

(Wy=w)Y =y oY =y.

This axiom scheme needs to be restricted to instances in which Y is
external according to the signature. This is the only axiom that
requires having the distinction between & and 7 as part of the signa-
ture.? Halpern's system does not need such an axiom because the
external (exogenous) variables do not appear in its syntax.

A second new axiom (Flatness) needs to be added to account for the
fact that in A we also have non-modal formulas; it tells us that a
formula Y =y (which, remember, is a conjunction of atoms) can be
converted into modal statements OY =y; i.e., formula Y =y just states
that Y take values y in all assignments of the model. A third new
axiom (Full intervention) states that intervening on all variables
produces (at least) an assignment; we believe that such an axiom
should have already been included in the axiomatizations for general
deterministic models in Halpern(!21.22 The fourth new axiom (Nonemp-
tyness) is specific for singleton models and states that they contain at
least an assignment; it is simply O T. We remark that Halpern's frame-
work allowed evaluating formulas over assignments that are not
compatible with the causal laws; ©T is unsound over such "impossi-
ble models", which are excluded here.

For each signature o we define a Hilbert-style axiom system A,
consisting of rules and axiom schemes as follows; the symbol A, will
also often be used just to denote the set of axioms.
vyox ﬁ (i y modal-free)

10. H,, instances of classical tautologies in ~, &.

Rule MP. Rule NEC.

. [X=x]Y=y-> [X=x]Y #) (Wheny#Y’) [Uniqueness]
[b. Y=y->Y=#y [Uniqueness]

2. [X = X]| |yerany) Y =¥ [Definiteness]
12b. Lyerancr) ¥ =¥ [Definiteness]

B.(X=x)(Z=z&Y=y) > (X=X, Z=2Y =y [Weak composition]
K [X=xY=ylY=y [Effectiveness]

5. ([X=xly & [X=x]() = x)) = [X=x]y [K-axiom]

I6. (X=x,V=wW(¥=y&Z=2)& X=x,Y=y)(V=v&Z=12))
> X=x)(V=v&Y=y& Z=12)

(for V#Y,and Z = Dom\ (XU {V,Y}))
[7.Y=yonY-=y.
B.(Wy=w)Y =y oY=y (ifYe&)
9. (W=w)T Full intervention]
110. o1 [Nonemptyness]

In the axioms, X and Y are allowed to be empty tuples; in such a
case, the modal [X =x] reduces to O, (X=x) to ¢, and, e.g., the
conjunction Y =y is taken to stand for the formula T.

Note that rule NEC is restricted to non-modal ; this is to guaran-
tee that [X =x]Jy will be an H formula. Axioms 10-16 essentially
coincide with the part of Halpern's axiomatization (for the general
class of causal models) that is meaningful for our language and sound
on indeterministic singleton models (we will see that 16 fails in the
case of causal teams with multiple assignments).? We can also see

—

Weak reversibility]
Flatness]
External variables]

—_ — —
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that schemes 11b and I2b (which can be thought of as no-intervention
cases of I1 and 12) characterize the fact that the team contains at least
one assignment, resp. at most one assignment.

Lemma 4.1. T is a singleton model iff for all YeE&EUI, 1)
T E Uyerann Y =y and 2) for all y, y €Ran(Y) with y#y,
TEY=y—>Y#y.

Furthermore, condition 2) may be replaced by 2'): T E OT.

Proof. <) Suppose T is empty; then, TEY =y & Y =y, contra-
dicting 2).

Since T satisfies 1), its team component is constant over all
variables in the domain; thus, it can contain at most one assignment.

=) Straightforward.®

Finally, itis easy toseethat OT =Y =y > Y #y'. o

It seems to us, however, that these two non-modal formula schemes
are insufficient for deriving formally all the modal consequences of
the nonemptyness of the model; that is why we add axiom scheme I10.

We shall write 5, to denote derivability in axiom system A,. We
shall just write A,+a when the signature is irrelevant (or even just F if
it is clear that we are discussing derivability in A). We will see that A,
is sound and complete over the class of all singleton models of signa-
ture 0.

Theorem 4.2. Axiom system A is sound over singleton models.

Furthermore, all axioms except for 16 and 110 are sound over the
class of all models.

Proof. We consider the least intuitive axioms, namely I3 (weak
composition), 16 (weak reversibility), I8 (external variables), and 19
(full intervention); the rest is left to the reader.

Axiom I3 (weak composition): T = (T, F)EX=x)(Z=z & Y=Y)
means that there is an s € Ty__ such that s(ZY) = zy. Now, s is compatible
with Fx—xz-, € Fx-x. Furthermore, s(Nx) € 7-(Nx), so since Nxz is a
subtuple of Nx, s(Nxz) € T-(Nxz). Then, by definition of intervention,
S€ETg_ 75 thus, since s(Y) =y, T E{(X=x,Z=7)Y =Y.

Axiom 16 (weak reversibility): Suppose that T = ({t},F) safisfies
Yy X=x, V=¥ =y&Z=2z) and y:X=x,Y=2WV=v&
Z=12). By ¢, there is an s € Ty vy such that s(Y) =y and s(Z) = z.
But (since XUZ U{Y}U{V}=Dom) y tells us that s is also in T,z:X’y:y.
In particular, if V is internal, s is compatible also with the law Fy; if we
prove that s(Nx) € T~ (Nx) (ie, s(Nx) =r(Nx)), then we can conclude
that s€Tx_ . But this follows from the fact that Nx = Nxy UNxy,
s(Nxy) = t(Nxy) (since s € Tgexy=y and 7 is the unique assignment in 7~)
and s(Nxy) = #(Nxy) (for similar reasons). Since s € T5__, then, we have
TEX=x(V=v &Y=y &Z=12).

Axiom I8 (external variables): Let Y be an external variable.

Assume further that 7' = OY =y. Then, there is an s € T~ such that
s(Y)=y. Since Y is external, by the definition of intervention, the
assignment (Wy) =w, (Y) =y isin T;Vy:w. Thus, TE(Wy=w)Y =
y.

Vice versa, assume T = (Wy =w)Y =y. Then, thereisa ¢t € T{VY:W
with #(Y) = y. But then, since Y is external, by definition of interven-
tion, ye T7(Y). Thus, T E OY =y.

@) As shown, e.g., in studies!'*!*2!], in the recursive deterministic case, it is possible to give axiomatizations for simpler signatures that only describe the variable domain
and ranges (we describe such signatures in section 10). We leave it as an open question whether this is possible in the indeterministic context, or even in the deterministic

context with cycles.

@ 1t is difficult to establish the correctness of this claim unequivocally, not only because it is difficult to ascertain whether Full intervention is derivable from Halpern's
system but also because of ambiguities in the definition of intervention in Halpern!'?! that make it difficult to decide whether this axiom is sound or not. However, in a
personal communication, Halpern stated that his intended semantics for general deterministic models is the one presented later in Halpern'*], section 2.7; according to this
semantics, the Full intervention axiom is clearly sound. Halpern agreed that the axiom should be added, and he himself did so in later publications such as studies! 7],

@) Axiom I3 is also analogous to the principle of Cautious monotonocity in the field of nonmonotonic logicl*).

It is a special case of the forthcoming soundness theorem 4.2.
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Axiom 19 (full intervention): Let 7 =(7",%) be a model. Since
Fw=w = 0, the assignment s with s(W) = w is compatible with Fyy_y.
Furthermore, in the parenthood graph of Fw-y the set Nw of non-
descendants of W is empty; thus, the condition s(Nw) € 7~ (Nw) is
trivially satisfied by s. Thus, by the definition of intervention,
S € (Tw=w)™. Thus, Tw—w EOT,s0 TE(W=W)T. O

In general, models can have empty teams, so that explains why 110
does not hold for all models. The following is a minimal example of a
model that falsifies weak reversibility (axiom I6).2

Example 4.3. Consider a model T with two binary external vari-
ables, L and R, say representing whether a switch on the left (resp. a
switch on the right) has been pressed. We know that exactly one switch
has been pressed. We thus have the following team:

L R
1 0
0 1

Intervening to press either the left of the right switch will produce
the following teams:

L R L R
Ti:| 1[0 Tea:| 1] 1
1|1 01

From the tables, it is immediate to see that TE{(L=1)R=1,
TER=1)L=1 but TEOWL=1&R=1). Thus, the simplest
instance of axiom 16 is falsified.

The following lemma lists basic properties of A (proofs can be
found in the Supplementary File 1). We note that these are essentially
results in the modal logic K, as their proofs only use MP, NEC, and
axioms I0 (instances of tautologies) and I5 (K-axiom).

Lemma 4.4. The following hold in A.

1. (Deduction theorem) If T,y + x, then T+ — .

2. (@-Monotonicity) If T [X=x]y, vy >y and [X=xl¥' e H,
then T+ [X =x]y/.

3. (O-Monotonicity) If TH{(X=x), vy >y and (X=x)' € H,
then T +H{(X=x).

4.+ (X =xly & [X=xlp) & [X = x]¢ & ).

5. (Replacement) Suppose TrOe 0. Then Tro e ¢0/0],
provided this is an H formula.

6. F~[X=xJy & X=x)~¢

7. F~X=x) & [X=x]~¢¥

S H(X=x)¢y U X=x)) o X=x)¥ U ).

I H([X=x]y & X=x)T) > (X=x)¢.

10. (X =x]y & X =x)x) > X=x)() & ).

11+ (X =x) (W & x) = (X =x)¢ & (X=x)y).

We say that a set of H,, formulas is (A, )-consistent if [y L. T
is maximally consistent if it is consistent and, furthermore, if [’ 2T’
is consistent, then I'" = I'. We will later consider also a proof system B
for the H* languages. For both systems, the following classical results
hold:

Lemma 4.5. Let T be a maximally consistent set of ‘H, formulas (or
H formulas). Then:

1. Closure under v. if T vy, then y €T

2. Completeness: for every formula , either y or ~y isin T

3. Closure under &: if W,y €T, then y & y €T.

4. Primality: if yUy €T, then y €T or y €T.

5. Impossibility of contradiction: OL ¢ T

Lemma 4.6 (Lindenbaum). Any consistent set A of H, formulas
(resp. H formulas) can be extended to a maximal consistent set.

https://doi.org/10.48130/ker-0026-0005

The canonical relational causal team associated to a maximal
consistent set I' (of formulas of a fixed signature o =(&,7,Ran)),
which we shall denote as T' = ((T")~, F"), is defined as follows:

e Welet (TN :={scA, | OW =s(W)eT}.

e For each pair of variables X,Y with Y € 7 we let X € PAy if and
only if there are w,y, x € Ran(Wyy, Y, X) such that either of the follow-
ing holds:

L(Wxy=w)Y =y& ~(Wyy=w, X=x)Y=yel

2. <ny = W,X:X>Y:y & ~<ny = W>Y:y€F

e In case Ye7, we let (pa,y)e T}f if and only if, for any
w € Ran(Wy) such that wpy, = pa, (Wy=w)Y =yeTl.

Lemma 4.7 (Canonical team). Let I be a maximal consistent set of
H, formulas that contains all axioms of A,. Then T' is a singleton
model, i.e.,

1. Forall Y € InW(T"), F is well-defined.

2. Forall Y € Int(T") and s € (T")", (s(PAy),s(Y)) € .

3. (T is a singleton.

Proof. 1) We need to show that the specific choice of a w extend-
ing pa does not matter for the definition of 7—',; . In other words, we
need to prove that, if w,w’ € Ran(Wy) are such that w;ps, = w’”, Ay
= pa, then

(Wy =w)Y =yeTifand only if (Wy =w')Y =yeT.

We prove this by induction on the number n of variables on which
w,w’ differ. If n = 0, the statement is trivial. If n =1, w,w’ differ over
a single variable X ¢ PAy. Write w* for wy,, = W/ery' Assume
(Wy=w)Y =yeTl. Since X ¢ PAy, by the definition of PAy in the
canonical model, clause 2., we then have that ~(Wyxy =w*)Y =y ¢T.
But then, by Lemma 4.5, 2., (Wxy =w")Y =yel. Again, since
X ¢ PAy, by clause 1, ~(Wy=w)Y =y ¢T; so, similarly as before,
we conclude (Wy =w’)Y =y eT'. The converse is analogous.

Now assume that the statement holds for some n > 1, and suppose
w,w differ on n+1 variables Xi,...,X,;1 (which take values
Xl,...,Xps1 in woand values xf,....x ., in w'). Write Z for
Wy \{Xi,...,Xus1} and z for w,z. By the inductive hypothesis (for
case n), we have:

(Wy =w)Y =y el ifand only if (ZX; ... X, X,s1 = 2x] ... X, X,s)Y =y €T

Since zx/ ... x;,x,,1 and w’ differ only on one variable (X,.1), by the
base case proved above we obtain the following equivalence:
(ZXy.. XuXp1 =2x] ... Xy Xpp1)Y =y €T iff (Wy =w)Y =yeTl.

2) Let s € (T")~. By definition of (T")~, ©W = s(W) € I'. Thus, by
axiom I3, MP, and Lemma 4.5, 1., (Wy = s(Wy))Y = s(Y) €. Since
the restriction of s(Wy) to PAy is s(PAy), then by definition of T
we have (s(PAy),s(Y)) € 7} .

3) Let us first prove that (TT)™ is nonempty. By axiom I2b,
[ Iwerancw) W = W € ', By the primality of I’ (Lemma 4.5, 4.), there is a
w* € Ran(W) such that W=w*eT. By 17, oW =w* €T. Since, by
110, 0T eI, by Lemma 4.4, 9., we obtain OW = w* € I'. But then, by
definition, the assignment s with s(W) = w* is in (T)".

Suppose for the sake of contradiction that there are two distinct
assignments, s; and s,, both contained in (TT)~. Then, by definition of
(T")~ both OW = 5;(W) €T and OW = 5,(W) €. As proved above,
oW =w* eI for some w* € Ran(W). Now, s51(W) and s,(W) cannot
be both equal to w*; wlog, suppose s2(W) # w*; in particular, there is
a variable YeW such that s,(Y)#y* = wiy. By axiom I1b
FY=y" - ~Y=s5(Y), and by 10, + W =w" — Y =y*. Thus, by two
applications of monotonicity (Lemma 4.4, 2.), we obtain (*):
O~Y = 55(Y) € I". On the other hand, since + W = 5,(W) = Y = 5,(Y),

@D We thank an anonymous reviewer for noticing the failure of weak reversibility and illustrating it with a more complex counterexample.
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by monotonicity (Lemma 4.4, 3.) we have &Y = s5,(Y) e I'. Thus, by
Lemma 4.4, 10., O(Y =s5(Y) & ~Y = s5,(Y)) €. By monotonicity
again, we obtain &L €I, contradicting Lemma 4.5, 5. O

In order to prove a truth lemma, we need first to show that H
formulas can be put, up to equivalence, in a simple normal form, simi-
larly as in Halpern[2].

Lemma 4.8. Let w,w’ € Ran(W), w #w’. Then,

L+-X=x,W=wyW=w&ky)oX=x,W=w)y.

2 X=x,W=w)(W=w &y) o X=x,W=w)Ll.

Proof. 1., =) By 10, v (W =w & x) — x. Thus, by monotonicity
(Lemma 4.4,3.), - X=x,W=w)(W=w & y) > (X=x, W =w)y.

1., &) Assume (X =x,W=w)(W =w & y),i.e., ~~[X=x,W = w]
~(W=w&y). By 10 we get [X=x,W=w]~(W=w&y). On the
other hand, by 14, [X=x,W =w]W =w. Thus, by Lemma 4.4, 4.,
X=x,W=w](W=w& ~W=w&y)). Then, by 10 and monoto-
nicity, [X=x,W =w]~y. By 10, ~~[X=x,W = w]~y, which is the
same as ~(X=x, W=w)y.

2., &) By 10 and monotonicity.

2., =) By axiom 4, +[X=x,W=w]W=w. Then, by II,
FIX=x,W=w]~W =w'. Together with (X =x,W=w)(W=w" & ),
by Lemma 4.4, 10., we obtain (X =x, W = w)(~W = w'&(W = w'&y)).
Then, by 10 and replacement, (X = x, W =w) L. O

Lemma 4.9.

FIX =xlp o [X=x]olllyeranryny ¥ =Y /~Y =yl

Proof. By replacement, it suffices to prove + (yeranrypy ¥ =)
o ~Y = y.

For the left-to-right direction, wusing 10 we
&y R (Y =y = ~Y =) = [(Uyeranryyy ¥ =¥) = ~Y =y]
But, by axiom I1b, for each y’ #y we have Y =y’ — ~Y =y; thus,
F&yeranrn\py(Y =y = ~Y=y) by 10. Finally, we obtain
Uy eranryvpn ¥ =¥) = ~Y =y by MP.

From right to left, assume ~Y =y. By axiom I2b, we obtain
Llyeran(ry Y =¥". By 10, then, we have ~Y =y & | | sepan(r) ¥ =)'; but
then, again by 10 and MP, we obtain [ lyeranrypy ¥ =Y. O

have

Lemma 4.10. Consider a formula ¢ : [X = X]|_|ie; &jey, XZ and let
¢’ be obtained by replacing a disjunct & je . ,\({* with (| ,eranz Z = 20&
&jes X,j Then, + ¢ & ¢’.

Proof. ) By 12b, F|l|crannyZ=2- By 10, +(U:cranz) Z = Z_) -
(& ey )(f* © [(Uzeranz) 2 =.Z) & &ijejs X,{*])- Thus, + &jcry X,{* <
[(Uzeranz) Z = 2) & &jeyy Xf*] by MP. Then, we obtain the statement
by replacement. o

Lemma 4.11 (Normal form). Every H, formula ¢ is provably
equivalent to a Boolean combination of formulas (X =x)Y =y, where
XNY =0 and XUY =Dom.

Proof. First, observe that all subformulas of the form Z =z that do
not occur in the scope of a modal operator can be replaced, by axiom
17 and replacement, with OZ = z. Second, if ¢ has subformulas of the
form [X =x]y¥, by 10 and replacement they can be replaced with
~~[X =x]~~, ie., ~X=x)~. So, ¢ is equivalent to a Boolean
combination of formulas of the form 6 : (X = x)y (where X might also
be an empty tuple).

Next, by 10 and replacement such ¢ can be rewritten in disjunctive
normal form, i.e., | lies &jey, )(‘,-’ , Where each X{ is either of the form
Y=yor~Y=y.

Now, by Lemma 4.9, each conjunct of the form ~Y =y can be
rewritten as [lyeranry\yy ¥ =Y. Furthermore, if a disjunct &jes, x/
does not mention some variable Z € Dom\ X, by Lemma 4.10 we can
add to it a conjunct of the form | | eranz)Z = <.
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Applying distributivity of & over U (i.e., I0 plus replacement), we
transform 6 into a formula of the form (X =x)| |, Y =y;, where
XUY =Dom. Then, by Lemma 4.4, 8., we rewrite it as
UierX=xY =Yy We can, finally, eliminate all the conjuncts
(within the subformulas Y =y;) that contain variables of X by using
Lemma 4.8 (plus replacement). mi

Lemma 4.12 (Truth lemma). Let I' 2 A be a maximally consistent
set of H,, formulas, and ¢ an H, formula. Then, p €T & T' | ¢.

Proof. By Lemma 4.11, Lemma 4.5, 1. and soundness, we can
assume that ¢ is a Boolean combination of formulas of the form
(X=x)Y =y, with XNY =0 and XUY = Dom.

We proceed by induction on ¢. We shall refer to the inductive
hypothesis as "i.h.".

Case ¢ is ¢ & y. Then, T =y & y iff T' £y and T' E y iff (i.h.)
Y el and y €T, iff (by Lemma 4.5, 3.) y&y €T.

Case ¢ is ~if. Then, T' | ~y iff TV £ iff (i.h.) ¢ ¢ T iff (Lemma
4.5,2) ~perl.

Case ¢ is (X=x)Y=y. We proceed by a subinduction on
n=|Dom\X|=Y|.

e Case n=0. This is straightforward: we both have T' £ (X =x)T
by the definition of intervention, and (X = x)T € I" by axiom I9.

e Case n=1. Suppose (X =x)Y =yel. If Y is internal in T', by
the definition of (Fyr , we have (X;p4,,Y) € ‘7-'; . Thus, by definition of
intervention, T' £ (X =x)Y = y.

If instead Y is external in T', axiom I8 yields ¢Y =y e I". By I2 and
Lemma 4.4, 10., we obtain O((| lyerany X =X) & Y =y)el. By 10
and replacement, ¢ | |y eraxyX =X & Y =y) €I'. By Lemma 4.4, 8.,
Uyeranx) OX=xX"& Y =y)el'. By Lemma 4.5, 4., there is an
x* e Ran(X) such that &(X=x* & Y =y)el'. By definition of T,
there is an s € (TT)™ (namely s(XY) = x*y). Since Y is external, Fx-x
is empty; thus, by definition of intervention, there is a t € S§:x with
#(Y)=y. Thus, T' E(X =x)Y = .

Vice versa, suppose TM (X =x)Y = y. Then, again, we have two
cases: Y is internal or external. In the former case, by definition of
intervention, (X;pa,,y) € Fy. But then, by definition of ¥, and
Lemma 4.7, 1., this means that (X =x)Y =yeT.

Suppose Y is external; then T = (X = x)Y =y entails T' £ oY = .
There is then an s € (T")~ such that s(Y) = y; write x* for s(X). Then
TTEoX=x"&Y =y). By definition of (TH-,
OX=x*&Y=y)el'. By 10 and monotonicity, then, OY =yeTl.
Thus, by axiom I8, (X =x)Y =yeT.

e Case n>1. Suppose (X=x)Y=yel. Let V|,Y,€Y, Y1 #Y>.
Let y; =y}y, and y, = y,y,, and define:

Y =Y\{V}] Y =Y\{lh] Y=YNY
Y=y\i} ¥y =y\n} y=yny"
From (X=x)Y=yeI, by I3 (composition) we obtain

X=x,Y1=y)Y' =y €l and (X=x,Y,=y,)Y"=y” €T'; by the
inductive  hypothesis, then, T E(X=x,Y;=y,)Y' =y and
T E(X=x,Y,=y,)Y"=y”. By the soundness of 16, then,
TTEX=x)Y=y1 &Y=y &Y =y°),ie, T' E(X=x)Y =y.

Vice versa, assume T! |= (X = x)Y = y. With the same notations as
above, by the soundness of I3 we obtain T' (X =x,Y; =y)Y' =y’
and T' (X =x,Y, =y,)Y” =y”. By ih, X=x,Y, =y)Y' =y €T
and (X=x,Y,=y)Y"=y" el. Then, by axiom 16,
(X=x)Y=yel. O

We write T ! ¢ if every singleton model of signature o that satis-
fies I also satisfies ¢.

Theorem 4.13 (Strong completeness of A). For T U{¢} C H,,
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TEL g &= Tra, 0
Proof. The soundness direction is given by Theorem 4.2. For
completeness, suppose I ¥ ¢. Then, by routine reasoning I'UA U {~¢}
is consistent, so by Lemma 4.6, there is a maximally consistent
ADTUAU{~¢}. Now, T? is a singleton model (Lemma 4.7), and by
Lemma 4.12, T E T U {~¢}. Thus, T I;&}T ©. O

5 Definability of law components

Toward the formulation of a complete proof system for H* over the
general class of models, we need some additional concepts and termi-
nology, which we introduce here.

Note that any fixed signature o allows finitely many possible law
components F; we will denote as F, the set of these objects. The
subtleties of formalization described in section 2 suggest that it might
be difficult to talk about the law components within language H*; in
particular, it might be difficult to tell apart law components that only
disagree about the parent sets of some variables. We introduce a
notion of equivalence of law components to take this obstacle into
account. When discussing several function components, say 7 ,G, we
will differentiate between their parent sets by using indexed notation
such as PA7,, resp. PAS.

Definition 5.1. Let ¥,G be two law components of signature
o =(8,1,Ran). We say that ¥ and G are equivalent, ¥ = G if, for all
VeI and all pa € Ran(PA7, U PAY), Fv(pa,,,r) = Gv(pa,,6)-

Two models § =(S~,%) and T =(T~,G) of ‘éignature o aré equiv-
alent, S =T,if S =T  and ¥ =G.

The next theorem shows that this notion of equivalence does indeed
characterize all that can be said about law components in language H™*
(as well as in H).

Theorem 5.1. Let S = (S™,F),T =(T~,G) be two models of signa-
ture o =(&81,Ran). Then, S=T iff for all ¢eH],
SEp = TEvyiffforallpeH,, SEp < TE¢.

Proof. 1) First, we prove that S =T implies that S and T agree
over all H} formulas. We proceed by induction on ¢; we prove the
statement simultaneously for all pairs of equivalent teams of arbitrary
signatures. The atomic case (¢ is ¥ = y) immediately follows from the
fact that S and 7 have the same team component. The cases for ¢ of
the forms ~y and Y&y are straightforward.

If S E¢=[X=x]y, then, for all seSg_, ({s},Fx=x) F ¢¥. Since
F =G, we have TV(parPAi) :Qv(parPAg) for all VeI\X. Since
V € T\ X is the set of internal variables of Fx_yx and Gx-x, and for all
such variables (Fx—x)v = Fv and (Gx=x)v = Gv, then, Fx—x = Gxx-
Thus, for each se S35 ., ({s},Fx=x) = ({s},Gx=x). By the inductive
hypothesis, then, for all s (Sx-x)~ we have ({s},Gx=x) E¥. If we
manage to prove that S§_ = T5__, then, we are done.

It suffices to show that S3_ C T_,; the converse proof is symmet-
ric. Suppose s € Sy_ ; by definition of intervention, this means that
s(Nx) € S"(Nx),s(X)=x and s satisfies the constraints given by
Fx-x. The latter means that, for all V € 7\ X, (s(PAg), s(V)eFy. In
other words, s(V) € G"V(s(PAg)) = Qv(S(PAg)), where the equality is
given by ¥ =G. Thus (s(PA‘g,),s(V)) € Gy for all V e I'\ X, together
with s(Nx) € $™(Nx) = 7~ (Nx) and s(X) = x, this yields s € T__

2) We now deduce S =T from the assumption that S and T agree
on the truth values of H, formulas. Since S and T satisfy the same
formulas of the form ¢W = w, we immediately obtain S~ =7". Now

let pa e Ran(PAfUPAg). Suppose y € Ty(pa[PAf). By definition of
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intervention, for any w e Ran(Wy) with W, PATuPAS = pa we have

S E(Wy =w)Y =y. But then, by the assumption, 7 = (Wy =w)Y =

y. Thus, by the same reasoning, y € gy(pa“D ,6)- The converse is anal-
Y

ogous. Thus, we conclude that 7 = G. O

We can improve on this result by showing that each equivalence
class of law components can be characterized by a single H formula.
For each signature o =(&,7,Ran) and each 7 €F,, we define a
formula

o= N\ Wy=wr=y& /\  ~(Wy=wr=y
Yel Yel
weRan(Wy) weRan(Wy)
yeFy(w “’A;) yéfy(wrmf)

The ®” formulas will be crucial in the formulation of two axioms;
the next result shows that they indeed characterize law components up
to equivalence.

Theorem 5.2. Let T = (T~,G) be a model. Then, T Ed®7
G=F.

Proof. =) Suppose T ®”. Let Y€1, paeRan(PA] UPAY).
Pick a w € Ran(Wy) such that WrPA’fuPA% = pa.

Suppose first that y e Fy(pa,, A«,yr). Thus, we may also write
Yy € Fy(W,p,7)- Since T = @7, then, in particular 7 = (Wy = w)Y = y.

o, . Y . .

By definition of intervention, then, ye Q(wr » Ag) =G(pa 2 Ag), as
needed.

Vice versa, suppose y € g(paT ). Then, by definition of interven-

G
tion, T E(Wy =w)Y =y. SuppopsAey for the sake of contradiction that
yiTY(p“rPA’f)' Then, yé‘}-‘y(wrm;). So, since T = ®F, we obtain
that T £ ~(Wy = w)Y =y, contradicting our earlier statement.

Thus, G=F.

&) Suppose G=F. Let YeT, pae Ran(PAr’; U PA%). Pick a
w € Ran(Wy) such that WrpaZupad = P4

Assume first that ye ?Y(wrPA;;). Since G=¥F, we have

ye gy(WrPAg). Thus, by definition of intervention, 7 | (Wy = w)Y =y,
Y

as needed.
If we assume instead that y ¢ ‘}'y(wrP AT ) since G =% we obtain
Y
yé Qy(wrPAg), By definition of intervention, then, T £ (Wy = w)Y =
y, and thus T E~(Wy=w)Y =y. m]

6 A general axiomatization

In the following, we prove the soundness and completeness of the
following system B, for language H™* over the class of all models
(again, B, will often just denote the set of axioms of this system).

Rule MP.2 Y 2X RyleNpe.—Y
X FIX=x]y

JO. H instances of a classical tautologies in ~, &.
II. [ X=x]Y =y > [X=x]Y #) (wheny#)y’)  [Uniqueness]
2. [X =x]yeranr) Y =¥ [Definiteness]
B.(X=x}(Z=z&Y=y)>(X=x,Z=2Y =y [Weak composition]
K [X=xY=ylY=y [Effectiveness]
I5. ([X=x]y & [X=x](¢ = x)) = [X=x]y [K-axiom]
J6. W=w — I6. [Reversibility for small teams]
7. Y=y oY-=y. [Flatness]

B.(Wy=w)Y =y oY=y (ifYeb) [External variables]

19.(W=w)T [Full intervention]

J10. X=x)(Wy=w)Y =y o> (Wy=w)Y =y (if Y € 7 and Y ¢ X)
[Diamond screen-off]
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L [X=x](Wy=w)Y =y (Wy=w)Y =y (if Y7 and Y ¢ X)
[Box screen-off]

J12. X =x]0¢ & [X =x]y¥ [Conditional diamond]
J13. (X =x)Oy & (X =x)y [Mighty diamond]
J14. O X =x)¢ & (X =x)¢ [Double diamond]
J1I5. (X =x)¢ > (X =x)(y&OT) [Persistency of diamond]
116. Urer, © [Cenainty of laws]

7. (D'T i ([ X]lﬁ Ad [X X] |_| t such that = t(W)) [MOdal Conapse]

({1}, Fx=x) l//
As in system A, we allow X and Y to be empty tuples, as a special

case.

Eight of the axioms (those marked with a letter I) are shared with
system A,. Note the absence of 110 and I1b (which only hold in
nonempty models) and I2b (which holds iff there is at most one
assignment). Axiom J6 says that Weak reversibility holds for single-
ton and empty models (under the same restrictions as for axiom I6,
which have not been repeated here). The remaining axioms deal with
the nesting of modal operators. Axioms J10—J11 say that an interven-
tion on all variables except an internal Y trumps any previous inter-
vention on variables different from Y. Axioms J12—13-14-15 are
various consequences of the fact that the semantics of the modal oper-
ators only involves looking at certain singleton submodels. We note
that the "empty intervention" versions of these axioms imply that any
sequence of & and O modalities can always be reduced to the lefimost
modality occurring in it (contrarily, e.g., to what happens in modal
logic S5). J16 says that any model has a fixed set of causal laws.
Together with J17, it will be used to show that, when reasoning with
maximal consistent sets of formulas, the H* formulas can always be
"reduced" to H formulas (note that, differently from [X =x]y, the
rightmost member of J17 is always an unnested formula). We have to
admit that axiom scheme J17 is rather unsatisfying due to its complex-
ity and semantic flavour; however, note that membership in this
scheme is decidable due to the finiteness of the models. Furthermore,
the problem of deciding which formulas are instances of J17 reduces
to the proof-theoretic problem of finding proofs of consequences of
the forms W = s(W),®"%=x -y and W = s(W),d7X=x | ~y in system
A, which we already know to be complete.

Theorem 6.1. System B, is sound over the class of all models of
signature o.

Proof. See the proof of Theorem 4.2 for the soundness of axioms JO,
11-15, and 17-19.

Concerning axiom J6, suppose 7 =W =w. Then, T is either a
singleton model or empty. If it a singleton model, then it satisfies 16
(see Theorem 4.2 for a proof). Suppose now that T is empty, and
that it safisfies ¢ : (X =x,V=v) (Y =y & Z=1z) and y : (X=x,Y =y)
(V=v&Z=1). By ¢, there is an s € Tg__,,_ such that s(¥) =y and
s(Z) = z. But (since XUZU{Y}U{V}= Do;n) x tells us that s is also
inTy_ xYoy . In particular, if V is internal, s is compatible also with the
law Fy; if we prove that (*): s(Nx) € T~ (Nx), then we can conclude
that s € Ty_, . But, since s € Ty _ —xV=r and 7~ is empty, by definition of
intervention, we must have Nxy=0; and similarly, we obtain
Nxy = 0. But then Nx = Nxy UNxy =0, so that condition (¥) is triv-
ially satisfied.

For axiom J10, note that 7 | (X = x){Wy = w)Y =y iff, for some
se€Ty_, ({shFx=x) E(Wy =w)Y =y. The latter holds iff there is a
L ((s) Fxoy, oy SUCh  that (it} (FxoOw,=w) E Y =y.  But
(Fx=x)Wy=w = Fwy-w (since X < Wy). Let us show that 7€ Tyyymw
Since 1€ ({s}, 7:X=X)‘_Ny:W’ by definition of intervention, #(Wy) =w,
and, since Y € I, #(Y) € Fy(Wypa,), as needed. Thus, re T;Vy:w, and
therefore 7 = (Wy = w)Y =y.
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Vice versa, if TE(Wy=w)Y =y, there is a r€ T;VY
({t}, Fwy=w) E Y =y. As before (Fx—x)wy=w = Fwy=w. It suffices then
to show that 7 € (TX:X);VY:w Since t € T“V _w» We have 1(Wy) =w, as
needed. Since Y is internal (in all the 1nvolved causal teams, since
Y¢X), then #Y)=y€e Fwy=w)r(Wira,) = (Fx=x)Wy=w)r(Wipa,);
thus, te€ (TX=X)\_’Vy:w’ as needed. The soundness of axiom J11 is
proved analogously.

The soundness of axioms J12, J13, and J14 is a straightforward
consequence of the semantic clause for the modal operators, which just
requires checking whether the consequent is satisfied in singleton
models. For example, for axiom J12, note that T [ [X = x]Oy iff all
singleton submodels of Tx-_x satisfy Oy iff (being singleton) they
satisfy o, iff T | [X = x]y.

For axiom J15, suppose T | (X =x)y. Then, there is an se€ T5_
such that ({s},Fx=x) E V. ObViously ({s},Fx=x) E©T. Thus,
(s}, Fx=x) E¥ & OT.But se€ Tg__; thus, T E(X =x)(¢y & ©T).

For axiom J16, note that T = (T ,F)E ®" by Theorem 5.2. Thus,
T ': UTEFU- D

For axiom J17, suppose T | ®7 .

=) Assume T [E[X=x]¢. Then, for all
({s}, Fx=x) E ¢¥. But we also have that ({s}
by (*), ({sh, Fx=x) E L tsuch that W =

X=x) lﬂ
s€ TX =X’ TE[X=x] |_| tsuch that =t(W).
({n.7x |=l//

=X

_. such that
=w

s€(Tx=x)", (*):
,Fx=x) E W = s(W); thus,
#(W). Since this holds for all
=1(W),

&) Assume T EI[X=x]] ts;ghthat Then, for all

{t} X: x)':‘ﬁ
$€ (P50 (151 Fxon) E L gsenng W = (W). Thus, by the seman-
tic clauses, s =1t for some ¢ sucfl that ({r},¥) E¢. In other words,
{sh,F)E Y. Thus, T E [X =x]y. O

Since this system includes modal logic K (MP, NEC, axioms JO and
15), we automatically obtain the same theorems as in Lemma 4.4. But
note that points 2., 3. and 5. have more relaxed statements.

Lemma 6.2. The following hold in B.
1. (Deduction theorem) If T,y + x, then T+ — x.

2. (O-Monotonicity) If T+[X=xly and, v+ —Y', then
' [X=x]y'.

3. (O-Monotonicity) If TrX=x3 and + -y, then
' X=x)y'.

4 (X =xly & [X=x]y) & [X=x]) & ).

5. (Replacement) Suppose I' + 6 < 0. Then, I' + ¢ & ¢[6'/0].

6. F~[X=xly & X=x)~¢)

7.k~ X =x) o [X=x]~¢

8 F (X =Xy U(X =x))) & (X =X)Ly

9. F(X=xly &X=x)T) > (X =x).

10. + (IX = xJy & (X = x)x) = (X = )0 & x).

H. (X =x) &x) > (X =x)¢ & X =x)y).

Let us clarify the relationship between systems A, and B,. The
intuitive picture is that system B, is conservative over A, when
restricting our attention to singleton models. Formally, this means:

Theorem 6.3. Let T U{p}CH,. Tra, ¢ iff
o, UweRan(W)W =w,[tp, ¢
Proof. For brevity, let us write A for the set of assumptions
U{llweranow) W = wW}UT'. Let us first observe that, if 6 is an
axiom of A,, then Arg, 6. Indeed, most of the axioms of A, are
included in B,. For axiom I10, obviously At+g, <T. For I2b, note
first  that Atrg, [ weranowy W =W trivially. But  then

A, Lyerancry ¥ =y follows by JO and MP.

Then,
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For axiom I1b, write & for AU{Y =y}U{Y =y"}. By axiom 17,
Etg,0Y=y and ZErg, 0V =). On the other hand, by II,
oY =y—aY #)y’; thus, by MP, E+g, OY #)’. By JO and Lemma
6.2, 4, Erg, 0(Y =y &Y #y'). Thus, by JO and replacement,
Etp, O0L. Since OT€A, by Lemma 6.2, 9., Erg, OL, ie,
E g, ~OT. On the other hand, Z+g, OT by JO and NEC. So, by JO,
E g, L. By the deduction theorem, then, At+g, (Y =y&Y =y") — L.
By JO, then, Atg, Y=y =Y #y.

Finally, for axiom 16, just note that, by J6, JO and MP,
At+g, | lweranw)16. Thus, by JO again, A +g_ 6.

Since all axioms of A, are +g, -derivable from A, and B includes
all the rule instances of A, it is straightforward to transform any proof
of the form I' Fa, ¢ into a proof of A kg, .

Vice versa, if A +g, ¢, by the soundness of B (Theorem 6.1), A k= ¢.
But this (by Lemma 4.1) means that every singleton model that satis-
fies I also satisfies ¢; i.e., T E!' ¢. But then T'ka, ¢ by the complete-
ness theorem for A, (Theorem 4.13). m]

We will now consider maximally B,-consistent sets and their
relationships to canonical teams. Note that, for sets I' of H formulas
that are maximally consistent according to B,, we can define their
associate canonical causal team T' exactly as in section 4; we may
write Tg where there is the risk of confusion. As before, we can prove:

Lemma 6.4. Let T 2 B, be a maximal consistent set of H} formu-
las. Then T is a model, i.e.,

1. For all Y € Int(T), 7—'; is well-defined.

2. Forall Y € Int(T") and s € (T")", (s(PAy),s(Y)) € .

The proofis as for A, since it only uses axiom I3 and classical logic.

The following corollary of Theorem 6.3 shows that the notational
abuse of writing " for Tg is not too dangerous, at least when Tg isa
singleton model.

Corollary 6.5. Let T' 2 B, be a maximal B, -consistent set of H-
formulas such that TE is a singleton model, and let Ty be the set of
H, formulas in T. Then, Ty is maximally A,-consistent, and
Tl = TE.

Proof. First, we show that OT, | |yeranewy W=WeT".

For the former, note that since TE is a singleton model, by its defi-
nition there is a weRan(W) such that OW=wel. But
rB, W=w — T by JO,so &T €' by monotonicity.

For the latter, note that, by the definition of TE and the fact that it is
a singleton model, we also have that, for all w #w, OW=w ¢T.
Since I' is maximal, ~OW =w’ eI". By Lemmas 6.2, 7. and Lemma
45, 3., we obtain AwzwO~W=wel. By Lemma 6.2, 4.,
OAwzw~W=w €I'. Thus, since we have O| |ycranewy W =WeT
based on 12, from Lemma 4.5, 3. and Lemma 6.2, 4. we obtain
O(Awew ~W =W & | |yeranow) W =w) €. Thus, based on JO and
replacement, OW=wel. By [7, W=wel. Thus, by IO,
LleRan(W) W=weT,

We use these facts to prove that Iy is closed under A-derivations.
Suppose Iy a ¢. Then, from Theorem 6.3, OT, [ |ycranwy W =W,
[y g ¢; but then, based on what we proved above, I' g ¢. Since T is
maximal, then, ¢ € T; since ¢ € H, we conclude ¢ € I'y.

Now suppose for the sake of contradiction that Iy is A-inconsistent;
then I'g k4, L, but since Iy is closed under A-derivations, L €I'gCT,
contradicting the B-consistency of I.

Finally, suppose for the sake of contradiction that I'; DT is an
A -consistent set of H,, formulas; say, ¢ € I'; \I'y. Then, ¢ ¢ T, so, by
the maximality of I, ~pel. But ~p is an H formula, so
~p ey CT'. Thus, after all, I'; is inconsistent.

Now, since I’y is maximally A, -consistent, it defines the canonical
team T'0, which by definition is the same as TE, O
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Theorem 6.3 also ensures that the truth lemma will work correctly at
least for the H formulas in T, provided T is a singleton model.

Corollary 6.6. Let I 2 B, be a set of H} formulas that is maxi-
mally consistent, and ¢ be an H, formula.

1. If ¢ is an atomic formula, then €T < T' | ¢.

2. If TV is a singleton model, then g e T = T' k= ¢.

Proof. 1) Suppose Y =yeT. Then, oY =y eI by I7. Suppose for
the sake of contradiction that there is a re(T')” such that
#(Y)=y #y. Then, by definition of T', O¢W=1#W)eI. Thus,
oY=y el by Lemma 6.2, 11. Thus, by Lemma 6.2, 10.,
O(Y=y&Y=y)el. On the other hand, by I1 and MP we have
oY #y" eI'. Again, by Lemma 6.2, 10., we obtain &(Y =y & Y =)’
& Y #y)eTl, so, by 10 and monotonicity, ¢L €. This contradicts
Lemma 4.5, 5. Thus, all assignments in (T')~ satisfy ¥ =y, and so
TTEeY=y.

Vice versa, suppose T' = Y = y. Suppose for the sake of contradic-
tion that Y=y¢Il'. By axiom 17, oY =y¢Il. By maximality,
~0Y =yel, and by Lemma 6.2, 6., O~Y =y eI. On the other hand,
by axioms 12, 0| Jyeranwy W =W eT. Thus, by Lemma 6.2, 10.,
O(~Y =y & | lyecrmewyW=w)el'. By 10 and monotonicity,
O Lweranwywyyzy W = w € I'. By Lemma 6.2, 8., Uweranwwiyey OW =
wel. Thus, by primality of I', there is a we Ran(W) such that
wy #y and OW =w €I'. Thus, the assignment s(W) = w is in (TH".
But s(Y) # y; thus, T' }£ Y =y, contradicting our initial assumption.

2) Let Ty be the set of all H formulas in I'. From right to left,
suppose T! k= ¢; by corollary 6.5, this gives TT0 = ¢. But then, since
¢ € H, by the truth lemma 4.12 for 'y, g €e [y CT.

From left to right, note that, since TT0 =TT is a singleton model,
TN = O, Lweranew) W = W. Now, if ¢ €T, then ¢ € Iy (since it is an
‘H formula). Then, by the maximality of I'g, Iy +a, ¢. Thus, by Theo-
rem 6.3, we have OT,| |yeranew)W =W.Io g, ¢. Furthermore,
T'0 =Ty by the truth lemma for T'0. Thus, by the soundness of B,
TF =T | . O

This corollary gives us some control on the H,-formulas that are
B-provable for singleton models. To extend our grasp to H™* formu-
las, we aim to show that the H, formulas that hold in a singleton
model completely determine the truth or falsity of H formulas. We
already know that this holds semantically (even for non-singleton
models) by Theorem 5.1; we seek here a proof-theoretic counterpart of
this result. We need a couple of intermediate lemmas; the first one
shows that, if I'2 B, is a maximal consistent set of formulas, then
there is exactly one F (up to equivalence) such that ®* €T,

Lemma 6.7. If T 2 B, is a maximal consistent set of H* formulas,
then there is an F € F,. such that oF eT; if(I)T,CI)g el then ¥ =@G.

Proof. Existence: Since I'2B,, by axiom J16 we have
Ller, @ €T, Thus, by the primality of T, there is an F such that
o7 €T.

Uniqueness: Suppose for the sake of contradiction that ®,®Y €T,
where 7 # G. The statement ¥ # G implies that there is a Y € 7 and
a tuple pae Ran(PAS;UPAg) such that 7'—Y(parpA'§') igy(parmg).

Suppose wlog that there is a ye?’y(parm'f)\gy(pa[mg). Then, by
Y Y

J0, @7 eI implies (Wy=w)Y=yel' and ®Y€el implies
~Wy=w)Y=yel for some w such that WrPA'fuPA-‘j = pa,
contradicting the consistency of I'. mi

Lemma 6.8. Let I' 2 B, be a maximal consistent set of H formu-
las. Then, for each ¢ € H; thereis a ¢f. € Hy such that T v, ¢ & ¢f..

Furthermore, ¢f. is determined just by the causal laws encoded in
I ie, ifCIJ7r el and ©F €, then ¢p = <pl*_,.
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Proof. We define ¢f. and prove I' - ¢ <> ¢f. by induction on ¢.

If ¢ is atomic, we let ¢} := ¢; then, 't ¢ & ¢ follows from JO
(since B, cT).

If ¢ is ¢ & x, then we let ¢} := Y & x{. By the i.h, 'ty & Y1
and T'+ y & xt; thus, T'+ ¢ & ¢f. follows by 10 and MP. The case for
¢ of the form ~y is similar (letting ¢f. := ~y/7).

If ¢ is [X = x]y, then observe that by Lemma 6.7, there is one func-
tion component F (up to equivalence) such that & e . We let

¢p = [X=x]] rsuchtar W =1(W). We note that, by Theorem 5.1, if
(1 Fx=x)F¥
¥ =G then this formula is the same as [X = X]| | ;suchthat W = H(W)
({1).Gx=x

(as obviously 7 = G implies Fx-x = Gx=x); thus, the definition of ¢}
is determined by the equivalence class of #. Now, since ®” €T, by

axiom J17 T+ ¢ & ¢f. o

Upon closer inspection, this lemma also proves that, if an H*
formula completely determines the causal laws (i.e., it entails ® for
some F) then it is equivalent to an H formula. We will not need this
fact in the following.

Theorem 6.9. For every Ty 2 A, maximal A,-consistent set of H,
formulas there is a unique maximal B, -consistent set I 2ToUB, of
H* formulas.

Proof. Existence. Since I'y includes A, and is maximally A, -
consistent, by Lemma 4.12 Iy has a (singleton) model 7. Let
I:={peH|TE ¢}. Since T T, by the soundness of B, (Lemma
6.1), we have B, CT'. And since it is the set of H} formulas satisfied
by a model, I is maximally consistent.

Uniqueness. Suppose for the sake of contradiction that there are two
distinct I',I” satisfying the statement. Say, wlog, that there is a
¢ € '\I"”. Thus, by maximality of I"", ~¢ € I". By Lemma 6.8, there is
a ¢f. € H, such that '+ ¢ & ¢f; thus, by MP, (*): ¢f. € Iy CT'. By the
same lemma, we also have I'" + ~p < (~p)f,. But the proof of the
lemma shows that (~¢)}, = ~¢y,. Furthermore, note that, since
@ e H, we have " €T «— & €Iy < @” €I". Since the ¢;
are determined by the 7 such that ® €T, we conclude that L=
Therefore, I'" + ~p & ~¢f.. So, ~pf. € [y CTI". This, together with (*),
contradicts the consistency of I'y. mi

We now move toward a completeness proof. The failure of Weak
reversibility over general models (and the apparent lack of an adequate
substitute axiom) prevents us from applying the typical proof strategy
used for logics of causal reasoning; weak reversibility seems essential
for the usual proof of the truth lemma (cp. Lemma 4.12). Our strategy
will be to introduce an (artificial) modal semantics for H™, so that we
can use the standard techniques for proving completeness in modal
logics, see e.g. Blackburn et al.321®; this was also the reason for
switching from H to H*. In particular, we will build a canonical
modal model whose worlds can be identified (modulo equivalence)
with our canonical teams, and prove a truth lemma for it.

Let us fix some notation. We assume that there is a fixed alphabeti-
cal order of the variables. For a given signature o, we write I, for the
set of all conjunctions of the form X = x, where the variables in X are
listed alphabetically and without repetitions.

Definition 6.1. An unintended model (umodel) for o is a tuple
M = (W, R+, (Rx=x)X=xel,,» V), where W is an arbitrary set (of
"worlds"), R+ and the Rx-x are binary relations on W, and V is a
function W x Atom, — {0, 1}.

The overall approach used here is inspired by Wang & Caol**!.
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We can then define the notion of truth at a world. Given a umodel
M, a world u of M and an H* formula ¢, the relation M, u ¢ is
given by the following inductive clauses:

oM urY=yiff V(u,Y =y)=1.

o M, uy &y iff Myuryy and M, u+ y.

o M, ul~y iff Myuk .

o M, u - Oy iff for all v such that uR+v, M,v - .

o M, u [X =x]y iff for all v such that uRx_xv, M, v I .

Umodel-world pairs M,w might in general not be equivalent to any
causal team (in the sense that they might not satisfy the same set of
H* formulas as a causal team). However, we introduce a canonical
umodel whose worlds are maximal consistent sets®, and they do
behave like causal teams. We need to introduce a bit of extra notation.
If o =(&,7,Ran) is a signature and X CEU T, we denote as ox the
signature (EUX, 7 \X,Ran) and call it a derived signature of o.
Note that, conveniently, H; =H; and Hyy =H,; on the other
hand, B, may differ from B, (they may contain different instances
of axioms I8, J10, J11, J16, and J17). Thus, in general, Tgx might
differ from T, even if T is both a set of Hy, and H; formulas. We
denote by & the set of all derived signatures of o; note that o € &.

The canonical umodel M, has the following components:

e W is the set of all maximal consistent sets I' 2 B, of H formu-
las, where T € 4.

o 'R+ A iff, for some T € 6, I',A 2 B; and:

1. for some w € Ran(W), 0T, 0W =we A

2. for all YeZ,yeRan(Y) and we Ran(Wy), if (Wy=w)Y =
yeTl, thenitis also in A

3.forall y e H},if y € A, then Oy eT.

® ['Rx—xA iff for some 7 € &, we have ' 2 B;, A 2 B, and:

1. for some w € Ran(Wx), OT,0XWx =xw) €A

2. for all Y e I'\X,y<eRan(Y) and w € Ran(Wy), if (Wy =w)Y =
y €T, then it is also in A

3.forall y e Hf,if y € A, then X =x)y €T

e VI,Y=y)=1iff Y=yel'

We will simply write M when the intended signature is not ambigu-
ous. In the definition of the accessibility relations for M, clause 3 is
the standard one used in the definition of canonical models in modal
logic. The purpose of the additional clause 1 is to guarantee that, if
a world A is accessible from some other world, then it behaves analo-
gously as a singleton causal model. This is to mimic the fact that the
evaluation of a formula [X = x]y on a causal model amounts to check-
ing whether ¢ holds on singleton submodels of the intervened model.
Finally, clause 2 (together with 3) guarantees that such singleton
models have the same causal laws as the initial causal model—except
for the variables X that have been intervened upon. Concerning these
variables, the fact that A has signature 7x guarantees that they behave
as external variables.

Lemma 6.10. With notations as above:

1. In the definition of TR+ A, clause 3 can be replaced with: for all
peH}E, Opel implies ¢ € A.

2. In the definition of TRx—xA, clause 3 can be replaced with: for all

e H:, [X=x]p el implies ¢ € A.

Proof. We only prove point 2., as the proof of point 1 is analogous.

From left to right, suppose I'Rx_xA and ¢ ¢ A. By Lemma 4.5, 2.,
~p € A. By clause 3 of the definition of M, then, (X =x)~p €". By
Lemma 6.2, 6. ~[X=x]pel'. Thus, by the consistency of I,
[X=x]pe¢l.

Throughout the rest of this section, the notions of consistency and maximal consistency are relative to system B unless otherwise specified.

Barbero The Knowledge Engineering Review 2026, 41: ¢008
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From right to left, suppose [X = x]p € I" implies ¢ € A for all formu-
las ¢ € H}. By contraposition, ¢ ¢ A (which is equivalent to ~p € A
by Lemma 4.5, 2.) implies [X=x]o ¢TI, thus ~[X=x]pel by
Lemma 4.5, 2., and finally (X=x)~¢ €' by Lemma 6.2, 6. Since
every formula y is equivalent to a negated formula (say, y = ~~y),
this is just a reformulation of clause 3 in the definition of M. mi

Lemma 6.11. Let  be an H} formula and T 2 B, be a maximal
consistent set of H formulas.

1. Suppose Oy eT. Then, there is a weRan(W) such that
OW&OW =w) el

2. Suppose (X =xWy €. Then, there is a w € Ran(Wx) such that
(X =x)(y & OXWx =xw)eT.

Proof. We prove only statement 2., as the proof of statement 1. is
analogous.

Suppose (X =x) €I'. By axiom J2, [X =x] Llxwerancxwy) XWx =
xw € I'. By axiom 17 and replacement, [X = X] |_lxweranxwy) OXWx =
xw € I'. Thus, by Lemma 6.2, 10., (X = x)() & |lxweranxwy) DXWx =
xw) €I". By JO and replacement, (X = x)| |xweranxwy) (¥ & OXWx =
xw) €. By Lemma 6.2, 8., |lxweranxwy)(X = X)(¢ & OXWx = xw)
eI'. By primality of I' (Lemma 4.5, 4.), there is an x’'w € Ran(XWy)
such that (X = x)(y & OXWx = x'w) e I'. Now, suppose for the sake
of contradiction that x” # x. Note that, from the previous statement,
by Lemma 6.2, 11., and JO we obtain (X =x)0XWyx =x'wel. By 17
and replacement, (X = x)XWx =x’'wel. Thus, (X=x)X=x"€T by
I0 and monotonicity. But [X=x]X=xe€I by axiom I4; thus, by
Lemma 6.2, 10., (X =x)(X=x&X =x') eI'. By the same lemma, J1
and JO, we obtain (X=x)L €I, i.e. ~[X=x]~Lel. On the other
hand, [X =x]~1 €I by JO and NEC, contradicting the consistency of
I'. Thus, x’ = x. m]

Lemma 6.12 (Existence lemma). Let I' 2 B, be a maximal consis-
tent set of H} formulas, ¢ an H; formula. Then:

1. if O €T, then there is a maximal B, -consistent set A of H
formulas such that TR+A and ¢ € A.

2. if (X =x)p €T, then there is a maximal consistent B,y set A of
HE formulas such that TRx—xA and ¢ € A.

Proof. We only prove point 2., as the proof of point 1. is analogous.

Suppose (X =x)p € I'. We first observe that, since (X =x)p €', by
Lemma 6.11 there is a w € Ran(W) such that (X =x)(¢ & OW =w)
eTandw;x =x.LetA; = {y | [X=x]y €T}, Ay = ((Wy =w)Y =y eT|
Y e 7'\ X,wy € Ran(WyY)} A =A1UA U{p,OT,O0W = w}.
Suppose for the sake of contradiction that Ay is not consistent in
Boy - Since Byy

and

is finitary, this means that there are formulas v, ...,
YneAr and  y1 Wy, =wDY1=y1, ..., X : Wy, = W)Yy =y
€ Ay such that ¥y, ..., Y, X15 -5 Xm> @, OT, OW =W L. By some
applications of the deduction theorem and JO, we obtain
FWr & ... &Y, &1 & ... & xn &OT) = ~(p & OW =w). By
NEC, 15, Lemma 6.2, 4. and replacement, + ([X=x]Jy; & ... &
X=xly, & [X=x]y; & ... & [X=x]y, & [X=x]0OT) = [X=X]

~(p & OW =w). We can remove the diamond using axiom J12 and
replacement, and then by m applications of J11, we obtain
F(IX=xly1&... & [X=x]y,&y1 & ...& yn & [X=X]T) - [X =Xx]
~(p & OW =w) (applying J11 is correct because Yi,...,Y, are in-
ternal and not in X). But now, [X=x]¢y, ..., [X=x]y, €l (by

Remember that 72 denotes the law component of the canonical causal team T2,
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definition of Ay), x1,...,xm €' (by definition of Ay) and [X=x]T €T
(by JO and NEC). Thus, by MP, [X = x]~(¢ & OW = w) € I'. Then, by
Lemma 6.2, 7., ~(X = x)(¢ & OW =w) € I'. But we already know that

(X =x)(p & OW =w) €T, so we contradict the consistency of I'.
Thus, Ay is consistent. By the Lindenbaum lemma, there is a maxi-
mal B, -consistent set A2 Ag. Note that [X =x]J € " implies ¢ € A
for all . By Lemma 6.10, then, we obtain clause 3 of the definition of
Rx_x. Furthermore, we have that ¢T €A and OW=we A with
wx = X; this is clause 1 of the definition of Rx—x. Finally, A> C A; this
is clause 2. Thus, 'Rx_xA. Finally, we observe that ¢ € A, as needed.
i

Lemma 6.13 (Truth lemma for M). Let T' 2 B, be a maximally
consistent set of HY formulas, and ¢ an H; formula. Then, M,T I ¢
ifeel.

Proof. By some applications of 10 and replacement, we can assume
up to equivalence that all modal operators [X = x] occurring in ¢ are
replaced with ~~[X = x]~~, i.e., ~(X =x)~. We can then proceed by
induction on the subformulas ¢ of ¢, thought as combinations of
atoms, ~, & and (X = x) operators; we prove the statement simultane-
ously forall T

If ¢ is an atom Y =y, then M,T' Y =y iff (by definition of )
V(I[,Y=y)=1 iff (by definition of M) Y=yel. The cases for
¥ =x1 & x» or y = ~y are also straightforward.

If ¥ is of the form (X =x)y, then M, T I (X = x)y iff (by definition
of ) there is a A such that T'Rx_xyA and M,A I y, iff (induction
hypothesis) there is a A such that 'Rx_4xA and y € A. By clause 3 of
the definition of Rx-y, then, the latter implies (X =x)y eI'. Vice
versa, if (X =x)y €I, by the existence Lemma 6.12 there is a A such
that TRx—xA and y € A. O

Corollary 6.14. If T is a world of M, of signature ox, then it satis-
fies the axioms of B,y .

Lemma 6.15 (Canonical singletons). Let A2 B, be a maximally
consistent set of H} formulas, and let Ay be the set of H formulas in
A IfOT,0W = s(W) € A, then Ag = {y € Hy | ({s},F2) Ex}. 9

Proof. By Lemma 6.2, 9., ¢T,0W =s(W) e Ay CA implies that
OW = s(W) € Ag. Furthermore, by axiom I1, - OW = s(W) - OW #
(W) if s#t; thus, oW # t(W) e A. If we had OW =1(W) € Ay for
some t#s, then, by Lemma 6.2, 10, we would obtain
O(W=t(W)&W=£tW)); thus, by JO and replacement,
OL €Ay CA; this contradicts Lemma 4.5, 5. Thus, s is the unique
assignment such that OW = s(W) € A. By definition of (Té)‘, then,
we have (Tg)’ ={s}. Thus, ({s},F2)=({s},F*)=T". By corollary
6.6, then, A={yeH!|T ky}; thus, Ag={yeH, | T Ex}=
(v € Ho | (51T E x). 0

As we said early on, the canonical model M is designed so that each
of its worlds I would behave as the canonical causal team T, and
each world A with T'Rx_xA would behave as one of the singleton
models that are produced by the intervention do(X = x) applied to TT.
The second of these claims, unfortunately, will not in general be
correct; the law component 2 of T* might disagree with the law
component Fi_ of TL_ about the parent sets of some variables.”’
We will see that, nonetheless, T is =-equivalent to a corresponding
singleton submodel of T‘;:X, and thus it satisfies the same H™*
formulas.

Lemma 6.16. Let T€6. Let I 2B, and A2B., be maximal
consistent sets of Hy formulas. If TRx—A, then F* = Fy__.

@D Intuitively, the reason is that, after fixing the value of X to X, information is lost, and relationships of direct cause that were "visible" in I are not detectable anymore in

A.
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Proof. The causal laws for an internal variable ¥ do not necessarily
have the same parent set in 2 as in T{:X; so, we shall write PA@,
resp. PA;, to differentiate them. Note that TRx_4A entails that 2 and
T{zx have the same signature (namely, 7x), so that the definition of
= may apply. Let us consider a tuple of values pa € Ran(PA% U PAL);
to conclude that ¥ =FL_ we need to prove that T)/A(ParPAg) =
7y (paypar) when Y € I\X.®

Suppose y € F(pa “,Aé). By definition of 2, this means that, for
any w e Ran(Wy) with Wipal = Pdpads (Wy=w)Y=yeA. In
particular, this holds for any w € Ran(Wy) with WipAdupAT = pa; fix
one such tuple w. By clause 3 of the definition of Rx-x, then,
(X=x)}Wy=w)Y=yel. Since Y¢X, by axiom J10 we have
(Wy =w)Y =y eT. Thus, by definition of 7T, y e Tyr(l’arm;)

Vice versa, suppose y € 9”{ (pa,p AT ). Reasoning as before, there is a
w € Ran(Wy) with Wipabupal = Pa such that (Wy =w)Y =yel. But
then, (Wy = w)Y =y € A by clause 2 of the definition of Rx—y. O

The following two lemmas show that the singleton subteams of
a canonical model T, resp. those of T%_ , can be identified (up to

X=x’
=-equivalence) with well-chosen canonical teams.

Lemma 6.17. Let I' 2 B, be a maximal consistent set of H} for-
mulas. If s € (TV)", then ({s},F7)=T%, where A={peH:|O(W=
s(W) & @) € T'}. Furthermore, TR+ A.

Proof. First of all, note that it is easy to show that, for any formula
o, sLFD E ¢ iff TT E O(W = s(W) & ¢). Therefore, ({s},77) kA
and it satisfies no H; formula outside of A. Thus, A is a maximal
B,--consistent set of H} formulas.

Thus, T2 is well-defined. Since A is the set of all formulas satisfied
by ({s},F1), and ({s},F") is a model of signature o, by the soundness
of B, we have A D B,.. Let Ag be the set of all H formulas in A. If we
can prove that T* is a singleton model, then by corollary 6.6 T2 = Ay,
ie., T and ({s},F7) satisfy the same HH,, formulas; thus, by Theorem
5.1, T2 = (s}, 7).

Let us then prove that T is a singleton model. Since s € (T')~, by
definiton of T we have OW=s(W)el. Thus,
O(W = s(W) & W = 5(W)) €T by 10 and replacement; so, by the defi-
nition of A, W = s(W) € A. By axiom 17, (*): OW = s(W) € A.

On the other hand, since OW=s(W)el, by axiom J15
O(W=5(W) & OT)el. Thus, ©T € A. Together with (*), this gives
(by Lemma 6.2, 10.) OW =s(W) € A. Thus, by definition of T2,
se (T .

If t#s, then OW =tW)eA, together with (*), would imply
(Lemma 6.2, 10.) that G(W = s(W) & W = t(W)) € A. Together with
I1 and JO, this yields ¢, contradicting Lemma 4.5, 5. Thus, for each
t#s, OW =1(W) ¢ A. So, by definition of T*, (T?)" is the singleton
{s}.

Lastly, let us prove that TR+A. We already know that I, A 2 B,. We
need to verify the three clauses of the definition of R+.

Clause 1. Since obviously ({s},71) E ©T, OW = s(W) and we have
shown ({s},F7) =T, we have T2EOT,OW=s(W). Since
OT, oW = s(W) are H formulas, and furthermore T2 =T2 is a
singleton, by corollary 6.6 we obtain 0T, OW =s(W)e Ag C A, as
needed.

Clause 2. Let YeZI (where o =(&,7,Ran)), and suppose
(Wy=w)Y =yeT. Since we have OW = s(W) € A, by definition of
A, OS(W=sW)&W=sW))el'. By JO and replacement,
OW = s(W) eT'. On the other hand, by axiom J11, from the initial
assumption we get O(Wy =w)Y =yel. So, by Lemma 6.2, 10., we

@ Note that F = (T)E:x)y when Y € 7\ X.
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obtain O(W = s(W) & (Wy =w)Y =y) eI". Thus, by definition of A,
(Wy=w)Y =yeA.

Clause 3. Suppose ye€A. By definition of A, then,
O(W =5(W) & y) eT'. Thus, Oy €' by Lemma 6.2, 11. O

Lemma 6.18. Let €6, and X be a tuple of variables in the
domain of o. Let ' 2 B; be a maximal B-consistent set of H} formu-
las. If s € (’]I‘)F(:x)‘, then there is a a maximal consistent set A2 By of
H; formulas such that 1) TRx—A and 2) T2 = ({s}, Fx_,)-

Proof: In case X = 0, this is just Lemma 6.17. Let us assume hence-
forth that X # 0.

We let A:={peH; | (X=x)}(W=s(W)&¢)eTI}. Let us verify
that A is maximally consistent and B,y CA (so that T* is well-
defined), and that it satisfies 1) and 2).

Observe first that, for any formula o, ({S}’(F)E:x) Eo iff
TE B (X = x)(W = s(W) & ¢). Therefore, ({s},‘}"{:x) is a model for A,
and it satisfies no H formulas outside A. From this we obtain,
exactly as in the proof of Lemma 6.17, that A is maximally consistent
and (since ({s},‘F{:X) is a model of signature 7x) B, CA.

1) We need to show that clauses 1.-3. of the definition of Rx_yx are
satisfied.

Clause 1. Since s € (ngx)’, we have T' £ (X =x)W = s(W). But
then, there is a € (TV)~ such that ({t}, 1) £ (X = x)W = s(W). Now,
by Lemma 6.17, ({t},77)=T"* for the maximal consistent set
A={peHI | OW=1t(W)&¢)eTl}; thus, by Theorem 5.1,
TA £ (X = x)W = (W). Since this is an H formula, and T* is a
singleton model, by corollary 6.6 we have (X=x)W = s(W) € A.
Therefore, O(W = (W) & (X =x)W = s(W)) eI'. By Lemma 6.2, 11.,
XX =x)W = s(W) €I'. Thus, by axiom J14, (X =x)W = s(W) eT.
By axiom J15, (X =x)(W = s(W) & ¢T) eI'. Thus, by definition of
A, we have OT € A, as needed.

Note also that, from (X = x)(W = s(W)) €T, by JO and replacement
we obtain (X = x)(W = s(W) & W = s(W)) € I'. Thus, by definition of
A, W=3s(W)eA. Since we have already shown B,y CA, and A,
being maximally consistent, is closed under +g_ (Lemma 4.5, 1.) by
axiom [7, we conclude OW = s(W) € A. If we can prove that s(X) = x,
then, we are done. But that immediately follows from the assumption
se(Th_ ).

Clause 2. Suppose (Wy =w)Y =yeT for an internal ¥ ¢ X. From
this we obtain, by axiom J11, that (*): [X =x]{(Wy=w)Y =yeTI. On
the other hand, note that, since O¢T,0W = s(W) € A, by Lemma 6.2,
10, we have OW=3s(W)eA. By definition of A, then,
(X=x)(W=s(W) & OW=s(W))eI'. By Lemma 62, 11,
(X =x)OW = s(W) eT. By axiom J13, then, (X=x)W =s(W)eT.
This, together with (¥), yields (X =x)(W = s(W) & (Wy =w)Y =
y) €I’ by Lemma 6.2, 10. Thus, by definition of A, (Wy=w)Y =y
eA.

Clause 3. Suppose y € A. By definition of A, (X =x)(W = s(W)
& y)€l'. By Lemma 6.2, 11., then, (X =x)y €T

2) Let A be the set of H formulas in A. Since T is a singleton, by
corollary 6.6, we have T® £ Ag. Thus, T and ({s},?{:x) satisfy the
same H,, formulas. By Theorem 5.1, then, T? = ({s},?‘_{:x . m]

Lemma 6.19 (Representation lemma). Let 7 € &, and let I’ 2 B; be
a maximally consistent set of H} formulas, ¢ an H formula. Then,
M,T o iff T' E .

Proof. By induction on ¢: The cases for & and ~ are straightforward.

Atomic case: ¢ is Y =y. Since Y =y is atomic, corollary 6.6 tells us
that T Y =y iff ¥ =y €T, iff (by definition of M) V(I,Y =y) =1
iff (by definition of ) M,T'IF Y =y.
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Case ¢ is [X =x]y.

=) Suppose M,T I [X =x]y. Since M, T I [X = x]i, we have that,
for all A such that TRx_xA, M,A I . By the i.h., T*  ¢. Therefore,
if we show that 1) T2 is a singleton model, 2) every singleton
submodel of Tg:x is = T2 for some A with TRx_4A, we will have
T' & [X = x]y by the semantic clauses for |=.

2) This point is given by Lemma 6.18 (or Lemma 6.17 in the special
case for X =0).

1) Since I'Rx-_A, by definition, ¢T € A and OW =w € A for some
w such that wx = x. By Lemma 6.2, 9., OW = w € A; thus, s € (T%)",
where s is the assignment s(W) = w. Suppose, for the sake of contra-
diction, that 7 € (T®)~, where #(W) = w’ # w € A. By definition of T%,
then, OW =w’ € A. On the other hand, OW = w € A together with
axiom Il1 yields OW=#w. Thus, by Lemma 6.2, 10,
O(W=w &W£w)eA. By 10 and monotonicity, then, OL €A.
Since A is consistent, we contradict Lemma 4.5, 5.

&) Assume T'E[X=x]y. Then, for all se (ngx)’,
({s},ﬁ‘f}{:x) E . Suppose we manage to prove the following, for all
maximally consistent sets of 7 formulas A 2 By :

(%) 1 if TRx—xA, then for some s € (Tx_ )", A= {x € H! | ({s}. Fu,) Ex}.

If so, then by the above ¥ € A if I'Rx_xA. But then, by the truth
lemma for M (Lemma 6.13), M,Awry if TRx—xA. Thus,
M,T I [X =x]¢, as needed.

Let us then prove (*). If I'Rx—xA, then by definition of Rx_x we
have ¢T,0W =w" € A for some w*; let s be the assignment such that
s(W) =w*. Let Ag be the set of H formulas in A. By Lemma 6.15, we
have that A = {y € H, | ({s},F*) E x}. By Lemma 6.16,F% = F;_ ;
but then, by Theorem 5.1, ({s},¥%) and ({s},?-'{:x) satisfy the same
H; formulas. Thus, Ag={x € H;|({s},Fx_,) Ex}. Since Ay has a
singleton model of signature 7x, by the soundness of A we have
A € Ao, and Ay is maximally A,y -consistent. Thus, by Theorem 6.9,
A is the only maximal consistent set of H* formulas that extends both
Ao and By . Now, A":={y e H; |({s},Fx_) Fx} also extends Ay.
Since ({s},'}’LX) is a model of A’, we also have B,, CA’. Thus,

X =

A=A, as needed. O

Theorem 6.20 (Strong completeness of B). For I'U{p} C H*

o’

I'kEqp &= Ik, @.

Proof. The right-to-left direction is given by the soundness theorem
6.1. In the other direction, suppose I' ¥, ¢. By the usual reasoning,
then, TU B, U {~¢} is B, -consistent. By the Lindenbaum lemma, there
is a maximal consistent set of H formulas A D T'UB, U{~¢}. By the
truth lemma for M (Lemma 6.13), M,A I',~¢. But then, by the
representation lemma (Lemma 6.19), T* T, ~¢. Since T* is a model
(by Lemma 6.4), we conclude that I" |~ ¢. O

As a final remark, we note that now we may obtain an axiomati-
zation of the H languages over singleton models as an extension of
B, . Consider the following axiom:

Sing. OT& | Jweranewy W = W.

Theorem 6.21. For TU{p} CHF, we have TEL ¢ & T, Sing

B, ¢-
Proof. This is an immediate consequence of Theorem 6.3 and Theo-
rem 4.13. o

We are left instead with the open issue of axiomatizing language
H, over the class of all models (of signature o). We might conjecture
that system B, could be conservative over the subsystem of axioms
involving only unnested formulas (axioms JO, I1-I5, J6, 17-19, and
J16); the completeness for H,. formulas of this smaller set of axioms
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would immediately follow. But nothing of what has been done here
supports this conjecture.

7 Parents, direct causes, and dummy
arguments

The literature on causal inference defines a multitude of notions
of causation in terms of interventionist counterfactuals; see, e.g.,
WoodwardP*4l. Among these, a key foundational role is played by the
notion of direct cause; roughly speaking, X is a direct cause of Y
when there is some intervention on X that alters the value of ¥ while
all other variables in the system are held fixed (at some tuple of
values). In most discussions of causal models, saying that X is a direct
cause of Y is equivalent to saying that X is a parent of Y; furthermore,
it is equivalent to saying that X is a non-dummy argument of the
causal law for Y. As hinted at in section 2, these three perspectives
diverge in the indeterministic case. In the present section, we give
precise definitions of these notions and prove some basic connections
between them. In particular, we show that, for any model T,

PAy 2" {direct causes of V} 2 {non-dummy arguments of V}

and there are models that make these inclusions strict. We marked the
first inclusion with a star because it holds only under the assumption that
the model is total.

We will also consider a fourth relationship, that of visible direct
cause, which, while not being properly causal in nature, will be useful
for the purposes of axiomatization. We will prove the following
important inclusion:

{direct causes of V} 2 {visible direct causes of V}.

7.1 Definitions

1. Whether X is a parent of Y in a model T is arbitrarily decided by
the model (this relation determines the parenthood graph). As we
have seen, the effect of this stipulation is that, if X is updated by an
intervention, then Y is also updated. If the parenthood graph of T is
acyclic, we say that T is strictly recursive. As we already remarked,
this class of models has many analogies with the recursive class of (the
usual, deterministic) causal models. While it is no more true that the
values for the external variables uniquely determine the values of the
internal variables, it is still the case that the effects of interventions can
be calculated by a straightforward recursive procedure.

Another analogy is that, if furthermore the causal laws are total,
then intervening on a nonempty model always produces solutions.

Proposition 7.1. Let T = (T~,F) be a nonempty, strictly recursive
total model, X variables in its domain, x € Ran(X), s € T~. Then, sizx
is nonempty. In particular, Tx—x is nonempty.

Proof. As already mentioned in section 3, the acyclicity of the
parenthood graph ensures that, if Z e PAy, then d(X,Z)<d(X,Y).
Furthermore, acyclicity and finiteness ensure that each variable has a
(finite) distance from X.

Fixan s€T~. We definea t e s;x by recursion on the distance of
variables from X. First, we let #(X) :=x and #(Nx) := s(Nx). Each of
the remaining variables, say Y, is internal and not in X. Since
d(X,Z) <d(X,Y) for each Z € PAy, we can assume by i.h. that #(Z) is
already defined for each Z € PAy. Then, we can let #Y):=y for an
arbitrary y € Fy(t(PAy)) # 0. Since there is a maximum distance, this
defining procedure ends. i

2A. We define the notion of direct cause following the suggestion of
Wysockil®]: that X should count as a direct cause of Y if intervening
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on X (while all the remaining variables are fixed at some values) will
change the range of available values of Y. More precisely, let
T = (T~,F) be a model of signature 0. We will say that X is a direct
cause of Y (in T') if, for some assignment s of signature o compati-
ble with ¥, the following formula X ~» Y is satisfied by ({s},F):

X~ Y: ~(ZX=zx)Y =y o (L=17)Y =),

(z,x,y)eRan(ZXY)
(where, Z stands for Dom \ {XY })i Note that this notion of direct cause,
in agreement with previous literature on causation, only depends on the
law component, and not the team component of the model. If there being
no variable is a direct cause of Y, we say that ¥ is exogenous; otherwise,
it is endogenous.

We call causal graph the graph of the direct cause relation, and say
that a model is recursive if its causal graph is acyclic. In section 10.1
we prove that direct cause and the related notions are not definable in
H. We do not know if they may be definable in some stronger
language such as H*.

2B. We will say that X is a visible direct cause of Y (in T) if
T E X ~» Y. This is not equivalent to X being a direct cause of Y, and
there are reasons to think that such a definition is not causal. In the
example of two-coin Bob (Example 2.2), B turns out to be both a
direct cause of O according to the definition in 2A and a visible direct
cause. But imagine a variant 7’ of the two-coin Bob model 7 in
which, instead of one assignment, we have two:

B (0]
1 heads
1 tails

Intervening on B does not change the available values of O in T’;
thus, B is not a visible direct cause of O in 7’. Then we have two
models (7 and T”) that have the same set of causal laws, but disagree
on whether B is a visible direct cause of O or not. We believe that a
causal notion should not depend on the team component (which is
typically used to describe epistemic uncertainty). Thus, "visible direct
cause" does not fit the bill. On the other hand, clearly, the definition of
direct cause does not depend on the team component (in particular, T
and 7’ agree about it).

We consider the notion of visible direct cause because it is a useful
tool for the sake of axiomatization. Differently from direct cause, it is
easily definable in H (by the formula X ~» Y); we can then define
related notions such as Y being visibly exogenous, resp. visibly
endogenous, by saying that the model satisfies the following
formulas:

® OVExo(t) : & XeDom\(¥)~X W Y ® OvEn(y) I ~PVExo(¥)-

We may call visible causal graph the graph of the relation ~», and
say that a model is visibly recursive if its visible causal graph is
acyclic.

A key property of an external variable Y is the fact that it is not
affected when intervening on the set of all other variables in the
system.? For a visibly exogenous variable, we do not get that much
(We will soon show that such an intervention may make some new
values for the visibly exogenous variable appear), but at least we can
prove that such an intervention does not make values disappear.
Remember that we write 77 (Y) for the set of values that Y takes in
T~ ,ie., T (Y):={yeRan(Y) | there is an s € T~ such that s(Y) = y}.

Proposition 7.2. Let T=(T",¥) be a model such that
T E ovEsor), furthermore, let ye T~(Y). Let w be a tuple of values
for Wy (a list of all variables except Y). Then, y € Ty, ().
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Proof. Let w,w’ be two tuples of values for Wy. We first show that
Y€ Ty, ) iff ye T‘jvyzw,(Y), by induction on the number n of vari-
ables on which w,w’ disagree. If n = 1, this follows immediately from
T E ¢vExo(r)- Suppose that it holds for n, and assume that w,w’ differ
on n+1 variables Xj,...,X,+1; say, these take values xj,...,x,4+1 in
w and Xpoeer Xy in w. Let also Z list the variables in
Wy\{Xi, ..., Xu+1} and z be the restriction of w to Z. By the induc-
hypothesis  (for n), we have ye T‘jvy:w,(Y ) iff

. By the base case (n=1), the latter is

tive
ye Ti,Xl,A.A,X,H_l=z,x1,.A.,x,,,x’
equivalentto y € Ty, _

Now let s €T~ such that s(Y) =y, and let w* := s(Wy). We can
show that s € Ty, _ ... This is by definition in case ¥ is external; if it is
internal, from s € 7~ we know that y = s(Y) € Fr(wip Ay); thus again,
by definition of intervention, s € Tyyyow - Thus, y € Ty (Y)- By the
above, then, y € T, "VY:w(Y) for any w € Ran(Wy). m]

In other words, any model T satisfies the formula pygxoy) — (OY =
y— (Wy =w)Y =y). As we have seen in section 4, if ¥ is an external
variable, the stronger principle ¢Y =y < (Wy = w)Y =y holds. Let us
see an example showing that the right-to-left implication may fail if ¥
is visibly exogenous, but not external.

Example 7.3 (Refereced two-coin Bob). We have an external vari-
able A for whether Arbiter chooses coin 1 or coin 2, after Arbiter
makes their choice, Bob will toss the corresponding coin (B=1 or 2);
variable C registers the outcome of the toss (heads or tails). Let T be
the model with PAg =A, PAc = B, deterministic law Fp(x) = x and
indeterministic law Fc(0) = Fc(1) = {heads,tails}, and containing
only the assignment s(A,B,C)=(1,1,heads) (the scenario in which
Arbiter chose coin 1, and Bob tossed coin 1 and it came heads).
Now, it can be checked that in this model, neither A nor B is a visible
direct cause of C (A is not even a direct cause), the reason being that,
once we intervene on A (resp. B), all possible values of C become
available, and they will not disappear when intervening also on the
other variable. Thus, C is visibly exogenous. On the other hand, inter-
vening on A alone makes the value tails possible, even if that was not
possible in the initial model. In other words, we have
T E{(A = 1)C = tails but T £ OC = tails.

3. Finally, we say X(#7Y) is a non-dummy argument of Y if
X € PAy and there are pa,pa’ € Ran(PAy) that coincide on all vari-
ables except X, such that Fy(pa) # Fy(pa’). If X € PAy but the other
condition is not met, X is a dummy argument Y. Note that, by defini-
tion, if a variable is not a parent of Y, then it is neither a dummy nor a
non-dummy argument of Y. If the graph of the non-dummy argument
relation is acyclic, we may say that the model is weakly recursive.

7.2 Parents vs. direct causes

Theorem 7.4. 1. Let T be a model, with a variable X that is either
external or internal with a total causal law. If X is a direct cause of Y
inT, then X € PAy.

2. There are (total) models T such that X € PAy but X is not a
direct cause of Y in T.

Proof. 1) Let T =(T~,F). Assume X ¢ PAy, and that Fy is a total
multivalued function. We show that then, for any w e Ran(Wxy),
x€Ran(X), yeRan(Y),andany se T, ({s},F) E(WxyX=wx)Y =y
& (Wyxy =w)Y =y (thus, X is not a direct cause of Y).

Suppose first that ({s},7) E(Wxy =w)Y =y. In case Y is internal,
since we assumed X ¢ PAy, by definition of intervention, we have

@3 In a 2-variable model, the formula on the right-hand side of the equivalence would read &Y = y.
(89 More generally, interventions on smaller sets of variables will not produce new values for ¥ — but some values may disappear, at least in the non-strictly recursive case.
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Yy € Fy(Wipay). Thus, ({s},F)wyyx=ws is nonempty (it contains the
assignment s(WxyXY = wxy)); thus, we again have, by definition of
intervention, that ({s},%) E (WxyX =wx)Y =y. In case Y is external,
the reasoning is similar (since ({s},F) E (Wxy =w)Y =y then entails
s(Y)=y).

Vice versa, suppose ({s},7)E(WxyX=wx)Y =y. Since we
assumed X ¢ PAy, we can observe that the parenthood graph Gw,, is
acyclic. Thus, since y € Fy(Wxpay) = Fy(Wypay) (so that, in particu-
lar, Fy(wpa,) # 0), and by the totality assumption also Fx(Wpa,) # 0
in case X is internal, by definition of intervention, we then have
({s), F )wyy=w # 0. Thus, since y € Fy(W,pa, ), we conclude, by defini-
tion of intervention, that ({s},7) E (Wxy = w)Y =y.

2) Consider a model with internal variable Y and external variables
Z,X; PAy ={Z,X}; Fy being the full ternary relation on {0,1}; and
team component {s}={{(Z,z"),(X,x*),(Y,y")}}, for any z*,x",y*¢€
{0,1}. It can be checked systematically that any intervention on Z
alone, and any intervention on both Z and X lead to a model in which
both values 0 and 1 are available for Y. Thus, for any z,x,y € {0,1},
{sh, FYE(ZX =zx)Y =y & (Z=27)Y =y. Since this holds for all s
allowed by the signature, X is not a direct cause of Y. i

To see that the assumption that X has a total causal law is needed

for part 1, we may consider the following model:
Z - X <Y
1711
where, the causal law Fx(Z,Y) for X is such that Fx(1,1) ={1} and
Fx(2,1)=0. Then, T E{(Z=2, X=1)Y #2 (since T %=1 contains
the assignment s(Z,X,Y)=(2,1,1)) while it is not the case that
T ={Z=2)Y #2 (since Tz, is empty). Thus, X is a direct cause of ¥
even if X is not a parent of Y.

7.3 Direct causes vs. non-dummy arguments
If z is a tuple of values for Z, and X € Z, we write z_x for the
restriction of z to Z \ {X}.

Theorem 7.5. 1. If X is a non-dummy argument of Y, then it is a
direct cause of Y.

2. There are models T such that X is a direct cause of Y but also a
dummy argument of Y.

Proof. 1) Let T be a model, and suppose X is a non-dummy argu-
ment of Y in 7. Then, there are pa,pa’ € Ran(PAy) such that
pa-x = pa’y but Fy(pa) # Fy(pa’). Let x=payx and X' = paj
pick a weRan(Wyy) such that wyps,\(x; = pa_x. Let s€ T~ and
S ={yeRan(Y) | ({s},F)E(Wxy =w)Y =y}. § cannot be equal to
both Fy(pa) and Fy(pa’); wlog suppose S # Fy(pa).

We note first that there cannot be a yeS\Fy(pa). Indeed,
{s},F) E(Wxy =w)Y =y would imply the existence of an assign-
ment in Saxy:w that is not compatible with Fy.

Thus, there is instead a y € Fy(pa)\S. Then ({s},F)E (WxyX =
wx)Y =y, but ({s},F) £ (Wxy =w)Y =y. So, X is a direct cause of Y.

2) In the two-coin Bob example, B is a direct cause and a dummy
argument of O. mi

7.4 Direct causes vs. visible direct causes

Theorem 7.6. If X is a visible direct cause of Y in T, then it is a
direct cause of Y in T.

Proof. Suppose T =(T",F)E X~ Y. Then, there are w,x,y€
Ran(Wyy XY) such that either:

o TEWxy=w)Y=y but TFEWxyX=wx)Y=y. By the
definition of intervention (plus the related observations in section 3.1),
T E{(Wxy =w)Y =y entails that there is an §€ 7~ and a r € §@XY:W
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such that #Y) =y. But then ({§},%) E (Wxy = w)Y =y. On the other
hand, by a similar argument T }£ (WxyX = wx)Y =y entails that, for
all seT~ (in particular §), ({s},F)FE (WxyX =wx)Y =y. Thus,
({8}, F)E X » Y. So, X is a direct cause of Y.

o TE(WxyX=wx)Y =y but T }£(Wyxy =w)Y =y. The proof for
this case is analogous. o

8 Acyclicity of causal laws

8.1 Axiomatization

Besides the full class of models, we want to characterize axiomati-
cally the class of models in which the causal laws are acyclic. In the
deterministic context, such models are called recursive. It is not
straightforward how to identify the analogue of this notion in the inde-
terministic context; in the previous section, we have identified four
possible candidates: the strictly recursive, recursive, visibly recursive,
and weakly recursive indeterministic models. We also identified a few
logical connections between them, as illustrated in the following
picture:

visibly recursive

/

strictly recursive =9 recursive

N\,

weakly recursive

where the asterisked entailment only holds for total models.

We show here how to axiomatize the strictly and the visibly recur-
sive classes. We do not know how to axiomatize the remaining two
classes, but in the next section we will see that the class of recursive,
total models can be straightforwardly axiomatized.

In order to turn an axiomatization of the general class of models into
one for the strictly (resp. visibly) recursive class, it will suffice to add
a recursivity axiom of the form

R. (X1 w» X5&...&X,-1 » X)) > ~X, w X;. [Generalized recursivity]

Note that ~» does not capture the notion of direct cause but rather
the stricter notion of visible direct cause. Thus, this axiom explicitly
forbids cycles of visible direct causes, but might be insufficient by
itself to forbid cycles in the causal graph. Axioms of this form, using
different notions of causal dependence in place of X~ Y, are
common in the literature; e.g., Barbero &al.l'8] uses the deterministic
notion of direct cause, while Halpernl!2] uses a weaker dependence
called "causally affecting".

From the definition of canonical model, we immediately obtain the
following facts.

Proposition 8.1. Let I' be a maximally consistent set of formulas.
Then:

1. X is a parent of Y in T iff X is a visible direct cause of Y in T'.

2. TV is strictly recursive iff it is visibly recursive.

Lemma 8.2. Suppose I' 2 AU{R} (or I 2 BU{R}) is a maximally
consistent set of H, (resp. HF) formulas. Then, T' is strictly
recursive and visibly recursive.

Proof. By Proposition 8.1, it suffices to prove that TT is visibly
recursive. Suppose the visible causal graph of T' has a cycle
Xi,..., X,. Then, by the definition of T, for all i=1,...,n,
Xi» X1 €l and X, w X;el'. But, since I' contains all the
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instances of axiom R, we also obtain ~X, ~» X; € I'. This contradicts
the consistency of I'. o

Fix a signature o-. We write T' SR ¢ (resp. T VR o) if every strictly
recursive (resp. visibly recursive) model of signature o~ that satisfies I'
also satisfies ¢. We write I'=5R ¢ (resp. T'E}R ¢) if every strictly
recursive (or equivalently, visibly recursive) singlefon model of signa-
ture o that satisfies I" also satisfies ¢.

Theorem 8.3 (Strong completeness for strictly/visibly recursive
models)

1. For TU{p} CH,, F|=ngo@F|=}/R<p=)F,RI—A¢.

2.ForTUlp}cH TESRpoTERp o T,Rig ¢.

Proof. As for Theorem 4.13 (resp. 6.20), using the fact that T is
strictly recursive if AR C A (Lemma 8.2). mi

8.2 Failure of composition

There are further significant differences between the deterministic
and indeterministic recursive cases that are not evident from the
proposed axiomatization. In the deterministic case, intervening on a
single state of affairs again produces a single state of affairs (the
unique solution of a certain system of equations). It then follows that
counterfactuals [X =x]y and might-counterfactuals (X =x)y are
equivalent, and so the latter are redundant. If indeterministic laws are
involved, instead, interventions on a single state of affairs may
produce multiple possible states of affairs even if there are no cyclic
causal laws. The operator (X = x), then, albeit definable as ~[X = x]~,
seems to be vital for expressing the properties of the solution sets in a
natural way.

Another important difference is the failure of one of Galles and
Pearl's principles for recursive models, the law of Composition. This
can be expressed as

([X=x]W=w& [X=x]Y=y)> [X=x,W=w]V=y ,
which can sometimes® be replaced, in axiomatizations for recursive
models, by the more intuitive Conjunction conditionalization

X=x&n) - [X=x]p,
where, crucially, n is a formula without counterfactuals. The example
given in section 2.1 shows that both laws fail for indeterministic (even
weakly) recursive models. Indeed, in it A=1 and C = heads hold, but
[A = 1]C = heads does not.
As we have seen, it turns out that the weakened form of
Composition,

X=xy(W=w&Y=y)»X=x,W=w)Y=y,
which was proposed by Halpern['”l for the axiomatization of the
(possibly) cyclic case, is also sound for indeterministic models (both in
the recursive and nonrecursive case); it is just axiom I3. This law
illustrates the importance of might-counterfactuals in the indeterministic
context.

8.3 Strong reversibility

Besides Recursivity and Composition, the third principle proposed
by Galles and Pearl(!!] for recursive models is the (strong) Reversi-
bility axiom:

(X=x,W=w]Y=y&[X=x,Y =y]W=w) > [X=x]Y =y (when ¥ # W).

In Galles & Pearll!!], this axiom was thought of as a characteriza-
tion of the unique solution property™, which (in the deterministic case)
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is more general than recursivity. The axiom is indeed part of Halpern's
axiomatization of unique solution causal models in Halpern('2]; it does
not feature in the axiomatization of recursive causal models because it
is derivable from the other axioms including Recursivity. The insights
from Zhang &al.l’3] and Fang & Zhang!?2], however, clearly show that
this hypothesized connection between Reversibility and unicity of
solutions is incorrect.

It turns out that strong Reversibility is also valid on indeterministic
strictly recursive models. Since multiplicity of solutions is the norm
when the laws are indeterministic, by looking at indeterministic,
strictly recursive models, one may observe even more clearly that
Reversibility has nothing to do with the unicity of solutions.

Theorem 8.4 (Strong reversibility). Let T = (T~,F) be a strictly re-
cursive model. Then, T E ([X=x,W=w]Y =y & [X=x,Y =y]W =w)
- [X=x]Y=y.

Proof. Suppose T E[X=x,W=w]Y =yand T E[X=x,Y =y]W =
w. Since T is strictly recursive, in the parenthood graph either W is
not an ancestor of ¥ or Y is not an ancestor of W.

Case 1: W is not an ancestor of Y. Then, by definition of interven-
tion, intervening on W does not affect ¥ (at most, some assignments
may disappear). Thus, from the assumption 7 E [X=x,W =w]Y =y
we immediately obtain 7 | [X =x]Y = y.

Case 2: Y is not an ancestor of W. By the assumption that
TE[X=xY=y]W=w, we get Tx_xy-y E W =w. Since Y is not an
ancestor of W, we get Tx—x W =w. But then the intervention
do(W =w) does not modify the team component of Tx_, i.e.,
Tx_x = Tx_yw—y- Now, for each s€ Tg_ ,_  we have s(Y) =y by the
assumptionthat T E [X=x,W=w]YV =y;s0, T E[X=x]Y =y. O

9 Further axiomatizations

9.1 The deterministic case

We now consider the issues of definability and axiomatizability for
the subclass of deterministic models. Remember that 7' = (T~,%) is
deterministic if, for each internal variable Y, ¥y assigns at most one
value to each tuple of values for the parents of Y (|Fy(pa)| <1 for
each such tuple pa). We characterize this property by the following
axiom:

Det. (Wy=w)Y =y —> ~Wy=w)Y =y (when y#) and YeI)

We remark that this axiom scheme (like axiom schemes I8, J10,
J11, J16, and J17) depends, for its formulation, on having the
internal/external distinction in the signature; the formulas in this
scheme are not sound in deterministic models when Y is an external
variable. We will show in section 10.1 that this dependency is inelim-
inable.

Lemma 9.1. Let T be a model. Then, T |=Det iff T is deterministic.

Proof. =) Suppose, for the sake of contradiction, that 7 is not
deterministic. Then, there is a variable Y elInt(T), a value
pacRan(PAy), and two values y#y €Ran(Y) such that
v,y € Fy(pa). Pick a w € Ran(Wy) such that w;p,, = pa. By the defi-
nition of intervention, T E(Wy=w)Y =y and TE(Wy=w)Y =y'.
From the latter, we obtain T (£ ~(Wy = w)Y =y’. But then, T falsifies
an instance of Det.

<) Suppose T is deterministic, and
T E(Wy=w)Y =y for some Y, y, w, with Y € Int(T).

assume  that

@9 E.g., in the systems considered in Barbero & Yang!!'}, the two are provably equivalent. Nested conditionals seem to be needed in the equivalence proof.
A structural equation model has this property if 1) its system of equations is satisfied by a unique assignment once values for the exogenous variables are fixed, and 2)

the same holds after any intervention.
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Since T E(Wy=w)Y =y {and Y is internal}, then, by the seman-
tic clause and the assumption of determinism, 7T - (Wy =w)Y =y’
when y' #y. Thus, TE(Wy=w)Y =y —> ~(Wy=w)Y =y when-
ever y#) and Y is internal, i.e., T = Det. O

Lemma 9.2. Let ' 2 AU{Det} (resp. I 2 BU{Det}) be a maximal
consistent set of H,, (resp. H) formulas. Then, TU is deterministic.

Proof. Suppose for the sake of contradiction that there is an internal
variable Y, values y #y € Ran(Y), and a tuple pa € Ran(PAy) such
that {y,y’} C F} (pa). Then, by the definition of canonical model, there
is a weRan(Wy) such that wpy, = pa and (Wy=w)Y =yeTl,
(Wy=w)Y =y eI'.  However, {Det}jCI’, so in particular
~(Wy=w)Y =y el. Thus I' is inconsistent, contradicting the
assumption. mi

By the usual argument, then, we obtain the following completeness
result. Write =P for semantic entailment in the class of deterministic
models, and |=]13 for entailment in the class deterministic singleton
models.

Theorem 9.3. T =P ¢ iff T, Det +a ¢, and T EP ¢ iff T, Det +g ¢.

9.2 The total and recursive cases

We consider here the axiomatization of total causal teams (of a
given fixed signature). Remember that a causal team 7 = (T7,%) is
total if, for each of its internal variables Y, ¥y is a total multivalued
function; i.e, for each tuple pa € PAy, Fy(pa)# 0. We claim that a
complete axiomatization for the class of total models is obtained by
adding to B the following axiom scheme:®

Tot. (Wy =w)T (when Y e T),
where Wy denotes a list of all variables in the domain, except Y. In the
following two lemmas, we will see that axiom Tot captures the notion of
totality from a semantic point of view.

Proposition 9.4. Let T be a model. T |= Tot iff T is total.

Proof. &) Let T =(T,F) be total. Since Y is internal, then, we
may pick a ye Fy(wyps,). We note then that the assignment
s(Wy)=w, s(Y)=yisin Ty - Thus, T E(Wy =w)T.

=) Suppose T satisfies all instances of Tot. Let Y eInt(T),
pa € Ran(PAy), and weRan(Wy) such that wyp4, = pa. Then,
T = (Wy =w)T. Thus, there is an s € T;Vy:w, and s(PAy) = pa. Then,
by the definition of intervention, (pa, s(Y)) € Fy. Since the choice of
pa € Ran(PAy) was arbitrary, Fy is a total function. Since the choice
of Y among internal variables was arbitrary, 7 is total. mi

Lemma 9.5. Let T be a maximal consistent set of H (resp. H*)
formulas containing all instances of A (resp. B) and Tot. Then, T' is
total.

Proof. In the A case, since axiom Tot is an H formula, by the truth
lemma 4.12, T' |= Tot. Thus, T' is total by Proposition 9.4.

In the B case, we use Lemmas 6.13 and 6.19 instead of Lemma
4.12. i

Let us fix a signature o. We write I' =T ¢ if, for all fotal causal
teams T of signature o, T T implies T | ¢. Similarly, we write
r }:IT ¢ if this holds for all singleton total causal teams of signature o .

Theorem 9.6.
1.T |=T @ iff T, Totka .
2.TET @ iff T, Tot+g ¢.

(@D This axiom is analogous to one of the conjuncts of axiom D9 in Halpern!'?.
The reader should refer to Halpern!'*! for the clearest description of the semantics.
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Proof. We prove the left-to-right directions. Suppose T, Tot ¥ ¢.
Then, by the usual argument, I'UTot U {~p} UA (resp. I'UTot U {~p}U
B) is consistent, and by the Lindenbaum lemma, it is included in a
maximally consistent set A. By Lemma 9.5, T# is total. Furthermore,
T2 = A (by the truth lemma 4.12, in the A case; by Lemmas 6.13 and
6.19 in the B case). In particular, T* =T but T} ¢, and thus
TN ¢ o

Moreover, we can see that the class of total recursive models can be
axiomatized by further adding axiom R (it turns out that, within the
class of total models, the logic of recursivity coincides with that of
strict/visible recursivity).

Lemma 9.7. Let T' 2 AU{Tot, R} be a maximally consistent set of
H, formulas. Then, TV is total and recursive.

Proof. Totality is given by Lemma 9.5. Let us prove recursivity.
Suppose for the sake of contradiction that there is a cycle Xj,...,X, in
the causal graph of T'. Since T" is total, then, we may apply Theorem
7.4 and conclude that Xj,...,X, is also a cycle in the parenthood
graph. By Proposition 8.1, it is a cycle in the visible causal graph. The
proof then proceeds as for Lemma 8.2. i

Then, the usual line of reasoning tells us that B U{Tot, R} is a sound
and complete axiomatization for the class of total recursive models,
while AU {Tot, R} is a sound and complete axiomatization for the class
of total recursive singleton models.

Finally, a moment of thought shows that the singleton causal teams
that are total, deterministic, and recursive essentially describe the same
semantics as the recursive causal models of Galles & Pearll!!l and
Halpernl!2-131% Indeed, first of all, while Halpern's causal settings
only include an assignment u over the exogenous variables, the recur-
sivity and determinism constraints make so that u determines a unique
assignment s over all variables that complies with the causal laws.
Second, even though our definition of intervention in the general case
differs from that of Halpern, it was shown in Barbero & Galliani*%]
that in the (deterministic and) recursive case the two notions of inter-
ventions coincide. On the side of the of syntax, we note that our
axioms are sound in Halpern's models if we follow him in interpreting
the formulas  without modal operators as abbreviations for oy. We
can thus conclude that:

® The axiom systems A + Rec + Tot + Det and B + Rec + Tot + Det
+ Sing are alternative axiomatizations for the class of Halpern's recur-
sive causal models.

One might be tempted to surmise that the axiom systems A + Tot +
Det and B + Tot + Det + Sing are then axiomatizations of Halpern's
general causal models, but that is incorrect. One reason, already hinted
above, is that without the restriction of recursivity, our notion of inter-
vention produces distinct results from both the ref.l!2] and ref.[!3]
versions of Halpern's definition. For example, Halpern's empty inter-
ventions can produce new assignments, so that axiom [7
(Y=y< OY=y) can be falsified. Note furthermore that, in our
framework, if we apply the same intervention to two assignments s, s’
that agree on the values of the external variables, we might still get
two distinct sets of post-intervention assignments, in case s and s’
disagree on the values of some variables that are not descendants of
the intervened variables. Thus, it is not even clear, in the nonrecursive
case, to what singleton causal team should a causal setting (M, u) of
Halpern'sl!2] semantics correspond to.? Most likely, such a causal
setting should correspond to the maximal causal team containing al/
the assignments that assign u to the exogenous variables and respect
the constraint of compatibility with the causal laws (this shows that,

This issue does not arise in Halpern's later book!!*], where formulas are evaluated on assignment over the set of all variables.
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implicitly, causal team semantics was already used in Halpern(!2]).
Interestingly, it can be shown that this class of model satisfies axiom
16 (Weak reversibility), and thus plausibly it can be axiomatized by
some appropriate extension of system A\ {I10}. We will not pursue
this line of thought any further in this paper, as in any case the
language from Halpernl!?! requires further complications in the
semantics.?

10 Simplified signatures

We have been working with signatures that explicitly encode the
distinction between internal and external variables. An alternative,
closer to the tradition in the philosophical literature, is to take signa-
tures to be pairs of the form s = (Dom,Ran) (where Dom and Ran are
as before); we will call these simplified signatures. Models of simpli-
fied signature s and interventions on them can be redefined with mini-
mal changes to our earlier definitions; each model 7" has its own set
Int(T') of internal variables, which can be an arbitrary subset of the
variable domain given by the signature. The result is a bit more
elegant, as intervening on a model of simplified signature s produces
again a model of simplified signature s. In the same vein, we can
define languages Hs. A number of completeness results have been
proved in the literaturel!*19:21] relative to simplified signatures; such
results are more general than those concerning the other type of signa-
tures, as they cover larger classes of models. The main reason why we
do not adopt simplified signatures in our official framework is that the
internal/external distinction is essential in order to formulate axiom I8
of our axiomatizations (and, for system B, axioms J10, J11, J16, and
J17); we will see that the internal/external distinction is undefinable in
Hs. It may be, of course, that a different, still reasonable axiomatiza-
tion exists for classes of models with simplified signature, but this
needs remain an open problem for now. A second reason for favour-
ing the ordinary signatures was the discovery that the deterministic
class of models is undefinable if one uses simplified signatures. In this
section, we first explore these kinds of undefinability results. After
that, we see three strategies for recovering the definability of determin-
ism while keeping simplified signatures: by restricting attention to
singleton models, by extending the language H with right-nested
counterfactuals, or by extending it with a learning operator.

10.1 Undefinability results

In this section, we see some limitations in the expressivity of
language H in the context of simplified signatures; a few of them
extend to the language with full signatures. We first identify a crucial
closure condition for the classes of models definable in Hg. The
following definition describes a type of internal variables that may be
particularly difficult to distinguish from external variables.

Definition 10.1. Let T = (T~,F) be a model and V € In«(T). We say
that:

1. 'V is quasi-external for T if Fy(pa)=Fy(pa’) for all pa, pa’
€ Ran(PAy).

2. T is generic for V if, for each value v €] ucranpay) Fv(Pa),
thereis an s € T~ such that s(V) = v.

If T is a set of formulas of (simplified) signature s, we denote as
K the set of models of signature s which satisfy all formulas of T'.
We are now ready to formulate the closure condition.
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Theorem 10.1. Let T =(T",F) be a model of signature s and
V eInt(T), and suppose further that V is quasi-external for T and T
is generic for V. Consider the model T*=(T",G), where
G = Py (i-e., the only difference between T and T™ is that V is
internal in T and external in T*). For all T C ‘Hs,

TeK: & T eK;.

For the proof, it may be useful to review here some earlier nota-
tional conventions. Remember that, if G is the parenthood graph of a
model T, we write Gx for the graph obtained from G by omitting all
arrows that point to variables in X; we write Gy for Gyy,. If G is the
parenthood graph of 7', we will write Ng for the set of nondescen-
dants of X in G, and PA?, for the set of parents of V in G. And
remember that, if 7~ is a team, 7~ (X) denotes the set {s(X)|se€ T~}.

Proof. Let ¢ eT'. It suffices to prove that T = iff T* [ ¢; we
proceed by induction on ¢.

For the base case, we just observe that, since 7 and 7" have the
same team component, T | Y =y iff T* Y =y. The inductive steps
for ¢ of the form Y&y or ~y are straightforward. In case ¢ is Oy, we
observe that, since ¢ contains no modal operators, we obviously have
(s, F)E v iff ({s},G) E ¥ foreach se T~; thus, T = Oy iff T* E Oy.

Lastly, suppose ¢ is equal to [X = x]y, with X # 0. Since ¢ has no
occurrences of modal operators, the desired conclusion follows imme-
diately if we prove that (T'x—y)~ = (T'x_,)”- This is obvious if V €X.
Let us then assume V ¢ X.

C) Let € (Tx=x)". From this it follows that: 1) #(X)=x, 2) ¢ is
compatible with Fx-y, and 3) t(Ng) € T’(Ng) (where G is the parent-
hood graph of T'). From 2), it follows a fortiori that ¢ is compatible
with Gx-x. It remains then to check that #V)eT (V) (as
Ngv =N§U{V}). If VeN§, this is immediate. Suppose then that
V¢N§. Note that, since t € (Tx=x)~ and V ¢ X, #(V) € Fy(t(PAy));
thus, since 7 is generic for V, there is an s € T~ such that s(V) = #(V).
Thus, (V) € T~(V), and we may conclude that r € (T§_ )~.

2) Let t e (Ty_,)™. Then, we have that 1) #X) =x, 2) 7 is compati-
ble with Gx—y, and 3) 1(N§") € T-(N$"). Since N§ € N§", from 3) we
obtain t(Ng) € T‘(N)G(). We only need to show, then, that 7 is compati-
ble with (Fx=x)v = Fv, i.e., (V) € 'Fv(t(PAg)). For this purpose, note
that, since V is external in 7", by definition of intervention,
t(V) e T~ (V). Thus, there is an s € T~ such that s(V)=#V). By the
compatibility constraints of T, (V)€ Fy(s(PAS)) = Fy(1(PAY)),
where the equality holds because V is quasi-external in 7. Thus, ¢ is
compatible with Fx-y, and we conclude that ¢ € (Tx-x)". m

Corollary 10.2. Suppose the simplified signature s has at least two
variables, each of them with at least two distinct possible values.”V
Then:

1. The set of deterministic models of signature s is not definable
in Hs (not even using an infinite set of formulas). Neither is its
complement.

2. The same holds for its intersections with the classes of total
models, recursive models, nonempty models, or any of their inter-
sections.

Proof. Let s = (Dom,Ran), where Dom = {B,C}, Ran(B) = Ran(C) =
{1,2}, and let T be an arbitrary set of Hs formulas. We consider a
small modification of the model given in Example 2.2. Let
T =(T",F), where T~ ={{(B,1),(C,)},{(B,1),(C,2)}}, Int(T") ={C},

We are referring to the fact that the formulas used in Halpern['?) may involve multiple contexts—e.g., the formula Y(u) =y & Y(«’) =y’ involves two different
assignments u, 1’ over the exogenous variables. Such formulas require a family of maximal causal teams for their evaluation.
The same argument can also be easily adapted to the case that one of the two variables is single-valued, but we prefer to illustrate it in a less pathological context.
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PAc ={B}, and F¢(1) = Fc(2) = {1,2}. This last condition says that C
is quasi-external in T'; the fact that T77(C) = Fc(1) = Up=1 2 Fc(b) says
that T is generic for C. Thus, by Theorem 10.1, T[T iff
T* =T, Frurniey) = (T7,0) ET. But T* is deterministic, while T is
not. Thus, K¢ is not the set of deterministic models of signature s (nor
the set of nondeterministic ones). This proves point 1. To prove point
2, it suffices to note that both 7 and 7™ are nonempty, total, and
(strictly) recursive models. m]

The undefinability of the deterministic class of models does not
necessarily entail the impossibility of a reasonable axiomatization—it
might simply be that this class shares the same set of validities with a
larger, definable class of models, and that such a class admits a recur-
sive axiomatization. We leave it as an open problem whether such a
class exists and whether it has a defining set of formulas that is canoni-
cal for the deterministic class.

A possible reaction to this kind of result is to think that the class of
deterministic models, as described here, is an unnatural one. After all,
if we allow the external variables to take multiple values, aren't these
models just forbidding indeterminism for the internal variables while
allowing it for the external ones? If we forbid indeterminism at both
levels, we obtain the singleton deterministic models; so, this should be
the correct notion of a deterministic model. We find this attitude to be
untenable, for a multitude of reasons. First, we find it doubtful that the
multiplicity of values for an external variable U in a team may always
be interpreted as the existence of an indeterministic causal law produc-
ing U in the same sense as indeterminacy for the causal laws; it may
simply encode epistemic uncertainty. Thus, we take it that the teams
may encode forms of uncertainty that are not reducible to indetermin-
ism in laws. Second, even the 1-assignment models exhibit forms of
uncertainty that are not due to indeterminism in the laws—the uncer-
tainty that is triggered by the multiplicity of solutions in cyclic models.
Should we then also forbid multiple-solution models, in order to prop-
erly characterize determinism? But the final blow for this attitude
comes from the fact that the class of deterministic models (in our
sense) is definable when we use the ordinary signatures (see section
9.1). Furthermore, even with simplified signatures, determinism
becomes definable within very natural extensions of language Hs, as
we shall see in a moment. Thus, we take it that the problem lies not in
the definition of the deterministic class, but rather in the limited
expressivity of language Hs.

As a second application of the closure condition outlined in Theo-
rem 10.1, we show that the distinction between internal and external
variables cannot be captured in Hs (nor can the notion of strict recur-
sivity). If we had a formula gy, characterizing the fact that Y is
external, then we could reformulate axiom I8 in the form
i) = (Wy =w)Y =y & OY =y) and obtain a complete system;
the undefinability result shows that this simple trick is unavailable. A
quick argument to show this undefinability consists in observing that,
if we had formulas @gxy), then we would be able to characterize the
deterministic models of signature s by the formula ¢gy) — Det (cp.
section 9.1), contrary to Corollary 10.2. Our alternative argument will
also show that the notion of direct cause and related concepts such as
exogeneity/endogeneity and recursivity are undefinable in H; the
same goes for the notion of a dummy argument.

Corollary 10.3. Let s = (Dom,Ran) be a simplified signature.

1. The property of being internal (resp. external) is not definable in
Hs, ie., for each Y and for all models of signature s, there is no
I CHs such that T ET < Y is internal (resp. external) in T.

2. The notion of direct cause is not definable in Hs, i.e., there is no
' C Hs such that, for all models of signature s, TET < X is a
direct cause of Y in T. The same for not being a direct cause.
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3. The notion of recursivity is not definable in Hs, i.e., there is no
I CHs such that, for all models of signature s, TET < T is
recursive. The same for its negation.

4. The notion of endogeneity is not definable in ‘Hs, i.e., there is no
' CHs such that, for all models of signature s, TET < X is
endogenous in T. The same for exogeneity.

5. The notion of being a dummy argument is not definable in Hs,
i.e., for all variables X,Y € Dom, there is no I C Hs such that, for all
models of signature s, T ET' < X is a dummy argument for Y.

Proof. Consider the simplified signature s = (Dom,Ran) such that
Dom ={X, Y}, Ran(X) = Ran(Y) = {1,2}. Let T~ be the full team for
this signature:

B[N [ = = | 4
D | = [N [ = |

2) This team is compatible with the following causal laws:
PAx ={Y}, PAy ={X}, Fx(1) =Fx(2)={1,2}, and Fy(1)=Fy(2) =
{1,2}. Thus, in particular, X is a direct cause of Y in T = (T, %) (just
look at the effect of any intervention on a single assignment). Instead,
in T* =(T",Fx)), X ¢ PAy, so, by Theorem 7.4 (whose proof is
unchanged if we use simplified signatures), X is not a direct cause of
Y in T”. On the other hand, Y is quasi-external in T, and T is generic
for Y; thus, by Theorem 10.1, T and T* satisfy the same formulas.

1) In the example above, Y is internal in 7 but external in 7.

But, by Theorem 10.1, T and T* satisfy the same H formulas.

3) Just observe that 7" is recursive while 7 is not.

4) Observe that Y is endogenous in 7 but exogenous in 7.

5) Observe that X is a dummy argument for Y in T but not in T~
(as,in T*, Y is external). o

We remark that the notions of direct cause and those defined in
terms of it do not really really depend on having the distinction
between external and internal variables in the signature. Thus, an H,,
formula defining, say, "X is a direct cause of Y" (where
o =(&,7,Ran)) does so also over models of signature s (where
s =(8UJ,Ran)), so it would be an (impossible) Hs definition of
"X is a direct cause of Y". Thus, some of the definability results also
extend to full signatures.

Corollary 10.4. The notions of direct cause,
endogeneity and their negations are not definable in H,.

The previous shower of undefinability results suggests that, if we
use simplified signatures, we should either modify the notion of
model or consider a stronger language. We now turn to these two
possibilities.

recursivity,

10.2 Capturing determinism in the singleton case

We have seen that the class of deterministic models is undefinable if
we adopt the simplified signatures. We show here that, however, deter-
minism can be characterized if we restrict attention to the class of
singleton models. Consider the following axiom:

Det,. Wy =w)Y =y - ~(Wy=w)Y =Y.

This is just axiom Det, without Y being restricted to internal vari-
ables (we cannot make this distinction with simplified signatures). As
already observed, such an axiom is not sound over the class of deter-
ministic models (an external ¥ may violate it); but it is sound for
singleton deterministic models and characterizes them.

Lemma 10.5. Let T = ({s}, %) be a singleton relational causal team
with simplified signature. Then, T \= Dets iff T is deterministic.
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Proof. =) This direction of the proof is identical to the left-to-right
implication in the proof of Lemma 9.1.

<) Suppose T is a deterministic singleton model, and assume that
T E(Wy=w)Y =y for some Y, y, w. In case Y is not in Int(7"), and
thus Y is not a descendant of any other variable, by definition of
intervention, and the fact that 7 is a singleton model,
T-(Y)= T‘;,YZW(Y) ={y}. Thus, TEWy=w)Y =y if y' #y, from
which we immediately obtain T | ~(Wy =w)Y =y’

If instead Y € Int(T'), the proof proceeds as in Lemma 9.1. i

We also note that generic® singleton models do not exist except for
trivial signatures (which allow single-valued variables). Thus, for
singleton models, we cannot prove undefinability results via Theorem
10.1. Nevertheless, we are not aware of sets of formulas that may be
used to define the relativizations to singleton models of notions like
being internal/external, being a direct cause, and so on.

10.3 Capturing determinism via nested
counterfactuals

A natural way of extending language H is to allow for right-nested
counterfactuals—e.g., formulas of the form [X = x][Y = y]y. We have
already introduced such languages; when discussing a simplified
signature s, the corresponding language with right-nested counterfac-
tuals will be denoted as H;. We immediately see that HZ is more
expressive than Hs, precisely because it captures the deterministic
class.

Theorem 10.6. Let T be a model with simplified signature. Then, T
is deterministic iff it satisfies the following axiom scheme:
Det?. O(Wy=w)Y =y — ~(Wy=w)Y =y)&
~OT > ((Wy=w)Y =y > ~(Wy=w)Y =)")) (when y#y’).
Proof. =) Suppose T = (T~,%) is deterministic. Then, for all s€ T,
({s},F) is deterministic. Thus, by Lemma 10.5, ({s},F) E{Wy =w)Y =y
— ~(Wy=w)Y =y" (for any choice of ¥, w, y #y"). Since this holds
forallseT-, TEQ((Wy=w)Y =y > ~(Wy=w)Y =y').

Now suppose T = ~OT. Then, T is empty. If Y is external, then,
by definition of intervention, T |- (Wy = w)Y =y, thus T E (Wy =w)Y
=y —>(Wy=w)Y =y If Y is internal, then, since T is deterministic,
Tw,-w has at most one assignment. If it is empty, then
THE(Wy=w)Y =y, and we conclude as before. Suppose instead
T‘;Vy:w ={s}, with s(Y)=y*. If y* #y, then T £ (Wy =w)Y =y and
we conclude as before. In case y* =y, then T (£ (Wy=w)Y =y, so
TEWy=w)Y=y—->~(Wy=w)Y' =y

<) Suppose T [ Det”. Then, for any choice of ¥, w, y#y’, and
any se€T™, we have ({s}, F)E(Wy=w)Y =y > ~(Wy=w)Y =y,
Thus, by Lemma 10.5, ({s}, ¥) is deterministic. Suppose T is
nonempty, i.e., there is such an s; then, since 7 and ({s}, ) have the
same causal laws, also T is deterministic. In case T is empty, by the
second conjunct of axiom Det, we obtain 7TE(Wy=w)Y =y —
~(Wy =w)Y =y) (for each pair of distinct y,y’). Thus, if Y is
internal in T, by definition of intervention, |Fy(Wpa,)| < 1. m]

Thus, the axiom system B+ Det” is sound and complete for H™*
over the class of deterministic models.

10.4 Capturing determinism via learning

A second natural extension of language H is obtained by adding to
it a second conditional operator D; the intended interpretation of ¢ D y
is that after learning  (e.g., after observing a feature of the world or

In the sense of definition 10.1.

The Knowledge

Engineering Review

the outcome of an experiment) one can conclude that y holds. This
operator is introduced in Barbero & Sandul?3! under the name of selec-
tive implication and is a sort of qualitative counterpart of probabilistic
conditionalization; see Barbero & Sandul37],

X=x|~yy&ylady|[X=x]p

where 1 has no occurrences of modal operators, and «@ is restricted to
formulas whose occurrences of ~ (if any) are exclusively inside the scope
of modal operators. We will say that such an @ has the ~-restriction. The
semantic clause for the additional operator is:

o T EaDyiff T* E y, where T® = {s of signature s | ({s},F) E a}.

The restriction on @ guarantees that « is flat, i.e., it holds of a causal
team iff it holds of all its singleton subteams (this will be proved
below), and, consequently, that the conditional can really be inter-
preted as saying that "upon learning «, y holds". Without this restric-
tion, unintended meanings can easily arise. For example, this operator
should satisfy the classical principle A D A. But using ~ we can define
U, and a formula of the form (X =0uX=1)>(X=0UX=1) is not
satisfied by teams which feature both values 0 and 1 for X.

We may also write @ CO 8 as an abbreviation for (@ > 8)&(8 D a).
Since both @ and B need to be flat, T = (T~,F) E @ €O 8 means that,
for all seT~, ({s},F)Ea iff ({s},F)EpR; or, equivalently, that
T =T#,

Also HO captures determinacy. Consider the following axiom
scheme:

Det’. W=w>o[(Wy =w)Y =y - ~(Wy=w)Y =y] (when y#Y)

Language HO:s :

Theorem 10.7. Let T be a model with simplified signature.
T = Det® iff T is deterministic.

Proof. =) Suppose T E Det®. We need to prove that, if Y is inter-
nal, then for all pa € Ran(PAy), Fy(pa) is contained in a singleton set.
Pick an arbitrary w € Ran(W) and let w’ € Ran(Wy) be such that
Wip,, = pa. Since T = Det®, we have TW=" £ (Wy=w)Y =y —
~(Wy =w)Y =y’ whenever y#y’; thus, (TW=“’)",VY:W/ contains at
most one assignment. If it is empty, then, by definition of intervention,
Fy(pa) =0, and if it has an assignment s, then Fy(pa) = {s(Y)}, as
needed.

&) Suppose T =(T,F) is deterministic. Suppose first that Y is
internal, and assume that 7%=Y = (Wy = w)Y = y. Let y’ € Ran(Y) be
such that y’ #y. Since Fy is deterministic, TV=" £ ~(Wy =w)Y =
y’, as needed.

Suppose instead Y is external. If TW=Y is a singleton model, then,
by the definitions of intervention and determinism also (TW=W)WY=W/
is a singleton model, say with team {r}. If #(¥Y)#y, then TW=Y
(Wy =w")Y=y— ~(Wy=w)Y =y because the antecedent is false.
If «(Y)=y, then TW=" E ~(Wy =w)Y =y, and so again TV~ |
(Wy=w)Y=y—> ~(Wy=w)Y=y.

If instead TW=" is empty, since Y is external, by definition of inter-
vention also (TW=W)WY=WI is empty; so, it is not the case that
TW=YE=(Wy=w)Y=y. Thus, we may conclude that
TEMWy=w)Y=y—->~(Wy=w)Y =y O

Again, we lack a complete axiomatization for HO, either on ordi-
nary or on simplified signatures; and we remark that the Henkin
method via canonical models seems ill-suited for treating the operator
>.% We think that, in any case, the additional operator is perfectly
natural in the context of causal inference; thus, we use the rest of this
section to understand language HO better and suggest a partial axiom-
atization.

Actually, an axiomatization via canonical models could be obtained for a probabilistic language featuring O in Barbero & Virtemal®!'l, but the proof strategy does not

apply to our case.
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The following definitions are (analogues of) standard ones from the
literature on team semantics; we assume a fixed simplified signature s.
S =(S7,F) is a causal subteam of T =(T",G) (S<T)if S CT™
and ¥ =G.

e ¢ is flat if, for all causal teams 7 = (T~,F), T E ¢ iff for every
teT, (L F)Ee.

e ¢ has the empty team property if it is satisfied by all empty
causal teams of signature s.

o ¢ is downward closed if, whenever T ¢ and S <T, then
S Eoe.

® ¢ is upwards closed if, whenever S Ep and S < T, then T [ ¢.

Note in particular that flatness implies downward closure and the
empty team property.

Lemma 10.8. /. If @ € HO has the ~-restriction, then it is flat (and
therefore is downward closed and has the empty team property).

2. HO formulas of the form (X = x)¢ are upwards closed.

3. If ¥, x are downward closed, then 1y is downward closed.

Proof. 1) By induction on «, simultaneously for all models. The
cases for & and Y =y are straightforward.

e Case ¢ is D y. Suppose first that T =(T~,F)EBDy. Then,
T# = y. Since y has no occurrence of ~ except in the scope of modal
operators, by inductive hypothesis ({s},7)Ey for each se (T%)".
Similarly, by applying the i.h. for 8 we obtain that ({s},7) S for
each s e (T#)". Thus, if s € T~ is such that ({s},%) S, then we also
have ({s},F) = ({s},F) E v, and so ({s},F)EBDy. If instead s€ T~
is such that ({s},%) }£ 8, then ({s},F)® = (0, F); since vy is flat by the
i.h., it has the empty team property, and so ({s}, 7 )’ | y. Thus, again,
{shLFIEBDY.

Vice versa, suppose ({s},¥)EB>y for all se€T~. Then, for all
such s, ({s}, 7P Ey.Bytheih, TP Ey. Thus, TEBDy.

® Case ¢ is [X =x]B. Suppose T | [X =x]B. Then, forall re Tx__,
({t}, Fx=x) E B. Note that in case T is empty, flatness just amounts to
the assumption that 7 [ [X = x]B; thus, we may henceforth assume
that 7' is nonempty. We then have Ty_ = User- S§=x= and so, for all
seT™ and all resh_, (1), Fx=x)EB. Thus, for all seT",
({s},F) E [X =x]B. All the steps in this argument are reversible.

2)Let S =, F)<T=(T",F) and S | (X =x). Then, there is
a reSx_, such that ({r},Fx-x) F ¢. Since Sxx < Tx=x, such ¢ is in
Ts_, Thus, T E(X =x).

3) This is a well-known result. i

We remark that > does not coincide with the previously defined
material implication —. The subtle relationship between the two oper-
ators is described in the following proposition.

Proposition 10.9. /. ¢ — y £y D x, even when ¥, xy are atomic
formulas.

2. If @ has the ~-restriction, then @ D y E @ — x. So, this holds for
HO formulas.

3. If a has the ~-restriction, then = a — y iff E @ D y.

Proof. 1) Let T be a causal team of domain {X}, which features at
least two values 0,1 for X. Then, TEX=0— X =1 because the
antecedent is false, but TX=O X =1,s0 TEX=0D>X=1.

2) Suppose T Ea Dy and T [ a. The latter (by the flatness of «)
gives T% =T, and so the former gives T = y. Thus, T F @ — x.

3) The right-to-left direction immediately follows from point 2.

For the left-to right direction, assume that @ — y, and let T be a
causal team. Since « is flat, 7% F . But then T E y. So, TEa D y.
Thus, EaDy. O

In particular, O y as a subformula cannot be replaced with ¥ — y,
or vice versa (we will see that these kinds of substitutions are allowed

@ This step could also be proved, by a longer argument, without the assumption of nonemptyness of 7'
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within the scope of a modal operator). Point 3 can be taken as a pair of
inference rules, which may be applied only to valid formulas.

To see that the ~-restriction is needed in 2., and in the right-to-left
direction of 3., consider a signature with a Boolean variable X; any
causal team of such signature that features both values for X satisfies
~X=0D>X=1; but such a causal team does not satisfy ~X =0—
X =1 (the consequent is false). For point 3, a counterexample to the
left-to-right implication is given by the formulas (X =0uX=1)—
X=0uX=Dand X=0UX=1)DX=0UX=1).

The following are a number of formal properties of D, which might
serve as a starting point toward axiomatization.

Proposition 10.10. If «,B,y,x are HO formulas, and a,B satisfy
the ~-restriction, then:

Lad>W&y)=(@dy) & (@dy).

2.ad~y=~(@>Dy).

3 a>BoyY)=(@&B)DyY.

4. X=x)a = ([X=x](@dp) = ([X=x]a) D ([X=x]5)).

5. (0T & (X =x)a) = ([X=x](@Ddy) =([X=x]a) D ([X=x]y)).

6. DU y)=(@dy)U(ady).

7.ad W —-x)=(@dy) > (@dy).

8. E(@cop)—@dx)—> BOYI

9. IfEae B, then E(@dy)— (BDx).

10. If By — x, then E (@ D ¥) — (@D y).

11. X =x)¢ & (X=x)pla — y/aDxl.

12. [ X =x]p & [X =x]pla = x/a D x].

13. (X =x)p & (X =x)p[~(a & ~y)/a D x].

14. [X=x]p & [X=x]p[~(a & ~y)/a D x].

Proof. 1) Straightforward.

2) TEa>~y iff T*E~y
TE~(@>y).

3) TEa>(BDy) iff (TP . But (T =T*# so the former
holds iff 79%F =y, iff T (@ & B) D .

4)Let T =(T~,¥). If T is empty, note that, since @ and 8 have the
~-restriction, the two formulas in the equivalence also have it. Thus,
by Lemma 10.8, 1. they both have the empty team property; so, both
formulas are satisfied by 7. Let us then assume that 7 is nonempty.
Note that T | [X =x](a D> B) iff (Tx=x)* EB, while T | ([X=x]a) D
(X =x]B) iff (I'®X)y_ L. Then, it suffices to prove that
(Tx=)")" = (TX=M)x_ )"

If se((Tx=x)*)", then ({s},Fx=x) E a and (since T is nonempty)
there is a t€ 7T~ such that se t;x. Thus, e (T*=X2)~ But then
s € (TX=M)x ).

Vice versa, assume s € (T=*?)y_)~. We want to prove, first, that
s€(Tx=x)". Since TE(X=x)a, TEX® is nonempty; but then,
s € (TS = U eqrixexia)- e € User-th_ = Tx_o @

Since s € (Tx=x)~ and T is nonempty, there is a € T~ such that
setl_ . Since furthermore, se€ (T'™™)x_,)~ and TX= is non-
empty, ¢ can be chosen so that ({¢},%) E [X = x]a. Thus, by the clause
for the modal operator, ({s}, %) E @. Thus, s € (Tx=x)"*)"-

5) The proof proceeds as for 4., using the fact that T OT to
exclude the case that T' is empty.

6) Straightforward.

7) We observe that

TEadW-ox) = T"Ey-x
S T FEyorT Eyx
— THadyorTEady

iff TOWy iff THaoy iff

— TE@>Dy¥)—> (@dy).

[X=x]a
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8) Suppose TEacoB and T aDy. From the latter, 7% = y.
From the former, we obtain 7% = T#. Thus, T’  y,ie, TEBD x.

9) Analogous to the proof of 7, using the flatness of «, S.

10) Straightforward.

11) Fix a T =(T",¥). For any given assignment se€ 7, we will
use the notation n =, 6 to say that (s,%) E n iff (5,%)E 6. We also
write 7 =y 6 in case (0, F) = n iff (0,F) E 6.

The statement is equivalent to saying that there is an assignment
s€Tx_, such that ¢ =;¢[a— y/aDy]. We prove this simultane-
ously with the statement that ¢ =y p[a — y/a D x], by induction on ¢.

If ¢ has no occurrence of @ D y, then the statement trivially holds;
this covers the atomic case. The inductive steps are easy to prove,
except for the case in which the most external operator of ¢ is O. We
have two subcases, depending on whether ¢ is the occurrence a D y to
be substituted, or another formula, namely 8> .

In the former case, showing ¢ =; ¢[a — y/a D x] is straightfor-
ward. We show the statement for =p. Note that, if (0,%) = a D x, then
@,F)" E x.But (0,7)* = (0,7). Thus, (0,7) E x. Thus, (0,F)Ea —
x- In the other direction, if (0,%) F @ — y we have either (0,F) £ «
or (0,F) E x. The former is excluded by the ~-restriction on @ (since
that makes o flat, and thus satisfy the empty team property). So,
©0.7)=0,F)Ex,ie, (0,F)Eady.

If ¢ is of the form B>y, first note that (0,F)EBDy iff
0,FY =O,7) =y iff (by the i.h) (0,F) = (0,FyloX = £ yla
- x/ady] iff 0,F)EBla—xy/adx]d>y¥le— xy/ady]. On the
other hand, ({s},7)EB Dy iff ({s},F)’ . We can show that the
latter is equivalent to ({s},7)’ E ¢[e — x/a D x]. Indeed, if ({s}, )
is nonempty, then the equivalence is given by the ih.
v =syla — y/adyl; if it is empty, the equivalence is given by the
ih. y=gyla— y/ady]. Finally, (s},FYPEyla—y/ady] is
equivalent to ({s},FYleX/ & yla — y/a D y] by the inductive
hypothesis on B. Thus, it is equivalent to ({s},F) E Bla — x/a D x] >
Yla — x/a > xl.

The proofs of 11., 12., and 13. are analogous. mi

11 Comparisons with related work

As mentioned in the introduction, the idea of extending the Galles-
Pearl framework of causal models with one-to-many causal laws is
already suggested as a final remark in Halpern's original axiomatiza-
tion work[!2]; on the other hand, we are not aware of any further devel-
opment in this direction in the following two decades.

In 2021, Peters & Halpernl!7-25] developed a vast generalization of
causal models (the generalized structural equation models, GSEM).
Their generalizations go into two directions: on one hand, they remove
the restriction to finite variable domains and finite value ranges, seem-
ingly with the aim of modeling physical phenomena; and on the other
hand, they allow for highly arbitrary interventions, which do not
require causal laws for their computation. Such interventions asso-
ciate a set of possible outcomes for the endogenous variables to each
setting for the exogenous variables, and the only constraint that the
interventions are enforced to abide to is that, say, an intervention
do(X =x) should only produce sets of assignments that set the vari-
ables X to x. It is clear that a causal model with indeterministic causal
laws can be seen as a rather special case of a GSEM, although this is
not remarked upon in these works; no talk of laws at all seems to be
made in these papers. Given the large increase in generality—well
beyond the simple addition of indeterministic laws—the GSEM frame-
work seems quite unsuitable for obtaining a clear comparison between
the usual causal models and their indeterministic generalization. And
indeed, even when restricting attention to finite signatures, some of the
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usual axioms like Weak composition (our 13) and Weak reversibility
(our 16) fail.

In 2023, Wysockil’] focused explicitly on indeterministic causal
laws (there called "underdeterministic") as an addition to the usual
recursive causal models (although, not having to deal with the prob-
lem of axiomatization, he does not bother restricting value ranges to
the finite case). The paper is mainly a philosophical defense of qualita-
tive indeterministic laws as opposed to probabilistic laws, and
provides, e.g., several examples where indeterministic laws may be
available (either as a representation of real indeterminism or of lack of
exact knowledge) while a probabilistic law is unavailable due to prag-
matic or mathematical constraints. Its most interesting technical contri-
butions are, arguably, 1) the idea of redefining direct causation in
terms of variation in the range of possible values of ¥ when interven-
ing on X having fixed all other variables (which we tried to formalize
in section 7.1); and 2) the observation that the d-separation criterion is
correct also for qualitative independence statements. For the rest, the
presentation and some details of the framework—e.g., the definition of
intervention, the semantics, and the syntax—are unusual and a bit
vague, which makes it rather difficult to say to what extent Wysocki's
framework agrees or differs with that which is considered in the
present paper. It would look like formulas of the form ¢y or Oy are
evaluated over teams that are maximal, in the sense we mentioned in
section 9.2, but allowing, rather than a single tuple of values for the
exogenous variables, a cartesian product of value ranges for each
exogenous variable (so as to ensure a qualitative form of indepen-
dence among the exogenous variables). We have not considered this
class of causal teams in the present paper.

In 2024, the proceedings version of the present paperl38] appeared in
print. Our work on the subject of indeterministic causal models began
as early as 2020, and was influenced only in the later stages by the
publication of Wysockil’! (from which we essentially only borrowed
the generalized idea of direct causation that is discussed here in section
7.1). The paper introduced a formal definition of relational causal team
(with simplified signatures) and sketched a description of the formal-
ization obstacles that are presented more sharply here (sections 2 and
8). The paper also made some claims about axiomatization; regret-
tably, it was later discovered that the system therein introduced (as a
purported axiomatization of the general class of models) is unsound.
Indeed, the system in question includes axiom 16 (Weak reversibility),
which, as we have seen, can be falsified by teams with more than one
assignment. Secondly, its version of axiom I8 (which, differently from
ours, does not rely on having the external/internal distinction in the
signature) relies on the definability, in H, of what we call here visible
direct cause in order to enforce syntactically the assumption that this
axiom only applies to external variables; unfortunately, doing so
amounts to evaluating externality by looking at the incorrect graph
(the visible causal graph instead of the parenthood graph). Lastly,
there is an axiom OT & (W =w)T. Its right-to-left direction is in
general false, since, as we have seen, the semantics allows for the
possibility that intervening on an empty model may produce a
nonempty team (this is actually always the case when intervening on
the set W of all variables). Our system A replaces this incorrect
principle with axioms 19 and 110. We also remark that, while 16 is at
least sound on singleton models, the other two axioms we discussed
here are not.

In Beckers!2®], Beckers contributed his own theory of indeterminis-
tic counterfactuals, which was then used in Beckers[?”] to formulate a
new definition of actual causality. The indeterministic causal models
used by Beckers (at least, in what he calls swc semantics) are essen-
tially identical to our total recursive singleton models. The paper is
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directly inspired by our work[*8], but Beckers proposes a different
definition of counterfactual. Roughly, the truth value of his counterfac-
tuals is assessed after a phase of observation (of values actually taken
by the variables), followed by an intervention in the sense of Halpern.
The observation phase is used (to the best of our understanding) to
exclude interventions that would modify the actual value of a variable
Y even though they do not change the values of the parents of Y (thus,
in practice, enforcing the validity of the Strong composition axiom we
discussed in section 8.2). So, for example, in a coin-tossing scenario
where the coin has been tossed and it came heads, the counterfactual
"had the coin been tossed, it would have come heads" is taken to be
true (while it is false in our framework). Our impression is that Beck-
ers' counterfactuals might be closer to Lewisian counterfactuals; their
consequents are evaluated in (some of the) worlds that differ from the
actual one only for making the antecedent true. The counterfactuals
considered in our paper seem to be closer to the spirit of intervention-
ist counterfactuals; their consequents are evaluated in worlds where
not only is the antecedent true but it is also enforced by external inter-
vention. Note also that it is only our paper's version of the counterfactual
that preserves the predictive power of causal statements. Suppose, for
example, that the Federal Council of Switzerland decides to declare
war on Luxembourg upon the outcome of a coin toss (war shall be
declared if a tails is tossed). Heads is tossed, thus preventing a suici-
dal war declaration. If we made the mistake of using Beckers' notion
of counterfactual for policy-making, we would reach the obviously
mistaken conclusion that it will be a good policy to use coin-tossing as
a device to decide on the future diplomatic relations between Switzer-
land and Luxembourg. Using the counterfactuals from our paper, one
will instead conclude that further coin-tossing might lead to a counter-
productive war.®’ It would seem, then, that we have a distinction
between a philosophical and a practical notion of counterfactual; the
differences between the two approaches are certainly worth future
investigation. As for what concerns axiomatization, Beckers provides
deduction systems for two rather special classes of models. First, he
axiomatizes total recursive singleton models (what he calls swc seman-
tics); his system differs from our A +Tot+R (see section 8) in that it
features both Strong composition (which is unsound in our context)
and Weak composition (our 13), it lacks Nonemptyness (110) and has
axiom ¢ — Ogp in place of our 112b. Furthermore, axioms 17 and I8
are absent due to differences in the syntax.® The recursivity axiom is
formulated in terms of an indeterministic version of "causally affect-
ing" instead of our choice of direct cause. Second, Beckers provides an
axiomatization for what he calls scc semantics, i.e., essentially for the
(total, recursive) maximal causal teams that we briefly mentioned in
section 9.2.

There is a different line of inquiry connecting counterfactuals and
(qualitative) indeterminism, and that is the study of (using Bohm's
terminology) many-to-one causation, i.e., cases where "many different
kinds of causes can produce essentially the same effect"?l. We are
aware of only three papers attempting to develop the technicalities
behind this idea. The first one, from 2022, is Barbero & Yang(!’], in
whose conclusion section, an idea is described of indeterminate inter-
ventions, i.e., interventions that are in some ways underspecified (e.g.,
"pressing any button on the remote", "picking one direction", "switch-
ing to the third or fifth gear"). Such interventions admit a natural

https://doi.org/10.48130/ker-0026-0005

definition in the generalized causal teams studied in that paper.?
These interventions are introduced with the purpose of giving an inter-
vention-based semantics for interventionist counterfactuals with
disjunctive antecedents. While several semantic frameworks for such
counterfactuals had been proposed elsewhere, e.g., studies!!#3%:401, all
these earlier proposals seemed rather ad hoc and ungrounded in inter-
ventionist ideas. In 2023, Wysockil*!l makes a similar proposal under
the curious name of semaphore interventions.® Since he does not cite
our paperl!’], we can only assume that the idea was developed inde-
pendently. This paper makes the interesting observation that for a
simple enough language (say, H extended with the possibility of
having disjunctive counterfactual antecedents), the semantics returns
the same judgments of truth and falsity as Briggs's theory. Thus, the
indeterministic interventions provide a clear interventionist motiva-
tion for Briggs's seemingly ad hoc truth-maker semantics.

12 Conclusions

We have shown that extending causal modeling to the case of inde-
terministic causal laws, as suggested in Halpern!'2], is doable but not
as straightforward as Halpern suggested. We have seen that the notions
of direct cause and causal parenthood are more complex than in the
deterministic case, and even more complicated than suggested in
Wysockil3], since it turns out that even the dummy arguments of causal
laws can be direct causes. These insights lead us to the definition of
appropriate models (relational causal teams).

We then produced two types of axiomatizations: one, exemplified
by system A and its extensions, axiomatizes the Halpern-style
language H but is only applicable to singleton models (since the Weak
reversibility axiom 16 is unsound over multiple-assignment causal
teams). This semantics is the closest to the original causal models, and
we used it to compare the deterministic and indeterministic cases. The
second type of proof system, given by system B and its extensions,
axiomatizes the language H™* with right-nested counterfactuals and
applies to the class of a/l models (i.e., all relational causal teams). The
axiomatization is somewhat unsatisfactory, as one of the axioms (J17)
is rather ad hoc and heavily relies on the semantics; what remains
unsettled is finding an elegant family of "rules" to transform H*
formulas into unnested, H formulas. We believe that the result has in
any case some value, in that it is (to the best of our knowledge) the
first known axiomatization of right-nested counterfactuals outside of
the recursive deterministic case.? Its proof also provides a detailed
exploration (perhaps the first) of the connections between interven-
tionist counterfactuals and (dynamic) modal logic. On the other hand,
while system B does provide a recursive enumeration of the validities
of language H, the direct axiomation of H over the class of all
models remains an open question.

We also saw how to specialize systems A and B (by adding new
axioms) to a number of significant subclasses of models: the
strictly/visibly recursive, deterministic, total and total recursive
subclasses (the corresponding additional axioms can also be combined
modularly). The logic of the recursive class differs from its determinis-
tic counterpart in a few respects, among which we may remark the

One might retort that it is only a lucky accident that interventionist counterfactuals turn out to have predictive power in the deterministic case; after all, counterfactuals

concern past, not future events. We thank S. Beckers for this observation.

Becker's syntax only uses endogenous variables—thus, our I8 cannot even be formulated, and identifies modal-free formulas ¢ with O¢, making axiom 17 useless.
@ While a causal team encodes uncertainty about the state of the variables under a fixed hypothesis about the causal laws, a generalized causal team encodes uncertainty

about both the state of the variables and the causal laws.
The idea is also described, less explicitly, in Wysockil*].

The recursive deterministic case is easily dealt with, as in that case the diamond modalities are interchangeable with box modalities, and the sequence of modalities
[X = x][Y = y] can always be contracted into a single modality. See Briggs!'*! and Barbero & Sandul*®l.
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failure of the (strong) Composition law. We also observed that the
Reversibility law holds in the strictly recursive case, showing that its
traditional connection to the property of uniqueness of solutions breaks
in the recursive indeterministic context.

Our axiomatization results rely to some extent on using signatures
that fix the distinction between internal and external variables. We
have seen that, abandoning this constraint, some important notions,
such as determinism and the external/internal distinction, become
undefinable in the usual language 9. We have seen that the severity
of these problems decreases when restricting attention to singleton
models (determinism becomes again definable), so these technical
obstacles might be seen as a counterindication to using teams rather
than singleton models. However, they may instead be seen as evidence
that the usual causal language HH is insufficiently expressive in the
indeterministic context; we have seen that determinism is definable
when using the ordinary signatures, and becomes definable also with
simplified signatures as soon as one allows for (right-)nested counter-
factuals. We have also seen that something similar happens if H is
enriched with the conditional O expressing the results of learning and
observations, which was proposed in Barbero & Sandul®l. We conjec-
ture that these two extended languages, H* and HO, might be ex-
pressively complete (further work will be needed just to make this
statement precise). For the moment, an important open question is
whether using such languages, or by restricting attention to singleton
models, one might be able to define the important notion of direct
cause; we have seen that H is insufficient for this purpose, with both
types of signatures. Other language extensions might be worth con-
sidering in the future; e.g., in Barbero & Yang(!”], we suggested a
strategy for allowing complex, disjunctive antecedents, by assigning
them a semantics by means of indeterminate interventions. This exten-
sion requires a further generalization of the models and is not explored
in the present paper, although plausibly the generalization is straight-
forward.

A number of natural directions of investigation open ahead, among
which is the axiomatization problem for classes of models with sim-
plified signatures; the axiomatization of HO; a systematical compari-
son with the logic of Stalnaker-Lewis counterfactualst*?! in the spirit of
studies!!3-2243]; and the analysis of the computational and descriptive
complexity of the formalism (cf., for the deterministic case, paper(**]
and Halpern's Actual causality bookl'3], Chapter 5. A rather different
direction to explore is the development of languages that can express
data dependencies along with interventionist counterfactuals. This was
done in the deterministic, recursive case in Barbero & Sandul?8] and
Barbero & Yang!!l. We note that the definition of counterfactual
given in the present paper is clearly inadequate for this task: the con-
sequence of a counterfactual is evaluated assignment by assignment,
while data dependencies are global properties of a whole team. The
natural move is then to use the following definition of interventionist
counterfactual from Barbero & Sandul*®]:

o X=x0O-yiff Txx F ¢.

One might also need a setup more similar to that of the common
logics with team semantics, featuring connectives such as the dual
negation and the tensor disjunction instead of those used here. In this
case, the might counterfactual would need to be introduced as a
distinct operator, as follows:

e X=x ¢ —y iff there is a nonempty S < Tx_x = such that
SEy.

We may note that & — is an operator that preserves some interesting
closure properties of formulas—such as union closure and convexity
—but does not preserve downward closure. Thus, the purely counter-
factual part of such a language—without the addition of data depen-
dencies—is already quite more complex than in the deterministic
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recursive case, where it happened to be just a flat, "classical" language.
The properties and proof theory of such languages are still largely
unexplored, and plausibly depart considerably from what may be
familiar to the experts of causal reasoning; for these reasons, in this
paper, we chose to stick to languages closer to the Galles-Pearl-
Halpern tradition.
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